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PREFAOE, 


Tae Author's CoMPLETE ScHOOL ALGEBRA was written to meet the wants 
of our Common and High Schools and Academies, and to afford adequate prepara- 
tion for entering our best Colleges, Schools of Science, and Universities. 


The present volume is designed for use in these advanced courses of training. 
Thus, while it is thought that the former affords as extended a course in Algebra 
‘ag is expedient for the preparatory schools, it is believed that this will be found 
to contain all that these higher schools require. 


It was deemed necessary to make the work,a complete treatise, including the 
Elements, for purposes of reference, and for reviews, and also in consideration 
of the fact that our higler institutions have various standards of requirement 
for admission. In fact, there are few students of Higher Algebra who donot 
find it necessary to have the Elements at hand for occasional consultation, 


This Elementary portion is embraced in the first 150 pages, and contains all 
the definitions, principles, rules, and demonstrations of the COMPLETE ScHooL 
ALGEBRA, with an abundant collection of New Hzamples; but from it all-ele- 
mentary illustrations, explanations, solutions, and suggestions, are omilgted. 
The whole is so arranged as to secure readiness of ‘reference and convenience 
of review by somewhat mature students. 


The subjects treated in Parv III., which constitutes the Advanced Course 
proper, will be best seen by turning to the Table of Contents, In this place 
the author wishes merely to call attention to a few of the distinguishing fea.- 
tures of this: Part. - 


1. The conception of Function and Variable is introduced at once, and Ia 
made familiar by such use of it as mathematicians are constantly making.” No 
one needs to be told that this conception lies at the foundation of all higher | 
_ algebraic discussion ; yet, strangely enough, the very terms are scarcely to be 
found in our common text-books, and the practical ¢ use of the conception 18 
totally wanting. ars 
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2. The first chapter in the Advanced Course is given to an elementary and 
practical exposition of the Infinitesimal Analysis. The author knows from his. 
own experience, and from that of many others, that this subject presents no 
peculiar difficulties to ordinary minds; and everybody knows that it is only by 
this analysis that the development of functions, asin the Binomial Formula, 
Logarithmic Series, etc., the general relation of function and variable, the 
evolution of many of the principles requisite in solving the Higher Equations, 
and many other subjects, are ever treated by mathematicians, except when they 
attempt to make Algebras. No mathematician thinks of using the clumsy 
and antiquated processes by which we have been accustomed to teach our pupils 
in algebra to demonstrate the Binomial Formula, produce the Logarithmic Series, 
deduce the law of derived polynomials, examine the relative rate of change of a 
function and ita variable, etc., except when he is teaching the tyro. Why not, 
then, dismiss forever these processes, and let the pupil enter at once upon those 
elegant and productive methods of thinking which he will ever after use ? 


8, By the introduction of a short chapter on Loci of Hquations, which any 
one can read even without a knowledge of Elementary Geometry, and which 
in itself is always interesting to the pupil, and of fundamental use in the sub- 
sequent course, all the more abstruse principles of the Theory of Hquations are 
illustrated, and the student is thus enabled to see the truth, as well as to demon- 
strate it abstractly. How great an advantage this is, no experienced teacher 
needs to be told. 


4. In the treatment of the Higher Equations, while some things have been 
discarded which everybody knows to be worthless, but which have in some 
way found a place in our text-books, a far more full and clear discussion of 
practical principles and methods is given, than is found in any of the trea- 
tises in common use. 


5. The important but difficult subject of the Discussion of Kquationa has 
been reserved till late in the course, for several reasons. Thus, when the pupil 
reaches this topic, he has become familiar with most of the principles to be 
applied, and has become sufficiently imbued with the spirit of the algebraic 
analysis to be enabled to grasp it. To discuss an equation independently and 
well, is a high mathematical accomplishment, and should not be expected of the 
tyro, It is nothing else than to think in mathematical formuls, and hence is 
one of the later products of mathematical study. It is hoped that the position 
assigned to this subject in the course, and the manner of treating it, will insuro 
better results than we have hitherto been able to obtain, 


. G, In the selection of Suljects to be Presented, constant regard han been had 
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to the demands of the. subsequent matherhatical course. This has led to the 

‘omission of a number of theorems and methods, which, though well enough 
in themselves as mere matter of theory, find no practical application in a sub- 
sequent course, however. extended; and has, at the same time, led to the 
introduction of not a few things which the advanced student always finds occa- 
sion to use, but for which le searches his Algebra in vain, if he has at hand 
nothing but our common American text-books, 


e 7. In Method of Treatment the following principles have been kept constantly 
inmind: 1. That the view presented be in Hne with the mathematical thinking 
of to-day. 2. That everything be rigidly demonstrated and amply and clearly 
illustrated. 8, When long experience has shown that the majority of good 
students have difficulty in comprehending a subject, special pains should be 
taken to elucidate it. 4. No principle is thoroughly Jearned by a pupil until he 
can apply it ; and nothing so fixes principles in tle mind as the use of them. 
Hence an unusually large number of examples has been introduced. 5, It is 
often necessary to multiply examples in order to meet the requirements of the 
class-room. | 


8. Answers.—The answers to examples are not generally annexed to them in 
the text. There are, however, two editions of the volume, one with the answers 
at the end, and the other without any answers, except an occasional one in the 
body of the book. 


9. Finally, the Order of Topics is such that a student requiring a less extended 
course than the entire volume presents, can stop at any point, and feel assured 
that what he has studied is of more elementary importance than what follows. 
Thus students who do not desire to study the Higher Equations can conclude 
their course with the first chapter of Part J/J.; and a course which includes the 
first three chapters of this part will be found as extended as most of our 
Academies, and perhaps many of our Colleges, will find expedient. 


Such works as those of SERRET, CrropDDE, ComBEROUssE, Woop, HymeErs, 
Hinp, TODHUNTER, YOUNG, and most of our American treatises, have been at 
hand during the preparation of the entire volume. ‘To Warrworrn’s charming 
little treatise on Choice and Chance, the author is indebted for a number of 
examples in the last section. 


The quick eye and cultivated taste of my friend, Mr. W, W. Beman, A.M., 
Instructor of Mathematics in the University, have done me excellent service in 
reading the proof-sheets, and have, I trust, given the work a degree of type- 
graphical accuracy not usually found in first issues of‘such treatises, 
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' With these words of explanation as to what I have attempted todo, I commit 
the volume to the hands of my fellow-laborers in the work of teaching, assared’ 
from the generous and appreciative reception which they have given my previous 
efforts, that thia will not fail of a candid consideration, 


EDWARD OLNEY. 


UNIVERSITY OF MICHIGAN, 
Ann Arbor, July, 1873. 
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SECTION J. 


GENERAL DEFINITIONS, AND THE ALGEBRAIC NOTATION. 





BRANCHES OF PURE MATHEMATICS. 


1. Pure Mathematica is a general term applied to several 
branches of science, which have for their object the investigation of 
the properties and relations of quantity—comprehending number, 
and magnitude as the result of extension—and of form. 


2, The Several Branches of Pure Mathematics are Arith- 
metic, Algebra, Calculus, and Geometry. 


3. Arithmetic, Algebra, and Calculus treat of number, and Geo- 
metry treats of magnitude as the result of extension. 


4. Quantity is the amount or extent of that which may be: 
measured; it comprehends number and magnitude. 

The term quantity is also conventionally applied to symbols. used 
to represent quantity. Thus 25, m, x1, etc., are called quantities, . 
although, strictly speaking, they are only representatives of quantities. . 


&. Number is quantity conceived as made up of parts, and. 
answers to the question, “How many ?” 


G6. Number is of two kinds, Discontinuous and Continu-. 
OuUus. 


7. Discontinuous Number is number conceived as made 
up of finite parts; or it is number which passes from one state of 
value to another by the successive additions or subtractions of finite 
units; 1. ¢, units of appreciable magnitude. 


8. Continuous Number is number which is conceived as 
composed of infinitesimal parts; or it is number which pasges from 


2 INTRODUCTION. 


one state of value to another by passing through all intermediate 
values, or states. 


9. Arithmetic treats of Discontinuous Number,—of 
its nature and properties, of the various methods of combining and 
resolving it, and of its application to practical affairs. 


10. Algebra treats of the Zquation, and is chiefly occupied in 
explaining its nature and the methods of transforming and reducing 
it, and in exhibiting the manner of using it as an instrument for 
mathematical investigation.* 


11. Calculus treats of Continuous Number, and is chiefly 
occupied in deducing the relations of the infinitesimal elements of 
such number from given relations between finite values, and the con- 
verse process, and also in pointing out the nature of such infinites- 
imals and the method of using them in mathematical investigation. 


‘12. Geometry treats of magnitude and form as the result of 
extension and position. 


LOGICO-MATHEMATICAL TERMS, 


13. A eT opeen is a statement of something to be con- 
sidered or done. 


14, Propositions are distinguished as Azioms, Theorems, Lemmas, 
Corollaries, Postulates, and Problems. 


15. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proof. 


16. A Theorem isa proposition which states a real or supposed 
fact, whose truth or falsity we are to determine by reasoning. 


17. A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of arule. A solution tells how a thing is done; a demon- 
stration tells why it isso done. A demonstration is often called proof. 





* The common definition of Algebra, which makes its distinguishing features to be the Uteral 
notation. and the use of the signa, is entirely at fault. When Algebra first appeared in Europe, it 
possessed nelther of these features! What was it then? On the other hand, the signs are 
common to all branches of mathematica, and the litera] notation {s as prominent In the Calculus 
asin Algebra, and is used, more or less, in common Arithmetic and Geometry. 


LOGICO-MATHEMATICAL TERMS. 3 


18. A Lemma is « theorem demonstrated for the purpose of 
using it in the demonstration of another theorem. 


19. A Corollary is a subordinate theorem which is sug- 
gested, or the truth of which is made evident, in the course of the 
demonstration of a more general theorem, or which is a direct 
inference from a proposition. 


20. A Postulate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to show that it is possible to be done. We may or may 
not.know how to perform the operation. 


21. A Problem is a proposition to do some specified thing, 
and is stated with reference to developing the method of doing it. 


22. A Rule isa formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
demonstration. 


23. A Solution is the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. 


24. A Scholiwm is a remark made at the close of a discussion, 
and designed to call attention to some particular feature or features 
of it. 


PART I’ 
LITERAL ARITHMETIC+. 


CHAPTER I, 
FUNDAMENTAL RULES. 





SECTION 7. 


NOTATION. 


25. A System of Notation is a system of symbols by means 
of which quantities, the relations between them, and the operations 
to be performed upon them, can be more concisely expressed than 
by the use of words. 


SYMBOLS OF QUANTITY. 


26. In Arithmetic, as usually studied, numbers are represented 
by the characters, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, called. Arabic figures, or, 
simply, figures. 

27. In other departments of mathematics than Arithmetic, num- 
bers or quantities are more frequently represented by the common 
letters of the alphabet, a, b,c, ... m,n, ... 2, %,% These letters 
may, however, be used in Arithmetic; and the Arabic figures are 
used in all departments of mathematics. This method of represent- 





* Parts I, and I. are a compend of the cloments of the science, designed as a review for 
pupils who have studied some elementary treatise, or for the use of such teachers and classes as 
desire a text-book which contains a condensed treatment of the subject, to be filled out by them- 
eelves. In the suthor’s CompLietrs Scnoot ALexsra, the topics here presented will be found 
fully amplified, illustrated, and applied. All the elementary principles are here stated, and are 
nsually demonstrated. ‘There are also numerous examples under every topic. The Ker to the. 
ComMPLETE SoHOUL ALexBRA will furnish additional examples for use in connection with this part. 

+ Part I. treats of the famillar operationa of Addition, Subtraction, Multiplication, Division, 
Involution and Evolution, and the theory of Fractions. The only difference between the pro- 
cesees here developed and the corresponding ones in common Arithmetic grows out of the 
netation. 


NOTATION. ‘5 


i 


ing quantities by letters is often called the Algebraic method, and 
the method by the Arabic characters the Arithmetical. It would be 
better to call the former the Literal method, and the latter the 
Decimal. 


28. The Literal Notation has some very great advantages 
over the decimal for purposes of mathematical reasoning. lst, The 
“symbols are more general in their signification; and 2d, We are 
mabled to detect the same quantity anywhere in the process, and 
even in the result. Thus it happens that the processes become 
general formula, or rules, instead of special solutions. 


29. In using the decimal notation certain Jaws are established, in 
accordance with which all numbers can be represented by the ten 
figures. Thus, it is agreed that when several figures stand together 
without any other mark, as 435, the right-hand figure shall signify 
units, the second to the left, tens, the third, hundreds, etc. ; also that 
the sw of the several values shall be taken. This number is, there- 
fore, 4 hundreds + 3 tens + 5 (units). 

In like manner, certain laws are observed in representing numbers 
by letters. 

First Law. 


30. Known Quantities, that is such as are given in a prob- 
lem, are represented by letters taken from the first part of the 
alphabet; while Unknown Quantities, or quantities whose 
values are to be found, are represented by letters taken from the 
latter part of the alphabet. 

Accented letters, as a’, a”, a", a”, eta, (read “a prime,” “a sec- 
ond,” “a third,” ete.) and letters with subscripts, as @,, @,,) A, a, 
etc., (read “a@ sub 1,” “a sub 2,” ctc.,) are sometimes used. This 
form of notation is used when there are several 7ike quantities in the 
same problem, but which have different numerical values. Thus, in 
a problem in which several walls of different heights, breadths, and 
lehgths are considered, we may represent the several heights by a’, 
a’, a'", ete, OY a,, Ay ay etc.; the thicknesses by 0’, 6”, 6", ete., or 3, 
b,, 5,, etc., and the lengths by 7’, 7’, 7’”, etc., or 1, d,, Jy, ete. 

The Greek letters are also often used both for known and unknown 


quantities. 
Srconp Law. 


_ 31. When letters are written in corinection, without any sign 
between them, their product is signified. Thus abc signifies that the 
three numbers represented by a, b, and c are to be multiplied together. 
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3&2. A character like a figure 8 placed horizontally, @ , is used to 
represent what is called Jnjinity, or a quantity larger than any 
assignable quantity. 


SYMBOLS OF OPERATION. 


33. The Symbols of Operation used in Algebra are the 
same as those used in Arithmetic, or in any other branch of mathe-. 
matics, and need not be recapitulated here. 


¢ 
EXPoNneENTSs. 


34. An Exponent is 5 small figure, letter, or other symbol 
of number, written at the right and a little above another figure, 
letter, or symbol of number.* 

35. A Positive Integral Exponent signifies that the 
number affected by it is to be taken as a factor as many times as 
there are units in the exponent. It is a kind of symbol of multipli- 
cation. 

36. A Positive Fractional Exponent indicates a power 
of a root, or a root of a power. The denominator specifies the root, 
and the numerator the power of the number to which the exponent 
is attached. 

37. The Radical Sign, vV, 18 also used to indicate the 
square root of a quantity. When any other than the square root is 
to be designated by this, a small figure penne the root is placed 
in the eign. 

38. A Negative Exponent, i. e., one with the — sign before 
it, either integral or fractional, signifies the reciprocal of what the 
expression would be if the exponent were positive, 7. ¢, had the 
+ sign, or no sign at all before it. 


SyMBOLS OF RELATION. 
39. The Sign of Geometrical Ratio is two dots in the 
form ofa colon, :. 
40. The Sign of Arithmetical Ratio is two dots placed 
horizontally, - 


41. The Sign of Equality is two parallel horizontal lines, 
=. The double colon, ::, is the sign of equality between ratios. 





* In giving this definition, be carefal and not add, “and indicates the power to which the 
rumber is to be raised.” This is false; an exponent docs not necessarily indicate a power. 
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42. The Sign of Variation is somewhat like a figure 8 
open at one end and placed horizontally, « . 


43. The Sign of Inequality is a character somewhat like 
a capital V placed on its side, <, the opening being towards the 
greater quantity. 


SYMBOLS OF AGGREGATION. 


44. A Vineulum is a horizontal line placed over several 
terms, and indicates that they are to be taken together. The paren- 


thesis, (), the brackets, [ ], and the brace, , have the same 
signification. 

45, A vertical line after a column of quantities, each having its 
own sign, signifies that the agg regate of the column is to be taken 
as one quantity. Thus, + a z is the same as (a — 0 + c)z. 

—b 
+c 


SYMBOLS OF CONTINUATION. ° 


46, A seriesof dots,...... , or of short dashes, - - - - - - 
written after a series of expressions, signifies “etc.” Thus, a: a 
:art:ar3...... arm means that the series is to be extended 
from ar? to ar", whatever may be the value of x. 


SYMBOLS OF DEDUCTION.’ 


47, Three dots, two being placed horizontally and the third 
above and between, .., signify ¢herefore, or some analogous expres- 
sion. If the third dot is below the first two, **, the symbol is read 
‘‘since,” “because,” or by some equivalent expression. 


POSITIVE AND NEGATIVE QUANTITIES. 


48, Positive and Negative are terms primarily spplied to 
concrete quantities which are, by the conditions of a problem, 
opposed in character. 


ILL.—A man’s property may be called positive, and his debfe negative. Dis- 
tance up may be called positive, and distance down, negative. Time before 
& given period may be called positive, and after, negative. Degrees above 0 on 
the thermometer scale are called positive, and below, negative. 


49, The signs + and — are used to indicate the character of 


quantities as positive or negative, as well as for the purpose of indi- 
cating addition and subtraction. 


&@. In problems in which the distinction of positive and negative 
is made, each quantity in the formula is to be considered as having 
a sign of character expressed or understood besides the plus or 
minus sign, which latter indicates that it is to be added or sub- 
tracted. The positive sign need not be written to indicate character, 

as it is customary to consider quantities whose character is not 
specified as positive. ; 


Inu, 1—In the expression ab + m — cz, let the problem out of which it arése 
be such, that a, m, and z tend to a positive result, and b and ¢ to an opposite, or 
@ negative result. Giving these quantities their signs of character, we have 
(+a) x (—b) + (+m) —(—c) x (+2), which may be read, “ positive @ multi- 
plied by negative b, plus positive m, minus negative c multiplied by positive 2.” 
Suppressing the positive sign, this may be written, a(—b) + m— (—c)v, by also 
omitting the unnecessary sign of multiplication. 


Inu, 3.—As this subject is one of fundamental importance, let careful atten- 
tion be given to some further illustrations. We are to distinguish between dis- 
cussions of the relations between mere abstract quantities, and problems in which 
the quantities have some concrete signification. Thus, if it is desired to ascer- 
tain the sum or difference of 468, or m, and 3827, or n, as mere numbers, the 
question is one concerning the relation of abstract numbers, or quantities, No 
other idea is attached to the expressions than that each represents a certain num- 
ber of units. But, if we ask how far a man is from his starting point, who has 
gone, first, 468, or m miles directly east, and then 827, or n miles directly west ; 
or if we ask what is the difference in time between 468, or mm years B. C., and 
$27, or n years A.D., the numbers 468, or m, and 827, or n, take on, besides their 
primary signification as quantities, the additional thought of opposition in direc- 
tion. They therefore become, in this sense, concrete. 

Again, a company of 5 boys are trying to move a wagon. Three of the boys 
can pull 75, 85, and 100 pounds each ; and they exert their strength to move the 
wagon east. The other two boys can pull 90 and 110 pounds each; and they 
exert their strength to move the wagon west. It is evident that the 75, 85, and 
100 are quantities of an opposite character, in their relation to the problem, 
from $0 and 110. Again, suppose a party rowing a boat up a river. Their 
united strength would propel the boat 8 miles per hour if there were no cur- 
rent ; bnt the force of the current is sufficient to carry the boat 2 miles per hour. 
The 8 and 2 are quantities of opposite character in their relation to the problem. 
Once more, in examining into a man’s business, it is found that he has a farm 
worth m dollars, personal property worth n dollars, and accounts due him worth 
e dollars. There is a mortgage on his farm of } dollars, and he owes on account 
a dollars. The m, n, and ¢ are quantities opposite in their nature to d and a. 
This opposition in character te indicated by calling those quantities which con- 
tribute to one result positive, and those which contribute to the opposite result 
negative. 


S51. Purely abstract quantities have, properly, no distinction as 
positive and negative; but, since in such problems the plus or 
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additive, and the minus or subtractive terms stand in the same 
relation to each other as positive and negative quantities, it is cns- 
tomary to call them such. 


Iuu,—In the expression bac — 8¢ed + 8ry — 2ad, though the quantities, a, ¢, d, 
g and y be merely abstract, and have no proper signs of character of their own, 
the terms do stand in the same relation to each other and to the result, as do 
positive and negative quantities. Thus, 5ac and 8zy tend, as we may say, to 
tnerease the result, while — 8cd, and — 2ad tend to diminish it. Therefore the 
former may be called positive terms, and the latter negative. 


&2. Scu.—Less than zero. Negative quantities are frequently spoken of 
as ‘‘less than zero.” Though this language is not philosophically correct, 
it is in such common use, and the thing signified is so sharply defined and easily 
comprehended, that its use may possibly be allowed as a conventionalism. 
To illustrate its meaning, suppose, in speaking of a man’s pecuniary affairs, 
it is said that he is worth ‘‘less than nothing;” it is simply meant that his 
debts exceed his assets. If this excess were $1000, it might be called nega- 
tive $1000, or —$1000. So, again, if 2 man were attempting to row a boat 
up a stream, but with all his effort the current bore him down, his progress 
might be said to be less than nothing, or negative. In short, in any case 
where quantities are reckoned both Ways from zero, if we call those 
reckoned one way greater than zero, or positive, we may call those reckoned 
the other way ‘‘less than zero,” or negative. 


63. The value of a Negative Quantity is conceived to increase as 
its numerical value decreases. 


ItL.—Thus —3 > —5, as a man who is in debt $3 is better off than one who is 
in debt $5, other things being equal. If a man is striving to row up stream, 
and at first is borne down 5 miles an hour, but by practice comes to row so well 
as only to be borne down 8 miles an hour, he is evidently gaining ; ¢. ¢., —8 is an 
increase upon —§. Finally, consider the thermometer scale. If the mercury 
stands at 20° below 0 (marked —20°) at one hour, and at —10° the next hour, the 
temperature is increasing ; and, if it increase sufficiently, will become 0, passing 
which it will reach +1°, +2°, ete. Jn this illustration, the quantity passes from 
negative to positive by passing through 0. 

It appears in geometry, that a quantity may also change its sign in passing 
through infinity. Thus the tangent of an arc less than 90° is positive ; but if 
the arc continually increases, the tangent becomes infinity at 90°, passing which 
it becomes negative. ‘ 

Now, as we know of no other way in which a varying quantity can change its 
sign, it is assumed as a fundamental principle in thathematics that, Iv A vAaRY-. 
ING QUANTITY CHANGES ITS SIGN, IT PASSES THROUGH ZERO, OR INFINITY. 


NAMES OF DIFFERENT FORMS OF EXPRESSION. 
54. A Polynomial is an expression composed of two or more 
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parts connected by the signs plus and minus, each of which parts is 
called a term. 


55. A Monomiatl is an expression consisting of one term; a 
Binomiat has two terms; a Trinomial has three terms, etc. 


56. A Coefficient of a term is that factor which is considered 
as denoting the number of times the remainder of the term is taken. 
The numerical factor, or the product of the known factors in a term, 
is most commonly called the coefficient, though any factor, or the 
product of any number of factors in a term may be considered as 
coefficient to the other part of the term. 


5&7. Similar Terms are such as consist of the same letters 
affected with the same exponents. 


SECTION I. 


ADDITION, 


&8. Addition is the process of combining several quantities, so 
that the result shall express the aggregate value in the fewest terms 
consistent with the notation. | 


59. The Sum or Amount is the aggregate value of several 
quantities, expressed in the fewest terms consistent with the nota- 
tion. 


60. Prop. 1. Similar terms are united by Addition into one. 


Drm.—Let it be required to add 4ac, Sac, — 2ac, and — 8ac. Now 4ac is 4 
times ac, and Sac is 5 times the same quantity (ac). But 4 times and 5 times the 
same quantity make 9 times that quantity. Hence, 4ac added to Sac make Qace. 
To add — 2ac to 9ac we have to consider that the negative quantity, — 2ac, is so 
opposed in its character to the positive, 9ac, as to tend to destroy it when com- 
bined (added) with it. Therefore, — 2ac destroys 2 of the 9 times ac, and gives, 
when added to it, Jac. In like manner, — 3ac added to Vac, gives 4ac. Thus the 
four similar terms, 4ac, Sac, — 2ac, and — 8ac, have been combined (added) into 
one term, 4ac; and it is evident that any other group of similar terms can be 
treated in the same manner. Q. E. D. 


61, Cor. 1—In adding similar terms, if the terms are all posi- 
tive, the sum is positive; tf all negative, the sum ta negative ; if. 
some are positive and some negative, the sum takes the sign of that 
kind (positive or negative) which ts in excess. 

Scu.—The operation of adding positive and negative quantities may look 
to the pupil like Subtraction. For example, we say +5 and --8 added make 
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+2. This looks like Subtraction, and, in one view, # is Subtraction. But 
why call it Addition? The reason is, because it is simply putting the quanti- 
ties together—aggregating them—not jinding their difference. Thus, if one 
boy pulls on his sleigh 5 pounds in one direction, while another boy pulls 8 
pounds in the opposite direction, the combined (added) effect is 2 pounds in 
the direction in which the first pulls. If we call the direction in which the 
first pulls positive, and the opposite direction negative, we have +5 and —8 
toadd. This gives, as illustrated, +2. Hence we see, that the sum of +5 
and —3 is +2. 

But the difference of + 5 and — 8 is 8, as will appear from the following 
illustration: Suppose one boy is trying to drawa sleigh in a certain direction, 
and another is holding back 3 lbs. If it takes 10 lbs. to move the sleigh, the 
first boy will have to pull 13 lbs. to get it on. But if, instead of holding back 
8 Ibs., the second boy pushes 5 lbs., the first boy will have to pull only 5 lbs. 
Thus it appears, that the difference between pushing 5 lbs. (or + 5) and hold- 
ing back 3 lbs. (—38) is 8 lbs. 

In like manner the sum of $25 of property and $15 of debt, that is the 
aggregate value when they are combined, is $10. +25 and —15 are +10. 
But the difference between having $25 in pocket, and being $15 in debt, is 
$40. The difference between +25 and —15 is 40. 


G2. Cor. 2.—The sum of two quantities, the one positive and the 
other negative, 1a the numerical difference, with the sign of the greater 
prefixed. 


63, Cor. 3.—JI¢t appears that addition in mathematics does not al- 
ways imply increase. Whether a quantity is increased or diminished 
by adding another to 1t, depends upon the relative nature of the two 
quantities. If they both tend to the same end, the result 18 an increase 
in that direction. If they tend to opposite ends, the result 1s a dimi- 
nution of the greater by the less. 


64. Prop. 2. Dissimilar terms are not united into one by addi- 
tion, but the operation of adding is expressed by writing them in 
succession, with the positive terms preceded by the + sign, and the 
negative by the — sign. 


Drm.—Let it be required to add + 4cy*, + 8ab, — Qay,and — mn. 4ey*® is 4 
times cy*, and 8a) is 8 times ab, a different quantity from cy*; the sum will, 
therefore, not be 7 times, nor, so far as we can tell, any number of times cy*® or 
ab, or any other quantity, and we can only express the addition thus: 4cy* + 8ab. 
In like manner, to add to this sum ~~ 27y we can only express the addition, as 
dcy* + Bab + (—2zy). But since 2zy is negative, it tends to destroy the positive 
quantities and will take out of them 2zy. Hence the result will be 4ey* + 8ad 
— Ray. The effect of — mn will be the same in kind as that of — 2zy,and 
hence the total sum will be 4cy* + 8a)—2zy—mn. As o similar course 
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of reasoning can be applied to any case, the truth of the proposition ap- 

Scx.—In such an expression as dey* + Sab — 22y — mn, the — sign before the 
mn does not signify that it is to be taken from the immediately preceding 
quantity ; nor is this the signification of any of the signs. But the quan- 
tities having the — sign are considered as operating to destroy any which 
may have the + sign, and vice versa. 


G5, Cor—Adding a negative quantity is the same as subtracting 
a numerically equal positive quantity ; that is,m + (— nis m — n, 
shown as above. Pe 


Dem.—Since a negative quantity is one which tends to destroy a positive 
quantity, — 2 when added to m (i. ¢. +m) destroys n of the units in m, and 
hence gives asa result m— n. 





66. Prob.—To add polynomiats. 


RULE.—ComMBINE EACH SET OF SIMILAR TERMS INTO ONE 
TERM, AND CONNECT THE RESULTS WITH THEIR OWN SIGNS. THE 
POLYNOMIAL THUS FOUND IS THE SUM SOUGHT.* 

Drem.—The purpose of addition being to combine the quantities so as to 
express the aggregate (sum) in the fewest terms consistent with the notation, 


the correctness of the rule is evident, as only similar terms can be united into 
one (60, 64). 


67. Prop. 3. Literal terms, which are similar only with respect 
to part of their factors, may be uniied into oneterm with a polynomial 
coefficient. 

Drem.—Let it be required to add Saz, — 2cz7, and 2mz. These terms are 
similar, only with respect to z,and we may say ba times 7 and — 2c times z 
make (5a — 2c) times 2, or (5a — 2c)r. And then, 5a — 2c times z and 2m times 
a make (3a — 2¢ + 2m) times 2, or (5a — 2c + 2m)z. Q. B Dz. 


68. Prop, 4. Compound terms which have a common compound, 
or polynomial factor, may be regarded as similar and added with 
respect to that factor. 

Dem. 3(z* ~ y*), &A(a* — y”) and — 3(z* — y?) make, when added with re- 
spect to (x? — y*), 4(z* — y*), for they are 5 + 2 — 8, or 4 times the same quan. 
tity (z* — y*). Ina similar manner we may reason on other cases, Q. £, D. 

| a 

* This is the proficient's rule, as exhibited on pege 45 of the COMPLETE Gonvor, Atcenn,, 

Son, 2 
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Scu.—The object and process of addition, as now explained, will be 
scen to be identical with the same as the pupil has learned them in Arith- 
metic, except what grows out of the notation, and the consideration of 
positive and negative quantities. For example, in the decimal notation let 
it be required to add 248, 10506, 5008, 81, and 106. The units in the several 
numbers are similar terms, and hence are combined into one : so also of the 
tens, and of the hundreds. The process of carrying has no analogy in the 
literal notation, since the relative values of the terms are not supposed to be 
known. Again, there is nothing usually found in the decimal addition like 
positive and negative quantities. With these two exceptions the processes 
are essentially the same. The same may be said of addition of compound 
numbers. 





EXAMPLES. 
“1. Find the sum of 2a —3z*, 6z* — Ya, — 3a + x*, and a — 323. 
2, Find the sum of a* — 43 + 3a8} — 5ad%, 3a* — 40%} + 335 
— 3ab*, a3 +53 + 3a*d, 2a? — 408 — 5ad*, 6a*d + 10ad*, and — 6a? 
— Ya*b + 4ad* + 203. 
8. Find the sum of dca*z® + 4da*%z* + mz*y*, and 10ca*a* 
— 2atz® + 6maxiy3. 
4, Add 2at — 4b + 28, Baty — ab +23, 4c8 — 23, and 224 — 3 
+ ant, 
5. Add 4(z + y)and 3(z — 9). 
6, Add ax+2by +02, /2 + Vy + V2, 3yt—oa8 + 32%, 4c2z — 3ax 
— 2hy, and 2ar — 4/4 — 22%, 
—% Add cz — 2ay, 2az — 3ay, my — az, with respect to z and y. 
8. Add (a+b) Vz—(2+m) Vy, ay® 4 (a+ at, 8nJ/ y—(2d— e)a%, 
—2nJ/zx + Rady, and (m+n)y® + (b+2c) Ja. ; 
7 9 Add 28 + zy + y*, az® — axy + ay*,and — by? + dry + dz%. 
“10. Add a(z + y) + (2 — y), m(z + y) — mz — 9). 
v lL. Add 8mvVa— y + 6nVz— y — 6V 2 — y — BnvVz — y. 
“12, Add 8aa7b + 5y-? — 20, ics er + 8c, and — 6a27t — my"! 
7 Ve Y 
13. Add Vai — 2%, —30/a3 — 2*, and a/at — 23, 
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a ea — 2a(z* — 1)°4, 


14. Add ———— 
aa (2? —1)% 


15, Add (243 —~ytt+ z*), and a(at + 7 _ 5 


16. Add (a—b+0)Va¥— yi, (a +b—c) (xt —y*)t, ond 
(6+c—a)Vz* — y?. ¢ 


17. Condense the polynomial 4axt — By® + 2cz — 4mvV/a +3my? 
— 2axt 4 6cz, into 2(a — 2m)a/x +3(m — 1)y* + Bex. 





SECTION III. 
SUBTRACTION. 


69. Subtraction is, primarily, the process of taking a less 
quantity from a greater. In an enlarged sense, it comes to mean 
taking one quantity from another, irrespective of their magnitudes. 
It also comprehends al! processes of finding the difference between 
quantities. In all cases the result is to be expressed in the fewest 
terms consistent with the notation used. 


70. The Difference between two quantities is, in its primary 
signification, the number of units which lie between them ; or, 7 ts 
what must be added to one in order to produce the other. When itis 
required to take one quantity from another, the difference is what 
must be added to the Subtrahend in order to produce the Minuend. 


71. Prob,—To perform Subtraction. 


RULE.—CHANGE THE SIGNS OF EACH TERM IN THE SUBTRA-~ 
HEND FROM + TO —, OR FROM — TO +, OR CONCEIVE THEM TO 
BE CHANGED, AND ADD THE RESULT TO THE MINUEND. 


Dem.—Since the difference sought is what must be added to the subtrahend 
to produce the minuend, we may consider this difference as made up of two 
parts, one the subtrahend with its signs: changed, and the other the minuend. 
When the sum of these two parts is added to the subtrahend, it is evident that 
the first part will destroy the subtrahend, and the other part, = ‘minuend, will 
be the sum. 
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- ‘Thus, to perform the example : 


From Sax — 6b — 8d — 4n 

aid 2a + 2b)—5d + 8m) If these three 

Subtrahend with signs changed, — 2aa — 2b + 5d — 8m quantities are 

Minuend, Sax —~ 6b — 8d — 4m |} added together, 
—__..} the sum will 

Difference, Sax — 8b + 2d—12m evidently be the 


minuend. If, therefore, we add the second and third of them (that is, the aub- 
trahend, with its signs changed, and the minuend) together, the sum will be 
whit is necessary to be added to the subtrahend to produce the minuend, and 
- hence is the difference sought. Q. E. D. 


72. Cor. 1.—When a parenthesis, or any symbol of like significa- 
tion (44), occurs in a polynomial, preceded by a — sign, and the 
parenthesis or equivalent symbol is removed, the signs of all the terms 
which were within must be changed, since the — sign indicates that 
the quantity within the parenthesis is a subtrahend. 


73. Cor. 2.—Any quantity can be placed within a parenthesis, 
preceded by the — sign, by changing all the signs. The reason of 
this is evident, since by removing the parenthesis according to the 
preceding corollary, the expression would return to tts original form. 





EXAMPLES. 


1. How much must be added to 8 to produce 12? What is the 
difference between 8 and 12? How much must be added to 3az* 
— 5y5 (the subtrahend) to produce 8az* + 2y5 ? 


Answer.—To 3az* we must add 5az*; and to — 5y* we must 
add + 7y*. Hence in all we must add 5az® + 7y8. 


2. From 323 — 22% — az — 7 take 27? — 328 + 7 +1 
3. From a* — 2° take a + az 4+- 23. 


. 4 From 1+ Bat + 32 + at take 1 — 32% + 32 — at, 
8. From at + gait yt + yt take af — aatyt + yt. 
_ 6 From 7/1 + 2? — Bayt take — aVi+ at + say¥. 
7. From ay® + 104/ab take ay + v/a. 
8 From da — Bo/mn +1 take 382 + (mnyt — 1, 
9. From ag} +Va—b take b+a—(a— o)¥ + Vad. 
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10. Remove the parentheses from the following: 
a—{(b—c)—d}; ta— {3a — [4a — (5a — 2a)]} ; 
2(a — b) —c +d — {a—b—2 (c—ad)}; 
3 (2a —b—c)—5 {a — (2b + ¢)} + 2 {b — (e—a)}. 
11. Include within brackets the 3d, 4th, and' 5th terms of 3ad 
—z* + az —10dy +50, Also the 4th and 5th. Also the 2d and 3d. 


THEORY OF SUBTRACTION.—Subtraction is finding the difference between 
quantities, that is, finding what must be added to one quantity to produce Che 
other. This difference may always be considered as consisting of two parts, one 
of which destroys the subtrahend, and the other part is the minuend itself, 
Hence, to perform subtraction, we change the signs of the subtrahend to get 
that part of the difference which destroys the subtrahend, and add this result to 
the minuend, which is the other part of the difference. 


ener Gee eernememnce 


SECTION IV. 
MULTIPLICATION. 


74. Mudttiplication is the process of finding the simplest ex- 
pression consistent with the notation used, for a quantity which 
shall be as many times a specified quantity, or such a part of that 
quantity, as is represented by a specified number. 


75. Cor. 1—The multiplier must always be conceived as an ab- 
stract number, since it shows HOW MANY TIMES the multiplicand 1s 
to be taken. 


76, Cor. 2.—The pane is always of the same kind as the mul- 
tiplicand. 





77. Prop. 1.—The product of several factors is the same in 
whatever order they are taken. 


Dem.~—tat. @ x b,is @ taken db times, or a+ a+ 4+4+4----- to 6 terms. 
Now, if we take 1 unit from each term (each a), we shall get 6 units; and this 
process can be repeated a times, giving a times },orb xa «.@xd=bx a, 


2d. When there are more than two factors, as abe. We have shown that ad 
== ba. Now call this product m, whence abe = mc. But by part lat, mc = cm. 
“. abe = bac = cab = cha. In like manner we may show that the product of any 
number of factors is the same in whatever order they are taken. Q. E. D. 





78. Prop. 2.—When two factors have the same.sign their prod- 
uct 18 positive: when they have different signs their product 1a neg- 
ative. 
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DemM.—Ilst. Let the factors be + @ and + 5b. Considering a as the multiplier 
we are to take + }, a times, which gives + ab, a being considered as abstract in 
the operation, and the product, + ab, being of the same kind as the multipli- 
cand; that is, positive. Now, when the produet, + ad, is taken in connection 
with other quantities, the sign + of the multiplier, a, shows that it is to be 
added ; that is, written with ita sign unchanged, ..(+ 0) x (+ a) = + ab. 

2d. Let the factors be — a@and — 0. Considering a as the multiplier, we are 
to take — 6, a times, which gives — ab, a being considered as abstract in the 
operation, and the product, — ab, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — ab, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. ..(— db) x (—a)= + ab. 

8d. Let the factors be — a and + 0. Considering a as the multiplier, we are 
to take + 5, a times, which gives + ab, a being considered as abstract in the 
operation, and the product, + ab, being of the same kind as the multiplicand; 
that is, positive. Now, when this product, + ad, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. ..(+ 0) x (—a) = — ab. 

4th. Let the factors be + @ and —}. Considering a as the multiplier, we are 
to take — d, a times, which gives — ab, a being considered as abstract in the 
operation, and the product, — ab, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — ab, is taken in connection with 
other quantities, the sign + of the multiplier shows that it is to be added; that 
is, written with its own sign. ..(— 6b) x (+ a) =— ab. QE. D. 


79, Cor. 1.—The product of any number of positive factors ts 
positive. 


8O. Cor. 2.—The product of an even number of negative factors 18 
positive. 


81. Cor. 3.—The product of an odd number of negative factors 18 
negative. 


82, Prop. 3.—The product of two or more factors consisting of 
the same quantity affected with exponents, is the common quantity 
with an exponent equal to the sum of the exponents of the factors. 
That is a” X a" = a™*"; or a™.a". a’ = a™*"**, etc., whether the expo- 
nents are integral or fractional, positive or negative. 


Dem.—Ist. When the exponents are positive integers.: Let it be required to 
multiply a™ by a" and @’. a” = aaaa----to m factors, a" = aaaaa---- ton 
factors, and a* = aaaaa ----to 8 factors. Hence the product, being composed 
of all the factors in the quantities to be multiplied together, contains m +n +4 
factors each a, and hence isexpressed a*+"*+*, Since it is evident that this rea- 
soning can be extended to any number of factors,as c™ ~ @* x a? x a’, etc., 
etc., the propositien in this case is proved. 
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ad. When the exponents are positive fractions, Let it be required to multiply | 
¢ m 


m 
a” by a’. Now a” means m of the n equal factors into which a is conceived to 
be resolved. If each of these x factors be resolved into d factors, a will be re- 


m 
solved into bn factors. Then, since 2" contains m of the n equal factors of a, 
and each of these is resolved into b factors, m factors will contain bm of the bn 
m om ) 
equal factors of a. Hence a® =a", In like manner a® may be shown equal to 
Cn m e um cn 
a™; and a* x a’ =a" x a. This now signifies that @ is to be resolved into 
m0 e bas 
bn factors, and bm + cn of them taken to form the product. ..a" x a? =a™ 
cn bm -+ on m << ¢ 
xa"*=a ™ ,ora” »*, which proves the proposition for positive fractional 
exponents, since the same reasoning can be extended to any number of factors, 
™m é€ € 
asa” x a? x at, etc. 
8d. When the exponents are negative. Let it be required to multiply a-™ by 
a-~",m and 7 being either integral or fractional. By definition a—™ x a—* = 





oe x = Now, as fractions are multiplied by multiplying numerators together 

and denominators together, we have - x -. = — by part 1st of the demon- 

stration. But this is the same as a~(+" ora—™—-*, 3. a—™ x a~" = a- M4, 
EXAMPLES. 


1. Prove as above that g12 x gi¢ = ge and that e178" = g14, 
2. Prove that m* K m? = m*t®, 


3. Prove that 167¢ x 167 = 167 4, 


4, Prove that 257 * x 25% is 1. 
5. Prove that a~* < a3 is a. 


Scu.—The student must be careful to notice the difference between the 
signification of a fraction used as an exponent, and its common signification. 
Thus 4 used as an exponent signifies that a number is resolved into 8 equal 
JSactors, and tho product of 2 of them taken ; whereas § used as a common 
Jraction signifies that s quantity is to be separated into 8 equal parts, and 
the sum of two of them taken. 


83. Prob.—To multiply monomials. 


, RULE—MULTIPLY THE NUMERICAL COEFFICIENTS AS IN THE 
DECIMAL NOTATION, AND TO THIS PRODUCT AFFIX THE LETTERS OF 
ALL THE FACTORS, AFFECTING EACH WITH AN EXPONENT EQUAL TO 
THE SUM OF ALL #HE EXPONENTS OF THAT LETTER IN ALL THE 
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FACTORS. THE SIGN OF THE PRODUCT WILL BE ++ EXCEPT WHEN 
THERE IS AN ODD NUMBER OF NEGATIVE FACTORS; IN WHICH CASE 
1T WILL BE —. 


DrM.—This rule is but an application of the preceding principles. Since the 
product is composed of all the factors of the given factors, and the order of ar- 
rangement of the factors in the product does not affect its value, we can write 
the product, putting the continued product of the numerical factors first, and 
then grouping the literal factors, so that like letters shall come together. 
Finally, performing the operations indicated, by multiplying the numerical 
factors as in the decimal notation, and the like literal factors by adding the ex- 
ponents, the product is completed. 


84, Prob.—To multiply two factors together when one or both 
ave polynomials. 


RULE.—MULTIPLY EACH TERM OF THE MULTIPLICAND BY EACH 
TERM OF THE MULTIPLIER, AND ADD THE PRODUCTS. 


Drem.—Thus, if any quantity is to be multiplied by a + 6 —c, if we take it a 
times (¢. e. multiply by a), then 5 times, and add the results, we have taken it 
a+btimes. But this is taking it c too many times, as the multiplier required 
it to be taken @ + 6 minuac times. Hence we must multiply by ¢, and subtract 
this product from the sum of the other two. Now to subtract this product is 
rimply to add it with its signs changed (71). But, regarding the — sign of ¢ 
as we multiply, will change the signs of the product, and we can add the partial 
products as they stand, even without first adding the products by a and b. 
Q. E. D. 


85, Turo.—The square of the sum of two quantities is egual to 
the square of the first, plus twice the product of the two, plus the 
square of the second. 


86, THro.—The square of the difference of tio quantities ts 
equal to the square of the first, minus twice thé predic of the two, 
plus the square of the second. 


87, THt0.—The product of the sum and difference of two quan- 
tities is equal to the difference of their squares. 


The demonstration of these three theorems consists in multiplying 
t+ybyz+y,c—-ybyrz—y,ande+ybyu— y 
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EXAMPLES. 
1. Multiply together 3az, — 3a*z*, 4by, — y®, and 2zy%, 
2. Multiply together 3z*, — mz", 2m’, x", — 2, and 22”. 
3. Multiply together 402%, aby and §xty?, also satat, and 
— 30%). ‘ 
es ok 1 
4. Multiply mi by m i a~* by a", a8b-* by 236, m * by m", 
wa by 7a, A/ed BY 3/G8, 
5. Multiply 3a — 2b by a + 40. 
6. Multiply 7* + xy + y* by z® — zy + y?. 
7. Multiply m4 + n# + 04 — m?n® — m*%o® — n®%0? by m* + 1* 
+ 08. 
8. Multiply a — a" + a* by a” — a. 
9. Multiply together z —a,z—6,z2-—¢,z—d. 


10. Multiply together 7+ y, «—y, 2? + ay + y* and z* — ay 
+ y*. 
Sue.—Try the factors in different orders, and compare tho labor required. 


11. Multiply ab 7 ay 7 + 1 by inp +1. 
12, Multiply 2a7-9b1—" + 3a*-16" by 10a’74 1G"+1 — 5aP-9h-™. 
13. Square the following by the theorems (85, 86) : 
l+a, 7-2, 3f +39, at — @¥p2, z+ 2, 7 a ere 4 ym’, 


gat — ja? be-ty a — ay 129, 2a*O-3-P) 4. day. 


14. Write the following products by (87): 
(3m® + 5n*) X (3m* — 5n8), (/2y8 + 4ae*) x (Vays We 4/524), 
(1 + $a) x (1 - $a), (9902 + 9v/az) x (99ax — 9ataty, 

15, Expand (a@+5+0c¢) (a+6—c) (a—b+c) (—a+ 6+ 0). 
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MULTIPLICATION BY DETACHED COEFFICIENTS. 


88. In cases in which the terms of both multiplicand and multi- 
plier contain the same letters, and can be so arranged that the ex- 
ponents of the same letters shall vary in the successive terms of 
each according to the same law, a similar law will hold good in the 
product, and the multiplication can be effected by using the co- 
efficients alone, in the first instance, and then writing the literal 
factors in the product according to the observed law. <A few 
examples will make this clear: 


1. Multiply 2a? — 3a%2 + d5ax* — z* by 2a? — az + %*. 


OPERATION. 
2—-3+ 5-— 1 
2—-1+ 7 
4—6+10— 2 
—2+ 83— 5+ 1 
+14— 214+ 35-7 
4—8 + 27 — 28 + 36 —7 
Prod., 4a°5 — 8a4z 4+ 27a8a* — 28a%x3 + 36ax4 — Fz 
2 Multiply 28 + 22 — 4 by 2? —1. 


Sue.—By writing these polynomials thus, 2* + Oz? + 22 — 4, 2* + O2—1, , 
the law of the exponents in each case becomes evident. Hence we have, 


1+0+2-—4 
1+0-1 


1+0+2-—4 
—1~—~0—244 


1+0+1—-4—2+4 
Prod, «° + Oat + 2? — 4a* — 27 + 4, ora® + 7? —4e? — 2244 
3. Multiply 3a* + 4az — 5z* by 2a? — Gaz + 42%. 
4, Multiply 2a5 — 3ab* + 558 by 2a* — 58°. 


Sv0a.—The detached coefficients are 2 + 0— 38 + 5, and 24+ 0— 5. 


5. Multiply a2 + a%z + az® + 28 by a — 2. 
6. Multiply z* — 32% + 32 — 1 by 2* — 22 +1. 
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SECTION V. 
DIVISION. 


89. Division is the process of finding how many times one 
quantity is contained in another. 


¢ 
90. The problem of division may be stated: Given the product 
of two factors and one of the factors, to find the other ; and the suffi- 
cient reason for any quotient is, that multiplied by the divisor it 
gives the dividend. 


91. Cor. 1—Dividend and divisor may both be multiplied or 
both be divided by the same number without affecting the quotient. 


92, Cor. 2.—Jf the dividend be multiplied or divided by any 
number, while the divisor remains the same, the quotient is multiplied 
or divided by the same. 


93. Cor. 3.—Jf the divisor be multiplied by any number while the 
dividend remains the same, the quotient is divided by that number ; 
but if the divisor be divided, the quotient is multiplied, 


94, Corn. 4.—The sum of the quotients of two or more quantities 
divided by a common divisor, is the same as the quotient of the sum 
of the quantities divided by the same divisor. 


95. Cor. 5.—The difference of the quotients of two quantities 
divided by a common divisor, ts the same as the quotient of the dif- 
JSerence divided by the same divisor. 


These corollaries are direct consequences of the definition, and nced no 
demonstration ; but they should be amply illustrated. 


96, Der.—Cancellation is the striking out of a factor common to both 
dividend and divisor, and does not affect the quotient, as appears from (92). 


97. Lemma 1.— When the dividend is positive, the quotient has 
the same sign as the divisor ; but when the dividend is negative, the 
quotient hus an opposite sign to the divisor. 


98. Leuma 2.— When the dividend and divisor consist of the 
same quantity affected by exponents, the quotient ts the common 
quantity with an exponent equal to the exponent in the dividend, 
minus that in the divisor. 
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These lemmas are immediate consequences of the law of the signs and 
exponents in multiplication. 


99. Corn. 1—Any quantity with an exponent 0 is 1, since tt may 
be considered as arising from dividing a quantity by itself. 


Thus, 2 representing any quantity, and m any exponent, 2” + 2 = 2° = 1, 


°100. Cor. 2.—Negative exponents arise from division when 
there are nore factors of any number in the divisor than in the divt- 
dend. 


101, Cor. 3.—A factor may be transferred from dividend to 
divisor (or from numerator to denominator of a fraction, which is 
the same thing), and vice versa, by changing the sign of its exponent. 


102. Prob. 1.—To divide one monomial by another. 


RULE.—DIvVIDE THE NUMERICAL COEFFICIENT OF THE DIVI- 
DEND BY THAT OF THE DIVISOR AND TO THE QUOTIENT ANNEX THE 
LITERAL FACTORS, AFFECTING EACH WITH AN EXPONENT EQUAL TO 
ITS EXPONENT IN THE DIVIDEND MINUS THAT IN THE DIVISOR, AND 
SUPPRESSING ALL FACTORS WHOSE EXPONENTS ARE 0. THE SIGN 
OF TILE QUUTIENT WILL BE + WHEN DIVIDEND AND DIVISOR HAVE 
LIKE SIGNS, AND — WHEN THEY HAVE UNLIKE SIGNS. 


Drm.—The dividend being the product of divisor and quotient, contains all 
the factors of both; hence the quotient consists of all the factors which are 
found in the dividend and not in the divisor. 


103. Prob. 2.—To divide a polynomial by a monomial. 


RULE.—DIVIDE EACH TERM OF THE POLYNOMIAL DIVIDEND BY 
THE MONOMIAL DIVISOR, AND WRITE THE RESULTS IN CONNECTION 
WITH THEIR OWN SIGNS. 


Dem.—This rule is simply an application of the corollaries (94, 


104, Der.—A polynomial is said to be arranged with reference to a certain 
letter when the term containing the highest exponent of that letter is placed first 
at the left or right, the term containing the next highest exponent next, etc., ete. 
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108. Prob. 3.—To perform division when both dividend and 
divisor are polynomials. 


RULE.—HAVING ARRANGED DIVIDEND AND DIVISOR WITH 
REFERENCE TO THE SAME LETTER, DIVIDE THE FIRST TERM OF THE 
DIVIDEND BY THE FIRST TERM OF THE DIVISOR FOR THE FIRST 
TERM OF THE QUOTIENT. THEN SUBTRACT FROM THE DIVIDEND 
THE PRODUCT OF THE DIVISOR INTO THIS TERM OF THE QUOTIENT, 
AND BRING DOWN AS MANY TERMS TO THE REMAINDER AS MSY 
BE NECESSARY TO FORM A NEW DIVIDEND. DIVIDE 8 BEFORE, 
AND CONTINUE THE PROCESS TILL THE WORK IS COMPLETE, 

Drem.—The arrangement of dividend and divisor according to the same letter 
enables us to find the term in the quotient containing the highest (or lowest if 
we put the lowest power of the letter first in our arrangement) power of the 
same letter, and so on for each succeeding term. 

The other steps of the process are founded on the principle, that the product 
of the divisor into the several parts of the quotient is equal to the dividend, 
Now by the operation, the product of the divisor into the jirst term of the 
quotient is subtracted from the dividend ; then the product of the divisor into the 
second term of the quotient ; and so on, till the product of the divisor into each 
term of the quotient, that is, the product of the divisor into the «hole quotient, 
is taken from the dividend. If there is no remainder, it is evident that this 
product is egual to the dividend. If there 7@ a remainder, the product of the 
divisor and quotient is equal to the whole of the dividend except the remainder. 
And this remainder is not included in the parts subtracted from the dividend, by 
operating according to the rule. 

Scu.—This process of division is strictly analogous to ‘‘ Long Division ” 
in Common arithmetic. The arrangement of the terms corresponds to the 
regular order of succession of the thousands, hundreds, tens, units, etc., 
while the other processes are precisely the same in both. 


EXAMPLES. 
= 1 
1. Divide mt by mi, n” by 271, (ab)*™ by (ab)", a® by a5, a-® 
by a, ot by z~8, 2-* by xt, 
a~ 4h? 2a ta hy 5ed-1bg~4 


aed a ee 
a-ty8’ 3m?n-1z2’ 8a-*xy-1z 
nents, and explain the process. 


3. Divide lday*? by 3ay, 8atb3e*d by 4a%}*c?, Babot by atyi, 
—35a* bat by 7a? ba, —20a8 BF e by —40ab4c, y* by y’, —y* by y7’, 
12a°b?-"9 by —Va~b" PF g-", —4a%b- 12 by — 1247 fos -*, qr-eripresgh 
by a%?t+16r"tc®, and “on y~! by amy, 


2. Free 





from negative expo- 
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4, Divide 9a8k* — 12a*k® +-3a*k* by 3ak, 1124y*a*d + 12175y5 
— 44a%y*ab* by l1zsy’, l5az§ — 15a5x + 3ax by — daz, 401°m* 
—12a-19m® + 5280 by — 120-19, 209z8y" — 247zy"t? by 192y,. 
ys + Bary® oe ays by y, ptm — pit — pit — B+ by 5%, a 
—2ar7*"* + Bax by az‘t*. 


5. 
. Divide 624 — 18az8 + 138a*%z* —13a38z—5bat by 22*-—Bazr—a*. 


6 
if 
8 
9 


10. 
11. 
12. 
13. 


14, 
15. 
16. 


Divide 47% — 28zy + 49y* by 2x7 — Vy. 


Divide 23 + y3 + 82y—1byrz+y—l1. 


. Divide a°b1* — 64 by ab* — 2, 4 — sat by a¥ — eal, 
. Divide zy — a by aby — ad, 24305 + 1024 by 4 + 3a. 


Divide y5 — $$y4 + Hy® — qy* — Ahly + § by y? _% +6, 
Divide 1 + 22% — %z# — 162% by 1+ 2u + 3x® + 473, - 
Divide (2? — y*)* by (z — y)*, a8 + b-3 by a + 5-1. 
Divide y4 ~ i by y — ; 

Divide 1 by 1 — z*, also by 1 + z®, 1 + 2, and by 1 — =z. 
Divide a'** + ab + ab" + 0" by a® + 0 


Divide a?™-*B%— — arte 1B -Po” 4 anh *e™ gh MD PPttn 


= imt nn IAs pent -+- Brtiomtn-3 by a"b-?- + bc"™"?. 


1%. 


18. 


Divide m™*' + amn™ + nm™ + an™*** by m + n. 


Divide mn(z> + 1)+(n? + m?®) (z4+2)4+ as + 2nm) (28 +2) 


by nz® + mz + 1. 


19. 


Divide hka* + 2(h — k)z? — (hk? + 4 — k*)z?§ + 2(h+ kx 


— hk by ka® —h + 2a. 


20. 


Divide 2 + y + 2— 34/ayz by xt + yt + at. 





DIvIsION BY DETACHED COEFFICIENTS. 


106, Division by detached coefficients can be effected in the same 
cases as multiplication ($8). The student will be able to trace the 
process and see the reason from an example. 
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1. Divide 10a4 — 27a8z + 34a%z* — 18az3 — 824 by 2a* — 38az 
+ 423, 


OPERATION. 
2—8+4)10—27+84-18-815 -—6 ~—2 
10 — 15 + 20 5a? — bax — 22"  Quot. 
—12+ 14-18 
— 12 + 18 — 24 
-~ 4+ 6-8 


— 4+ 6-8 
/ 2 Divide 74 — 3ax3 — 8a*ax? + 18a8x — 8a4 by 2? + 2axz — 2a’. 
/ 3. Divide 6a* — 96 by 3a — 6. 
y 8uG.—The detached coefficients are 6 + 0+ 0 + 0— 96 and 8 — 6. 


~ 4. Divide 3y3 + 3zy? — 4x*%*y —4z3 by z + y. 
5. Divide z7 + yt by zx + y; also 24 — y* by 2? — 3, 





SYNTHETIC DIVISION. 


107. When division by detached coefficients is practicable, as in 
the examples in the last article, the operation may be very much 
condensed by an arrangement of terms first proposed by W. G. Hor- 
ner, Esq., of Bath, Eng., which is hence called Horner’s method of 
synthetic division. A careful inspection of the OPERATION under 
Ex. 1, in the last article, will acquaint the student with the process. 


OPERATION. EXPLANATION OF OPERATION.—Arrange the 

2110 — 27+ 34—18—8 coefficients of the divisor in a vertical column 
+8 + 15 — 20 + 244+8 at the left of the dividend, changing the signs of 
—4 —18— 6 all after the first. Draw a line underneath the 





3 .—6 —2 whole under which to write the coefficients of 
Ex eas=as%, Quer, the quotient 

The first coefficient of the quotient is found 
evidently by dividing the first of the dividend by the first of the divisor, 
and in this case is 5. As the firét term of the dividend is always destroyed by 
this operation, we need give it (10) no farther consideration. Now, multiplying 
the other coefficients after the first (i.e. +38 and — 4) with their signs changed, 
by 5, we have + 15 and — 20, which are to be added (7) to — 27 and + 84. Hence 
we write the former under the latter. The first term* of the second partial divi- 
dend can be formed mentally by adding (?) + 15 to ~ 27, and the next term of 
the quotient by dividing this sum (— 12) by 2. Hence — 6 is the second term of 





* Strictly, the “ coefficient of; but this form is used for brevily. 
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the quotient. (We did not add (?) — 20 to + 84, because there is more to be 
taken in before the first term of the next partial dividend is formed.) 

Having found the second term of the quotient (— 6), we multiply the terms 
of the divisor, except the first, (with their signs changed) by — 6, and write the 
results, — 18 and + 24, under the third and fourth of the dividend, to which 
they are to be added (?). Now we have all that is to be added* to +34 (viz., 
— 20 and — 18) in order to obtain the first term of the next partial dividend. 
Hence, adding, we get — 4, which divided by 2 gives — 2 as the next term of 
the quotient. Multiplying all the terms of the divisor except the first, as before, 
we have — Gand + 8, which fall under —18 and —8. Now adding + 24 and 
— 6 to — 18, nothing remains. So also + 8 —8= 0, and the work is complete, 
ng far as the coefficients of the quotient are concerned. 


2 Divide zw — 5a5 + 1574 — 2473 + 272% — 13z + 5 by xt — 2z 
+ 4% —~ 22+ 1. 
OPERATION. 


1j/1—5 + 15 — 24 4+ 27 — 18+ 5 
+2) +2— 44+ 2— 14+ 8—58 


—4 — 64+12— 6+ 10 
+2 + 10 — 20 
—1 


Ce onremeanenal 





ws 


J1-3+ 5 0 0 0 0 





cere ee 


Quot., ge—3r+5 


3. Divide 4y% — 24y5 + GOy* — 80y® + 60y? — 24y +4 by ,y? 
—Ay + 2. 
- 4, Divide zt— yt by x — y; also 1 by 1 —za. 
- §. Will 2 + 2 divide «4 + 2a* — Vr? — 20z + 12 without u re- 
mainder? Will z—3? 


6. Will z + 3, or x — 3, divide 2* — 627° — 16z + 21 without a re- 
mainder? Willa+ 7%, or c— 7? 














* The student will not fail to sce that this addition is equivalent to the ordinary subtraction 
since the signa of the terms bave been changed. 
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OHAPTER IL, 
FACTORING. 


SECTION I. 
FUNDAMENTAL PROPOSITIONS, 


108. The Factors of a number are those numbers which mul- 
tiplied together produce it. A Factor is, therefore, a Divisor. A 
Factor is also frequently called a measure, a term arising in Geome- 
try. 

109. A Common Divisor is a common integral factor of 
two or more numbers. The Greatest Common Divisor of two or 
more numbers is the greatest common integral factor, or the product 


of all the common integral factors. Common Measure and Com- 
mon Divisor are equivalent terms. 


110. A Common Multiple of two or more numbers is an 
integral number which contains each of them as a factor, or which 
is divisible by each of them. The Least Common Multiple of two 
or more numbers is the least integral number which is divisible by 
each of them. 


111. A Composite Number is one which is composed of 
integral factors different from itself and unity. 


112, A Prime Number is one which has no integral factor 
other than itself and unity. 


113, Numbers are said to be Prime to each other when they have 
no common integral factor other than unity. 


Scu. 1.—The above definitions and distinctions have come into use from 
considering Decimal Numbers, They are only applicable to literal numbers 
in an accommodated sense. Thus, in the general view which the literal no- 
tation requires, all numbers are composite in the sense that they can be fac-- 
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tored; but as to whether the factors are greater or less than unity, integral 
or fractional, we cannot affirm. 





4 


114. Prop. 1.—A monomial may be resolved into literal fac- 
tors by separating its letters into any number of groups, so that the 
sum of all the exponents of each letter shall make the exponent of 
that letter in the given monomial. 





118. Prop. 2.—Any factor which occurs in every term of a 
polynomial can be removed by dividing each term of the polynomial 
by it. 





116. Prop. 3.—If two terms of a trinomial are POSITIVE and 
the third terin is twice the product uf the square roots of these two, 
and POSITIVE, the trinomial is the square of the suM of these square 
roots. If the third term is NEGATIVE, the trinomial is the square of 
the DIFFERENCE of the two roots. 





117. Prop. 4.—The difference between two quantities is equal 
to the product of the sum and difference of their square roots. 





118. Prop. 5.— When one of the factors of a quantity is given, 
to find the other, divide the given quantity by the given factor, and 
the quotient will be the other. 





119. Prop. 6.—The difference between any two quantities is a 
divisor of the DIFFERENCE between the same powers of the quan- 
tities. 

The sum of two quantities is a divisor of the DIFFERENCE of the 


same EVEN powers, and the sum of the same ODD powers of the quan- 
tities. 


Dem.—Let ¢ and y be any two quantities and n any positive integer. Jiret, 
«—y divides a — y". Second, if 2 is even, + y divides 2*— y*. Third, ifn is 
odd, 2 + y divides 2* + y*. 
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FIRAT. 


Taking the first case, we proceed in form with the division, till four 
of the 





terms of the em yet — yt (att ety + oF? 4. gnm4y8 4 ete, 
quotient (enough to gn ge-ly 

determine the law) are uty ~y" 

found. We find that each “ty — en 2y8 

remainder consists of twoterms, = | 2"-4y2 — y* 

the second of which, — y", is the ar—2y2 — g-hy3 

second term of the dividend constantly a et eee i 

brought down “unchanged; and the first wn 83 — gn-*y 
contains 2 with an exponent decreasing bv Leth — yf 


unity in each successive remainder, and y with an 

exponent tnereasing at the same rate that the exponent of 2 decreases. At this 
rate the exponent of z in the nth remainder becomes 0, and that of y, n. Hence 
the nth remainder is y* — y* or 0, and the division is exact. 


SECOND AND THIRD. 


2+ ye” + 7" (rt — gnm2y 4 arty — 7-*yB , ete, 





ae + nly 
Py Ly 
arly any? 
erty yn 
Taking 2+ rr-8y2 4 pr-8y3 

for a divisor, we _ on dy: 3k y" 
observe that the exponent — g*—-*yt — rr-4y4 
of z in the successive re- er i ea 


mainders decreases, and that of y increases 

the same as before. But now we observe that the first term of the remainder is 
— in the odd remainders, as the ist, 3d, Sth, etc., and + in the even ones, as the 
2d, 4th, 6th, etc. Hence if n is even, and the second term of the dividend is — y", 
the nth remainder is y* —y" or 0, and the division is exact. Again, if n is odd, 
and the second term of the dividend is + y*, the nth remainder is — y"* + y*, 
or 0, and the division is exact. Q. E. D. 


420, Con.— The last proposition applies equally to cases involv- 
ing fractional or negative exponenta. 


Dem.—Thus, at —yt divides ot — yt, since the latter is the difference between 
n 8 an ae 
the 4th powers of at and y. So in general 2 » —y + dividesw@ m—y +, 4 


being any positive integer. This becomes evident by putting # «= 0, and 


rae PO si ee 
y *=w; whences == and y * = wt, But ot — s* is divisible by e—w, 


-— 8 ae ae 
henceg =—y * ig divisible bya m—y *, 


FACTORING. é1 


121. Prop. ¥.—A trinomial can be resolved into two binomial 
factors, when one of tis terms is the product of the square root of 
one of the other two, into the sum of the factors of the remaining term. 
The two factors are respectively the algebraic sum of this square root, 
and each of the factors of the third term. 


Inu.—Thus, in 2? + % + 10, we notice that 7% is the product of the square 
root of z*, and 2 +5 (the sum of the factors of 10). The factors of z* + Tz 
+ yer +2and@¢4+ 5. Again, 2? — 32 —10, has for its factors 2 + 2 and 
2 —5, —8z being the product of the square root of z* (or z), and the sum of 
— 5 and 2, (or — 8), which are factors of — 10. Still again, z* +82 — 10 
= ( ~— 2) (7 + 5), determined in the same manner. 


Dem.—The truth of this proposition appears from considering the product of 
2+ aby2z +b, which is 2* + (a + 6) 2+ ab. In this product, considered as a 


trinomial, we notice that the term (a + b)z isthe product of Vz® and a + b, the 
sum of the factors of ab. In like manner (x + a) (2 — b) = 2 + (a— bt — ab, 
and (2 — a) (vx — b) = z* — (a + b)z + ab, both of which results correspond to the 
enunciation, Q. E. D. 


{Notr.—lIn application, this proposition requires the solution of the problem : 
Given the sum and product of two numbers to find the numbers, the complete 
solution of which cannot be given at this stage of the pupil’s progress. It will 
be best for him to rely, at present, simply upon inspection.] 





122. Prop. 8.— We can often detect a factor by separating 
a polynomial into parts. 


Ex. Factor z® + 12z — 28. 


SoLutTion.—The form of this polynomial suggests that there may be a bino- 
mial factor in it, or in @ part of tt. Now 2* — 47 + 4 is the square of z — 2, 
and (xv? — dz + 4) + (167—382) makes 2? + 127 — 28. But (2? —47+ 4) +(167—382) 
== (@ — 2)(% — 2) + (@— 2)16 = (ze — 2) (e@ —2 + 16) = (@ — 2) (u% + 14). Whence 
z— 2,and z + 14 are seen to be the factors of z* + 127 — 28. 





MISCELLANEOUS EXAMPLES. 
1. Factor @fy*y — 28f%gy® + 42f8gy, daty® — Yary4 + Lay, 
2. Factor m4 — n4, 1 — 2/a + a, 25604 + 544a% + 289, 1 — 3. 


8. Factor 2%¥— 2 — 72, y6— 24, q8 + 03, + o —2, a® + 23a +22, 


‘5 


25 40 os c§ — ds, 6 d-4, ct — d-6, 


4, Factor —- ~— ——— 
m?* MN x 
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4 
5. Factor at _ mi, 4x4 — By‘, — 519, a + 22x — 7623. 


6. Factor z* — 1, 50%m* + 1326m*al + s67%n3, Va — Vb. 
%. Factor 2? —2az — a®, a™ + 4b4-Va™c™ + 4b8e", ot + Va+2ah. 
8. Factor 2a" — Jao"? + td"t', Ba + 36 — 6 Vad. 


9. Resolve x into two equal factors ; also two unequal factors., 


10. Resolve B8.r¢y%zt — 3r/y4z into two factors of which one is 
Qy? V/z. 

11. Resolve 121a%3%c? into two equal factors; also into four equal 
factors. 

12. Remove the factor “(aks)$ from 84a%zé. 

4 Mk 49d3 

13. Remove the factor — it ~~ from m8n-8 — oy es 
n 3d7 4 Ie 


14, Remove the factor at — a3b + a®b® — ab’ + 64 from ad 
+ 55. 
; 15. Factor 15a+5az — x — 3, 2labed—28cdzy + ldabmn—20mnzy, 
ala? + 2r232y — 20y%, 1203.c8 — 1203xt + 3a*. 


16. Factor 378 — 12c5y? — 4y? + 1, Fed*m> — 84cd3m? 
+ 96c%d*in*, 


17. The terms of a trinomial are 30a, 9a* and 256%. What sign 
must be given to each that the trinomial may be factored ? 


18. The terms of a trinomial are — 9a, 12V/a and 4. What must 
be the signs of the last two terms that the trinomial may be 
factored ? 


19. Is PG — b* exactly divisible by at — bo or at 4.0? 

20. Is m5 — n exactly divisible by Vm ~— Vn? by Vin + Vn? 
by Vm & Yn? 

21. Is rt91 + y1%! exactly divisible by «+4? byz—y? 

22. Ig x2079 4 y%0%9 exactly divisible by zt — y7? by 27 + y7? 


23. What is the quotient of (ky! + mat) = (kt 4/7 + Vinal)? 
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24. What is the quotient of (at + y*) < (at + yt)? 

25. Write the following quotients: (a8 + 58) ~ (a* + 5%); 
(2 — 2") + (z—2)3 (a — A) (B+) (A + AH) 
~~ (z + z), m being a positive integer. 


1 100 
26. Factor z? +ax+2+a, l—a, 1+a, gio — yive and 


z* — x — 9900. 
e 


et g 
av. Factor 10a[ 5+ 1] — 202, 42 + 4ct + 1 and 360" — 53". 


28. 23 — 7? — 2x2 + 2, 623 — Yax® — 2atz, v*” + 31a” — 32, 


SECTION II. 
GREATEST OR HIGHEST COMMON DIVISOR. 


123. Der —It is scarcely proper to apply the term Greatest Common Divisor 
to literal quantities, for the valucs of the letters not being fixed, or specific, 
great or small caunot be affirmed of them. Thus, whcther a’ is greater than a, 
depends upon whether @ is greater or less than 1, to say nothing of its character 
as positive or negative. So, also, we cannot with propriety call a* — y? greater 
thana—y. Ifa=tandy =},a°—y’> = 4,,anda—y=}; .. in this case 
at>—yi<a—y. Again, if a and y are both greater than 1, but a <y, a? — y? 
though numerically greater than a—y is absolutely less, since té is a greater 
negative. 

Instead of speaking of G. C. D. in case of literal quantities, we should speak 
of the Tlighcst Common Divisur, since what is meant is the divisor which is of 
the highest degree with reference to the letter of arrangement. 


[NorrE.—The general rule for finding the Greatest or Highest Common 
Divisor is founded upon the four following lemmas.] 


124, Lemma 1.—TZhe Greatest or Highest C.D. of two or more 
numbers is the product of their common prime factors. 


Dum.—Since a factor and a divisor are the same thing, all the common fac. 
tors are all the common divisors. And, since the product of any number of fac- 
tors of a number is a divisor of that number, the product of all the common prime 
factors of two or more numbers is a common divisor of those numbers. More- 
over, this product is the Greatest or Highest C. D , since no other factor can be in- 
troduced into it without preventing its measuring (dividing), at least, one of the 
given numbers, Q. H. D. 3 
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EXAMPLES, 
1. What is the G. C. D. of 72, 84, and 180? 


So.uTion.—Resolve the numbers into their prime factors, and take the pro- 
duct of those which are common to all. 


2. Find the G. C. D. of 48, 204, and 228. 
3. Find the G. C. D. of 81, 123, and 315. 
4, Find the Highest C. D. of 823 yz* and 15z*y. 


SoLurion.—Here we see that z, z, and y are all the literal factors com- 
mon to both; and since 8 and 15 have no common factor, 7 x z x y is the 
Highest C. D. 


5. Find the H. C. D. of 1443785 and 304825m?n3. 
6. Find the H.C. D. of 8a*%dc, 18a85?, and 26a%b9mn. 


7. Find the H.C. D. of tay b> and dry tart. 

8. Find the H. C. D. of 5a%z*y — 1l0az8y + 5azty and 3a®z%y 
o— 3zty?. 

9. Find the H. C. D. of z? —~z—12 and 2? —z* — 9x + 9, 


So.urion.—2? — 2 — 12 = (@ — 4) (x + 8)(121). 2? — 2? — 92 + 9 = 2*(2 ~— 1) 
— Oa — 1) = (e* — 9) @ — 1) = (& — 8) (@ + 8)(@— 1). Now we see that 2 +3 is 
a common divisor of the two polynomials, and since it is the only divisor com- 
mon to both, it is the H. C, D. 


10. Find the H.C. D. of 40%73 — 120%z% + 125%2 — 462 and 45%z 
— 8b%z? — 4b%2 + 852. . 


125, Scu.—The difficulty of factoring renders this process impracticable 
in many cases. There is a more general method. But, in order to demon- 
strate the rule, we require three additional lemmas. 


126. Lemma 2.—A polynomial of the form Ax® + Bx*- 
+ Ox"-*---- Ex+F, which has no common factor in every 
term, has no divisor of its oun degree except itself. 


Dem —Ist. Such a polynomial cannot have one factor of the nth degree—its 
own—with reference to the letter of arrangement, and another which contains 
the letter of arrangement, for the product of two such factors would be of a 
higher (or different) degree from the given polynomial. 

2d. It cannot have a factor of the nth degree with reference to the letter of 
arrangement, and another factor which does not contain that letter, for this last 
factor would appear as a common factor in every term, which is contrary to the 
hypothesis. Q, E. D. 
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127, Leuma 3.—A divisor of any number is a divisor of any 
multiple of that number. 


InL.—This is an axiom. If @ goea into d, g times, it is evident that it goes 
into n times b, or nb, n times g, or ng times. 


128, Leuma 4.—A common divisor of two numbers is a, divisor 
of their sum and also of their difference. 


Drem.—Let a be a C. D. of m and n, going into m, p times, and into n, g times. 
Then (m+tn)+a=ptq. QED. 


129. Prob.—To find the H. C. D. of two polynomials without 
the necessity of resolving them into their prime factors. 


RULE.—1st. ARRANGING THE POLYNOMIALS WITH REFERENCE 
TO THE SAME LETTER, AND UNITING INTO SINGLE TERMS THE LIKE 
POWERS OF THAT LETTER, REMOVE ANY COMMON FACTOR OR FACTORS 
WHICH MAY APPEAR IN ALL THE TERMS OF BOTH POLYNOMIALS, RE- 
SERVING THEM AS FACTORS OF THE H.C. D. 


2d. REJECT FROM EACH POLYNOMIAL ALL OTHER FACTORS WHICH 
APPEAR IN EACH TERM OF EITHER. 


3d. TAKING THE POLYNOMIALS, THUS REDUCED, DIVIDE THE ONE 
WITH THE GREATEST EXPONENT OF THE LETTER OF ARRANGEMENT, 
BY THE OTHER, CONTINUING THE DIVISION TILL THE EXPONENT OF 
THE LETTER OF ARRANGEMENT IS LESS IN THE REMAINDER THAN IN 
THE DIVISOR. 


4th. ResEcT ANY FACTOR WHICH OCCURS IN EVERY TERM OF THIS 
REMAINDER, AND DIVIDE THE DIVISOR BY THE REMAINDER AS THUS 
REDUCED, TREATING THE REMAINDER AND LAST DIVISOR AS THE 
FORMER POLYNOMIALS WERE. CONTINUE THIS PROCESS OF REJECT- 
ING FACTORS FROM EACH TERM OF THE REMAINDER, AND DIVIDING 
THE LAST DIVISOR BY THE LAST REMAINDER TILL NOTHING RE- 
MAINS. 


Ir, AT ANY TIME, A FRACTION WOULD OCCUR IN THE QUOTIENT, 
MULTIPLY THE DIVIDEND BY ANY NUMBER WHICH WILL AVOID THE 
FRACTION. 


THE LAST DIVISOR MULTIPLIED BY ALL THE FIRST RESERVED COM- 
MON FACTORS OF THE GIVEN POLYNOMIALS, WILL BE THE H.C. D. 
SOUGHT. 
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Dem.—Let A and B represent any two polynomials whose H. C. D. is 
sought, 


ist. Arranging A and B with reference to the same letter, for convenience in 
dividing, and aleo to render common factors more readily discernible, if any 
common factors appear, they can be removed and reserved as factors of the H. 
C. D., since the H. C. D. consists of all the common factors of A and B. 


2d. Having removed these common factors, call the remaining factors C and " 
D. Weare now to ascertain what common factors there are in C and D, os to 
find their H.C. D. As this H.C. D. consists of only the common factors, we can 
reject from each of the polynomials, C and D, any factors which are not common. 
Having done this, call the remaining factors E and F. 


3d. Suppose polynomial E to be of lower degree with respect to the letter of 
arrangement than F. (If E and F are of the same degree, it is immaterial which 
is made the divisor in the subsequent process.) Now, as E is its own only divisor 
of its own degree {LEM. 2), if it divides F,it is the H.C. D. of the two. If, in 
attempting to divide F by E to ascertain whether it is a divisor, fractions arise, 
F can be multiplied by any number not a factor in E (and E has no monomial 
factor), since the common factors of E and F would not be affected by the opera- 
tion. Call such a multiple of F,if necessary, F’. Then the H.C. D. of E and 
F’,is the H.C. D. of Eand F. If, now, E divides F’, it is the H. C. D. of E and 
¥. Trying it, suppose it goes Q times, with a remainder, R. 


4th. Any divisor of E and F’ is a divisor of R, since F’—- QE=R, and any 
divisor of a number divides any multiple of that number (LEM. 3), and a divisor 
of two numbers divides their difference. The H.C. D. divides E, hence it di- 
vides QE, and, as it also divides F’, it divides the difference between F’ and QE, 
or R. Therefore the H. C. D. of E and F’, is also a divisor of E and R, and can- 
not be of higher degree than R. 
5th. We now repeat the reasoning of the 8d and 4th paragraphs concerning 
E and F, with reference toE and R. Thus, R is by hypothesis of lower degree 
than E; hence, dividing E by it, rejecting any factor not common to both, or in- 
| troducing any one into E, which may be necessary to avoid fractions, we ascer- 
tain whether R is a divisor of E. If it is, it divides F’, since F’ = R + QE (Lem. 
3, 4), and hence is the H. C. D. of E and F’. 


6th. Proceeding thus, till two numbers are found, one of which divides the 
other, the last divisor is the H.C. D. of E and F, since at every step we show 
that the H. C. D. is a-divisor of the two numbers compared, and the last divisor 
is its own H. D. 


7th. Finally, we have thus found all the common factors of A and B, the pro- 
duct of which is their H.C. D. Q. E. D. 


EXAMPLES. 
1. Find the H.C. D. of 12a253 + 3b%y? — 15ab8y:+ 12a*%by + 3dy8 
— 15aby®, and 6a3b? — 6a®b*y — 2b%y® +2ab y® + barby — 6atdy® 
= 2bu4 a Qubu3, “= 
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OPERATION. 
12a*b* + 8b%y* — 1Sab*y + 12a*by + Bby? —lSaby* - - - - - - - » (A). 
6a7b* — Gardty — 2bty? + 2abty? + baby — Batdy® — Wys + Baby? - - (B). 
4a*b + by* — Saby + 4a*y + yy? —Say* - - - - - ~~ - fa te Se AO): 
8a5b — Sa*by — by® + aby® + Ba°y — Ba*y* —y4 + ay? - - - - - - - (D). 
(4b + dy) a*® — (Goby + Sy*)a + (Cy? +") - - - ee ee ee ee (Z). 
(8) + 8y)a* — (Bby + 3y*)a* + by? +y*)a—dy?t+yt)- - +--+ - - (F). 
(@) (ZZ) 
4a! — bya + y*) Bae — Bya* + y*a— y? 
4 


(IT) - - - - 120% — 12ya* + 4y*a— 4y°(8a 
(K)- - - - 12a% — l5ya* + B8y*ta 
(L) - + - - + - + Byatt yar 4° 

4 


Oy ae 8 Be eS Iya? + 4y*a — 16y* ( By 
(N)- ----- - 12ya* — l5y*a +, by? 
(O) - + Reject 19y* - - - 19y?a— 1¥y* G 
OP) se. te hy, se tae Set - - = - a—y)4a* —5ya+y*(4a—y. 
4a* — 4ya 
ya + y! 
— yaty* 
+. The H. C.D. of (A) and (B) is (6) 6 +4) (a — y) = ab® + aby — bty — By’. 


Scu.—It often occurs that one or more of the above steps are not required, 
especially the removing of a compound factor from the given polynomials. 


2. Find the H. C. D., with respect to x, of z* — 823 +- 21a? — 202 
+ 4, and 223 — 1228 + 21z — 10. 


OPERATION. 
20? — 120 + 2la—10)e4 — Bx* + Qa* — Ww + 4 
2 
(C)- - - - - + + Qet— 1629 + Qe? —40r + B(2 —2 


Qa — 1227 + Qin — 102 
—" de? + iz? — Ble + 8 
— 423 + Qde* — 422 + 20 


(D) Reject —8 - - - - - - — dv? + 127 — 12 
(HB) - +--+ 2 2 ee ee ee a — do+ 4 


w* — 4z + 4)22? — 122° + 21¢ — 10(2e — 4 
Q23— Bef + Sr 


— 42% + 182 — 10. 
— Ar? + 167 — 16 
(F) - Rejet—8 - — 8+ 6 (8) 
(Gis ota 2 Se5 “Ta — B)et — 40+ 4(a—2 
~* — 22 
~ — Oa +4 
—Ww+4 


Hence z -— 2 is the H. C. D. 
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8, Find the H. C. D. of 22° + 5 —8z +22, and 42z% + 30 — 722. 


4, Find the H.C. D. of 2az® + 2a + 4az, and 7) + 14bz + da? 
+ 14d2°. 


5. Find the H. C. D. of 64% + Yaz — 3z°, and 6a* + llazv + 82°. 


6. Find the H. C. D. of 4a3 — 4a® — ad? + 3%, and 4a° + 2ad 
— 2)2, , 


€ 
?. Find the H.C. D. of 1224 — 24z3y + 12a9y%, and 82z3y2 
— 24axFy5 + 24ry* — By5. 


8. Find the H. C. D. of 52az? — 24ax4 — 44a7% — 12a + 8ax5 
+ 60az, and 14a°9F + 60a%bz? — 16a2bz3 + 2atdbr? — Y4a%de 
— 2a* bz. 


meee 


130. Prob.—To find the H. C. D. of three or more polynomials. 


RULE—FinND THE H.C. D. OF ANY TWO OF THE GIVEN POLY- 
NOMIALS BY ONE OF THE FOREGOING METHODS, AND THEN FIND 
THE H.C. D. or TH1s H. C. D. AND ONE OF THE REMAINING POLY- 
NOMIALS, AND THEN AGAIN COMPARE THIS LAST H. C. D. witH 
ANOTHER OF THE POLYNOMIALS, AND FIND THEIR H.C. D. Con- 
TINUE THIS PROCESS TILL ALL THE POLYNOMIALS HAVE BEEN 
USED. 


Dem.—For brevity, call the severa] polynomials, A,B,C, D, ete. Let the H.C, 
D. of A and B be represented by P, whence P contains aii the factors common 
to Aand B. Finding the H.C. D. of P and C, let it be called P’. P’, therefore, 
contains all the common factors of P and C; and as P contains all that are 
common to A and B, P’ contains all that are common to A,®,andC. In like 
manner if P” is the H. C. D. of P’ and D, it contains all the common factors of 
A, B, C, and D, etc. Q. E. D. 


EXAMPLES. 


1. Find the H. C. D. of z* + 11z + 30, 22% + 212 + 54, and 92? 
+ 532% — 92 — 18. The H. C. D. is & + 6. 


2. What is the H. 0. D. of 102° + 1l0z3y? + 20aty, 2x5 + 2y’, 
and 4y4 + 12z8y8 + 4z3y + 12ry8 ? 
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SECTION ff]. 


LOWEST OR LEAST COMMON MULTIPLE, ; 


131, Der.—In speaking of decimal numbers, the term Least Common 
Multiple is correct, but not in speaking of literal numbers. For example, the 
nurAbers (a + b)* and (a* — db?) are both contained in (a + b)* x (a —b), and in 
any multiple of this product, as m(a + b)? (a — b). But whether m(a +b)? (a—d) 
is greater or less than (a + 5)* (a — 6) depends upon whether a is greater or less 
than b, and also whether m is greater or less than unity. In speaking of literal 
numbers, we should say Lowest Common Multiple, meaning the multiple of low. 
est degree with respect to some specified letter. 





132. Prob.—To find the L. C. M. of two or more numbers. 


RULE—TAKE THE LITERAL NUMBER OF THE HIGHEST DEGREE, 
OR THE LARGEST DECIMAL NUMBER, AND MULTIPLY IT BY ALL THE 
FACTORS FOUND IN THE NEXT LOWER WHICH ARE NOT IN IT. 
AGAIN, MULTIPLY THIS PRODUCT BY ALL THE FACTORS FOUND IN 
THE NEXT LOWER NUMBER AND NOT IN IT, AND 8O CONTINUE 
TILL ALL THE NUMBERS ARE USED. ‘THE PRODUCT THUS OBTAINED 
1s THE L, C. M. | 


Dem.—Let A, B, C, D, etc., represent any numbers arranged in the order of 
their degrees, or values. Now, as A is its own L. M., the L. C. M. of all the 
numbers must contain it as a factor. But,in order to contain B, the L. C. M. 
must contain all the factors of B. Hence, if there are any factors in B which are 
not found in A, these must be introduced. So, also,if C contains factors not 
found in A and B, they must be introduced, in order that the product may con- 
tain C, etc., etc. Now it is evident that the product so obtained, is the L. C. M. 
of the several numbers, since it contains all the factors of any one of them, and 
hence can be divided by any one of them, and if any factor were removed it 
would cease to be a multiple of some one or more of the numbers. Q. E. D. 


1. Find the L. O. M. of (73 — 1), (z* —1), and ( + 1). 


So.uTion.—The L. C, M. must contain 23 — 1, and as it is its own L. M., if it 
contains all the factors of the other two, it is the required L.C.M. The factors 
of 2? — 1 are (2 — 1) (z* + 2+ 1). But this product does not contain the factors 
of (7* — 1), which are (x + 1)(e—1). Hence, we must introduce the factor 
(z + 1), giving (@@* — 1)(@ + 1), as the L. C. M. of 2? —1 and 2* — 1. Now, as 
this product contains the third quantity, it is the L. C. M. of the three. 


2. Find the L. C. M.of (a + 4)*, a% ~ 3, (a— 2), and a® + 30% 
+ Bab? + BA. 


8 Find the L. 0. M. of (2 — 4), (z* + 2), and (2® — 3). 
4, Find the L. C. M. of (a# — 2a* +1), (1 + @), (a — 1), and 4 
8. Find the L. 0. M. of 3a*d*ay, 57az*, 87y3, and 9a%ét, 
6. Find the L. ©. M. of (I — 18a + 8la*), (3a% + 1) (1— 34/2), 
and (2704 — 9a —8Va +1). 


‘ 6 

Scu.—In applying this rule, if the common factors of the two numbers are 
not readily discerned, apply the method of finding the H.C. D., in order to 
discover them. 


%. Find the L. C. M. of 23 —2azx*+ 4a3a2 — 8@8, 234+ 2an?+ 4a%e 
+ 8a8, and x? — 4a8, 


SoLuTion.—The L. C.M. of these numbers must contain 2? — 2az* + 4a%z 
— 82°; and as it is its own L. M.,if it contains all the factors of z* + 2az* 
+ 4a°z + 8a°, it is the L. C. M. of these two polynomials. But as the common 
factors of these numbers, if they have any, are not readily discerned, we apply 
the method of H.C. D., and find that 27? + 4a” is the H. C. D. of the two. Since, 
then, 2? — 2az? + 4a%2 — 8a? contains the factor 2* + 4a* of the second number, 
it is only necessary to introduce the other factor in order to have the L. C. M. of 
the two. Now, (x? + 2azr* + 40° + 823) + (v* + 40*)=2+2a. Hence, (r?9—2azr* 
+ 4a%x — 8a) (@ + 2a) or a4 — 1604 is the L. C. M. of the first two numbers, 
since it contains all the factors of each, and no more. Now, to find whether 
z* — 16a‘ is a multiple of the remaining number, z* — 42%, or, if it is not, what 
factors must be introduced to make it so, we proceed in the same way as with 
the first two numbers. But our first step (or 727) shows us that 2‘ —16a‘* ¢s a 
multiple of 2* —4a*. .°. 7‘ — 16a‘ is the L. C. M. of the three given numbers. 


8 Find the L. C. M. of z?— 32 — 70 and 2? — 39z + 70. 
9, Find the L. C. M. of 2? + 2 — 2, 2? — 2 — 6, and x* — 47 4+ 3. 


10. Find the L. C. M. of a3 — 4a7b + 9ab2— 1063 and a?+ 2a%} 
— 3ab? + 2083. 

11. Find the L.C. M. of z3— 92° + 267 — 24, 73— 102? + 317 
— 30, and 2° — lla? + 387 — 40. 


12. Find the L. C. M. of z#—102z* + 9, 74 +102z5 +2078 —10z—21, 
and 74+ 473 — 220% — 4¢ + 21. 


CHAPTER IIL 


CTIONS. 


DEFINITIONS AND FUNDAMENTAL PRINCIPLES. 


133. A Fraction, in the literal notation, is to be considered 
as an indicated operation in Division. 


134. Scu.—In the literal notation it becomes impracticable to consider 
the denominator as indicating the number of equal parts into which unity is 
divided, and the numerator as indicating the number of those parts repre- 
sented by the fraction, since the very genius of this notation requires that 


the letters be not restricted in their signification. Thus in _ it will not do 


to say, 5 represents the number of equal parts into which unity is divided, 
since the notation requires that whatever conception we take of these 
quantitées should be sufficiently comprehensive to include all values, 
Hence } may be a mixed number. Now suppose 6 = 43. It is absurd to 
speak of unity as divided into 4% equal parts. 


135. Cor. 1—<Since numerator is dividend and denominator 
divisor, it follows from (91, 92, 93) that dividing or multiply- 
ing both terms of a fraction does not alter its value; that multi-. 
plying or dividing the numerator multiplies or divides the value of 
the fraction; and that nuiltiplying or dividing the denominator 
divides or multiplies the fraction. 


136, Cor. 2.—A fraction is multiplied by its denominator by 
simply removing itt. 

137. The terms Integer or Entire Number, Mixed Number, 
Proper and Improper, are applied to literal numbers, but not with 
strict propriety. 


Whether m + n is an integer, a mixed number, or a fraction, depends upon 
the values of m and 7, which the genius of the literal notation requires to be 
understood as perfectly general, until some restriction is imposed. 

As a matter of convenience, we adopt the following definitions : 
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138, A number not having the fractional form is said to have 
the Integral Form ; 33m + n, 2c8d — Ba-#a + Bxdy6. 


139. A polynomial having part of its terms in the fractional 
and part in the integral form, is called a Mixed Number. 


140. A Proper Fraction, in the literal notation, is an ex- 
pression wholly in the fractional form, and which cannot be expressed 
in the integral form without negative exponents. ‘ 


By calling such an expression a proper fraction, we do not assert anything 
with reference to its value as compared with unity. Thus * is a proper frac- 


tion, though it may be greater or less than unity. It may also be written 
ab, 


141, An Improper Fraction is an expression in the frac- 
tional form, but which can be expressed in the integral or mixed 
form without the use of negative exponents. 


142. A Simple Fraction is a single fraction with both 
terms in the integral form. 


143. A Compound Fraction is two or more fractions con- 
nected by the word of. . 
This term is not generally applicable in the litera] notation. Thus we may 
2 3. C«; a m : 
write 3 of Z with propriety, but not $ of 7"? unless @ and 0 are integral, so 
2 
that the fraction + may be considered as representing equal parts of unity, as 3 


does. If the word of is considered as simply an equivalent for x, the notation 

is of course, always admissible. But it is scarcely a simple equivalent. 

i ‘ 
144. A Complex Fraction is a fraction haying in one or 

both its terms an expression of the fractional form. 


148. A fraction is in its Lowest Terms when there is no com- 
mon integral factor in both its terms. 


146. The Lowest Common Denominator is the num- 
ber of lowest degree, which can form the denominator of several 
given fractions, giving fractions of the same values respectively, 
while the numerators retain the integral form. 


147. Reduction, in mathematics, is changing the form of an 
expression without changing its value. 
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REDUCTIONS. 


148. There are five principal reductions required in operating 
with fractions, viz.: Zo Lowest Terms,—From Improper Fractions 
to Integral or Mixed Forms,—From Integral or Mixed Forms to Im- 
proper Fractions,—To Forms having a Common Denominator,— 
and from the Complex fo the Simple Form. 


149. Prob, 1.—To reduce a fraction to its lowest terme. 


RULE—REJECT ALL COMMON FACTORS FROM BOTH TERMS; OR 
DIVIDE BOTH TERMS BY THEIR H. C. D. 


Drem.—Since the numerator is the dividend and the denominator the divisor, 
rejecting the same factors from each does not alter the value of the fraction 
(91). Having rejected all the common factors, or, what is the same thing, the 
H. C. D. (which contains all the common factors), the fraction is in its lowest 
terms (745). 


Scu. 1.—Since the H. C. D. is the product of all the common factors 
(109), the above process is equivalent to dividing both terms of the frac- 
tion by their H. C. D. Whenever the common factors of the terms are not 
readily discernible, the process for noe their H. C. D. (229) may be 
resorted to. 


Scu. 2.—The opposite process is sometimes serviceable, viz.: the intro- 
duction of a factor into both terms of a fraction, which will give it a more 
convenient form. It requires no special ingenuity to solve such problems, 
since, if the factor does not readily appear, it can be found by dividing a 
term of one fraction by the corresponding term of the other, 


150, Prob. 2.—To reduce a fraction from an improper to an 
integral or mixed form. 


RULE.—PsERFORM THE DIVISION INDICATED (733). 


151. Cor—By means of negative indices (exponents) any 
fraction can be expressed in the integral form. 


182. Prob. 3.—To reduce numbers from the integral or mixed 
to the fractional form. . 


RULE.—MULTIPLY THE INTEGRAL PART BY THE GIVEN DE- 
NOMINATOR, AND ANNEXING THE NUMERATOR OF THE FRAC- 
TIONAL PART, If ANY, WRITE THE SUM OVER THE GIVEN DE- 
NOMINATOR. | 
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Dew.—In the case of a number in the integral form, the process consists of 
multiplying the given number by the given denominator and indicating the 
division of the product by the same number, and hence is equivalent to. multi- 
plying and dividing by the same quantity, which does not change the value of 
the number. The same is true as far as relates to the integral part of a mixed 
form, after which the two fractional parts are to be added together. As they 
have the same divisors, the dividends can be added upon the principle that the 
sum of the quotients equals the quotient of the sum (94). 


153. Prob, 4.—To reduce fractions having different denomi- 
nators to equivalent fractions having a common denominator. 


RULE—MULTIPLY BOTH TERMS OF EACH FRACTION BY THE 
DENOMINATORS OF ALL THE OTHER FRACTIONS, 

Dem.—This gives a common denominator, because each denominator is the 
product of all the denominators of the several fractions. The value of any one 
of the fractions is not changed, because both numerator and denominator are 
multiplied by the same number (738). 

154. Cor—To reduce fractions to equivalent ones having the 
Lowest Common Denominator, find the L. C. M. of all the denomi- 
nators for the new denominator. Then multiply both terms of each 
Sraction by the quotient of that L. C. M. divided by the denominator 
of that fraction. 


155. Prob. 5.—To reduce complex fractions to the form of 
simple fractions. 

RULE.—MULTIPLY NUMERATOR AND DENOMINATOR OF THE COM- 
PLEX FRACTION BY THE PRODUCT OF ALL THE DENOMINATORS OF 
THE PARTIAL FRACTIONS FOUND IN THEM; OR, MULTIPLY BY THE 
L. C. M. oF THE DENOMINATORS OF MIE PARTIAL FRACTIONS, * 

DreM.—This process removes the partial denominators, since each fraction is 
multiplied by its own denominator, at least, and this is done by dropping the 


denominator. It does not alter the value of the fraction, since it is multiplying 
dividend and divisor by the same quantity. 


ADDITION. 
156. Prob.—To add fractions. 
RULE—REDUCE THEM TO FORMS HAVING A COMMON DENOMINA- 


TOR, IF THEY HAVE NOT SUCH FORMS, AND THEN ADD THE NUMERA- 
TORS, AND WRITE THE SUM OVER THE COMMON DENOMINATOR. 


* The pupil is eupposed to have obtained sufficient knowledze of fractions in common arith- 
metic to perform these operations. 
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Dum.—The reduction of the several fractions to forms having a common denomi- 
nator, if they have not such forms, does not alter their values (235), and hence 
does not alter the sum. Then, when they have a common denominator (divisor), 
the sum of the several quotients is equal to the quotient of the sum of the sev- 
eral dividends divided by the common divisor, or denominator (94). 


157. Con.— Hapressions in the mixed form may either be reduced 
to the improper form and then added, or the integral parts may be 


added into one sum, and the fractional into another, and these results 
added. 


SUBTRACTION. 
168. Prob.—To subtract fractions. 


RULEH—REDUCE THE FRACTIONS TO FORMS HAVING A COMMON 
DENOMINATOR, IF THEY HAVE NOT SUCH FORMS, AND SUBTRACT THE 
NUMERATOR OF THE SUBTRAHEND FROM THE NUMERATOR OF THE 
MINUEND, AND PLACE THE oe OVER THE COMMON DENOMI- 
NATOR. 

Drem.—The value of the fractions not being altered by the reduction, their dif- 
ference is not altered. After this reduction, we have the difference of two quo- 
tients arising from dividing two numbers (the numerators) by the same divisor 
(the common denominator). But this is the same as the quotient arising from 
dividing the difference between the numbers by the common divisor (98). 


159. Cor— Mixed numbers may be subtracted by annexing the 
subtrahend with its signs changed, to the minuend, and then combining 
the terms as much as may be desired. The reason for the change of 
signs is the same as in whole numbers (7 1). 


MULTIPLICATION. 
160. Prob. 1.—To multiply a fraction by an integer. 


RULE.—MULTIPLY THE NUMERATOR OR DIVIDE THE DENOMI- 
NATOR. 


Dmm.—Since numerator is dividend and denominator divisor, and the value of 
the fraction is the quotient, this rule is a direct consequence of (92, 9.3). 


161. Prob. 2.—To multiply by a fraction. 


RULE—MULTIPLY BY THE NUMERATOR AND DIVIDE BY THE 
DENOMINATOR.* 








® It is assumed that the pupil knows how to divide a fraction by an integer, from his study 
of arithmetic. Nevertheless the problem will be introduced hereafter for the parpose of famil- 
inrizing the pupil with the Uteral operations, 
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Dem.—Let it be required to multiply m, which is either an integer or a frac. 
tion, by 


1st. Suppose a and 6 are both integers. Maltiplying m by a gives 8 product 
-b times too large, since we were to multiply by only a bth part of a; hence we 


divide the product, am, by b, and have ~~. 
2d. When either a or 5, or san are fractions. Let ¢ be the oe by which 
numerator and denominator of ; 5. must be multiplied to make , & simple frac- 


tion (186). Then will - be a simple fraction, 7. ¢.,ac and be are ‘ench integral ; 
and the multiplication is effected as in Case Ist, giving <"~. This reduced by 


dividing both terms by ¢ gives =. Hence we see that in any case, to multiply 


by a fraction, we have only to multiply the multiplicand by the numerator of 
the multiplier, and divide this product by the denominator. It is also to be ob- 
served that this reasoning applies equally well whether the multiplicand is inte- 
gral or fractional. 


162. Cor.—TZo multiply mixed numbers, Jirst reduce them to im- 
proper fractions. 





DIVISION. : 
163. Prob. 1.—To divide a fraction by an integer. 


RULE.—DIVIDE THE NUMERATOR OR MULTIPLY THE DENOMI- 
NATOR. 


Deu.—Since numerator is dividend, and denominator divisor, and the value 
of the fraction the quotient, this rule is a direct consequence of (92, 9.3). 


164. Prob, 2.—To divide by a fraction. 


RULE—DIvIDE BY THE NUMERATOR AND MULTIPLY THE QUO- 
TIENT BY THE DENOMINATOR. OR, WHAT IS THE SAME THING, 
INVERT THE TERMS OF THE DIVISOR AND PROCEED AS IN MULTIPLI- 
CATION, 


Drem.—The correctness of the first process appears from the fact that division 
is the reverse of multiplication, and, hence, as we multiply by the numerator 
and divide by the denominator in order to multiply by a fraction, to divide by 
one we must divide by the numerator and multiply by the denominator. 

The process of inverting the divisor and then multiplying by it is seen to be 
the same as the other, since this multiplies the dividend by the denominator of 
the divisor and divides by the numerator. 

Again, this process may. be demonstrated thus: Inverting the divisor shows 
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how many times it is contained ini. Then if the given divisor is contained so 
many times in 1, it will be contained in 5, 5 times as many times; ‘in }, } as many 
times; in az*, az* times as many times; or in any dividend asa many times the 
number of times it is contained in 1, a8 is expressed by that dividend, whether 
it be integral, fractional, or mixed. (The author prefers this demonstration.) 


Sox. 1.—Since to multiply one fraction by another we may multiply the 
numerators together for the numerator and the denominators for the denomi- 
natgr, and since division is the reverse, we may perform division by dividing 
the numerator of the dividend by the numerator of the divisor, and the de- 
nominator of the dividend by the denominator of the divisor. 


This method will coincide with the others when they are worked by per- 
forming the operations by division as far as practicable, and this is worked 
by performing the multiplications equivalent to the divisions when the latter 
are not practicable. 


165. Cor.— The reciprocal of a quantity being 1 divided by that 
quantity, the reciprocal of a fraction is the fraction inverted. 


GENERAL ScHOLIUM.—In both multiplication and division of fractions, or by 
fractions, all operations which can be performed by dividing should be so per- 
formed, in order that the result may be in its lowest terms. 


SIGNS OF A FRACTION. 


166. In considering the signs of a fraction, we have to notice 
three things, viz.: the sign of the numerator, the sign of the denomi- 
nator, and the sign before the fraction as a whole. This latter sign 
does not belong to either the numerator or denominator separately, 
but to the whole expression. 


On L Aait? 


and of 5ed is —. In the denominator, the sign of 27 is +,and of 4y* + also. 
The sign of the fraction is —. These are the signs of operation 





Thus, in the expression — in the numerator the sign of 4a is +, 


The essential character of a fraction, as positive or 
negative, can only be determined when the essential character of all 
the numbers entering into it is known. It may then be determined 
by principles already given 


EXAMPLES. 
1. Reduce the following fractions to their lowest terms: 
T10a%by* act Warde 241 3m*n — 3nd 
1210a8bPy*” b5a8z’ a, abn? 1-2? 12m¥n* + 24mn* + Len”? 
a*—-y* a@b—-1 we—3r—4 Ba+3ag 3x8 + lea + 9 
gi — yt l+aVb 2t—42—5 4pt—aphge xo + 5x3 4.67 
62®—32—45 (142)? aP-Br-tc8 203842 8x8 42c%—Be 


ae aN eg, ren 


62* +19%+10 (1—2*)” qi-vtipetrpd T8Y®—1? 928 —122* —36x + 48" 








224 — 23— 9a® + 134%—5 2ab3+- ab®*~— 8ab+5a x23 — 8x* +2lz—18 
Ve8—19¢®+1%%—5 > %O8—1208+56 * 38x28 —l6z?+21z ’ 
1624 — 5322 + 452 + 6 
8z* — 3023 + 312? — 12° 
— 72h — ah? 8 2)2 
2 What factor will change die eh Bae A o Sy 
. a—b ~- 68 
at + ax+ atx? + ax + a4 aaa x8 + $2x° ee 
$$ $$ _______——— to nn sence Seeeiaens 
Q+2 at — x* 4u® — 4 
472? —gz7+4 6pt — 12p9g8 — Gp3q + 12¢ to Ole? — 293] 
——_—_—— ? aa ch BORO Sk SEEN ee 2 
t— 1 preg pt+q 
1 a4 + 1472 +270 ome + mn? + Qn ~ a7 — y 
8, Reduce 1—z2’ a? +4 4 m+n ? 
1 — a9 2 at + 4a8x + 6a2x? + 4axz3 + 74 ag 
atl’ 2—2’ a’ + 3a%z + 3az* + 23 7 des 
aot ! 
at! 4ne 


to 





and 


to integral or mixed forms. 


Barby? (m+n)> cist , les 
4, Express Tatby® (nbm) Ore and x*-*(a — b)8 
in the integral form. 

- B. Reduce the following mixed to fractional forms:. 1 + i —, zt 


3 3 ron as 
1 +a + bab — et ee aud Teo S ss 


Bath + 2abt — 53 Be +cf—as 5h 1 ~ 2% 
aut — §% , Sanat pand 1 — 











a~b + 
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@. Reduce 34% wy ty 











4n® : 
58? ty? n®’ 32’ me mt to forms having a C. D. 
panes 3 
%. Reduce e <7, - - dl and po re 





| a-—-2z at 2 a—2z 
8.. Reduce aga z(a® — xy’ aan and i 
fractions having the L. C. D. 





: . to equivalent 


1 x x* ; 
9. Reduce Ey ; Gay and Gays to equivalent frac- 


tions having the L. C. D. 


10, Reduce -<—1-—~ oa and v— zy to forms having the L. C. D. 





(i +z)3° 
m*? n* m* — 2* ata 
11. Reduce a? m® mtn? an mt nt to forms having the 
L. CO. D. 
12, Redues “ uz and -— 2 et to forms having the L. C, D. 


32 82 + 4 97? — 16. 


13. Reduce the following complex fractions to simple ones: 











b x a ce m® +. 1% 
t+ og)  fat— gat | S... oa om 
sas lo St SS Tao rr AGT tea 
be Baye aea? FL eye) wim 

x Sf Ah 
a 
c 
b+ e 
d+-; 
I 
aana a 2-7 T—2. _ eo 
14, Add 5, 5 q andr; 3 —y— and “yes gaa and Tae 
a+b a—b—2, 2 3 ; 
gr and aca OM woe} 
a~b ema b—c 1 x+1 avteti, 1 


“ab? ae? 9G eee at oa to aR rag 


1 a— 2a 4 
ary i ae 


50 
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x 1 a® 
15. Add = ae + at Para and ———. a8 4a? a~m (= + dat zt) 
and b + 2 aes t 


3 a+tl a—-1. 1+2 1—z 
16 Add p= Pt oe Teepe ioe 
— een ple : 
z+4e¢—3’ e+ 7 

17. Add I 


. P 
(a +c) (a +d) ane (at+c)(at+e)’ 3my?—z and 
ya omy! ty yg 
(3my? —z)?” yYaty and 33 + ry 
2 2 
18. Add a—v’ b _ ’ 





19. From 





an (a + b)* (a — b)* 
eg a ee oe 
1 1 

from —— 7 take ———z. 





30 — 26 _ 4a—5, (a* + b*)* 
20. From %z — nae ae take 5 3 from abla — bys =): take 
b 
5 + - + 2. 





1 
a1. From —- are ra ¢+1) ~ T0(@—1) take 5 (2a +3) 
22, Multiply 4” = 





b _lda_ | x? — 0? b z2+b% a—b 
32+ 9’ ax+ab % @-b’ ats 

a+b a-% ty, & @, 1, et +2r-3 

OY a—od° b+y Oe yer ‘ goo 1G b’ a +52 + 6 by 

tx? — 180 — 40 

32% — 18.0 + 15° 
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2a78 


a'+6 | . 7 
23. Multiply 78s by 4c; —427! by 429; — 5573 by 





_ 106-8 | 1+2 : ak * Bim gitm y* 
Sat? Toe = by 1 ae + oF geri. by a yo PY are 





$_ ant oe 2 
24, Multiply ee ef Moss eee by the 


9 Timon pame 

2a" — 36 —— i 

- = ~— 5 += 

reciprocal of Tema 3 (7 + i)(™ + 7) by (7 i a b+¢ 


1 1 ; Ad . 
by = at ht gh Lt ae tie by 1—de+ fa? — dyes ; Eeaeeero 


b me -— y%)2 Sie | as’ — 
T@ yy te +e tip 7 War 
ce j1—y* 


; 1— 
25. Multiply together tay! arr and 1 + —: 


26. Multiply 2®*—-a7+1 by zw? +27141; 1-255 by 
a4 

‘Ya? 3b2 1 1 -o.-9. my" 

27%. Divide “3 bY Ta a3 jeak ——~ by m*n3 ; rrr] by m-8n-® ; roe 


my" 
OY a 





as peat 


by 11m3n “ty a 
lmnty 


28. Divide 





== a by 1 + 9a°; 


+. by a 
of Pia 





_ 1 — aé at— 62 a—b 
29. Divide ar by 1~ a; by oe (E- 4 by 


et, (+) > ( x ~*=*); (S-e 
1+2 x Y\i¢a x > \c+db at 














Toa c®§ +b? P 
by (E=3+; r=) 
eet 1 4(a® — ad) ou 
— 74 pay ee IN + gt nbd 
30. Divide m4—n tym sh; ba + 6)? by = yah 2 b 
— ot — at+ot+e, (z+2y 2 a ee 
ae by Rs (SS +z) by ( y a 








_ Rey 1-4 8 
31. Divide aC by ot 
1+ Mio: 1+ y 
(x —y)? gh 
32. Divide a + (28a)t — (a*0)3 | by at 
a+b aa 
33, Divide = tate Bd 39-11" by ri 1! wh 


ef — d-” a tb- a7 to-" 7 gr + yy 


+ 6-%a of negative exponents. 


é +d 528 + m+ 
35. What is the reciprocal of —— => (Sr) , / eS and 
(m +n)-* 


34. Free and a7"d 


(m — n)~* 
36. Is the fracti sles tially positi ti 
. Is the fraction — aa8 4 dy? essentially positive, or negative, 


when a, m, z, and y are each negative ? 


SoLurron.—Since (— @)* = a*, 4a* is essentially positive. Since (— m)(— 2) 
= mz, the term 3mz, in itself, t¢ positive, and the numerator becomes 4a‘ 
— (+ 3a), or 4a* — 8mz (72). Now, whether 4a* — 38mz gives a + or a — 
regult, depends upon the numerical values of a,m,and2. If 4a? > 3mz, 4a? 
— 3mz is +; but, if 4a? < 3ma, 4a? — 8mz is —. Again, since (—2)* = — 2, 
the first term of the denominator, 2z*, is essentially negative. And since 
(— y)* = y*, the term 4y* is essentially positive and the denominator becomes 
— Qr* + (+ 4y*), or — 273 + 4y*, Whether this is + or —, depends upon the 
relative values of zand y. If we suppose 4a* > 3mz the numerator becomes +, 


and if 22° be greater than 4y* the denominator becomes —, and we have — =, 
which gives a positive result. 


38a%ay— 7b 


7 a when a= —1, d=2, 





37. What is the essential sign of — 
2= —3, and y= — 4? 


— 7B | 
38. What is the essential sign of om, when a= — 8, 
b= — 8, m= —I,andy=1? 
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— Igtet — 3% 
= 2a' at — $0°0 enen a= —82, 


39. What is the essential sign of — 
— amt — 5b*mt 


b= —2,m= — 8, andz= —2? 
1 1 1 





40. Simplify SS yay +a +2) 
x + i aaa 
) \ aaa 
1 1 x 


ee ee ~_¥ 

a—« a—y (a—z)* (a—y)$ 

ce: Gale , hoa 
(a—y)(a—2)*  (a—y)* (a —2) 


, 3 
abe _ 3-—a—bt+e 








div atb—c ’ ane 
bc ca ab 
a+ , 
1+, 
; (a* — d*). 
os a 
a 





CHAPTER IV. 
POWERS AND ROOTS. . 


SECTION IJ. 


INVOLUTION. 


DEFINITIONS. 


168. A Power is 4 product arising from multiplying a number 
by itself. The Degree of the power is indicated by the number 
of factors taken. 

Scu.—It will be seen that a power is a species of composite number in 
which the component factors are equal. 


169. A Root is one of the equal factors into which a number is 
conceived to be resolved. The Degree of the root is indicated 
by the number of required factors. 


170. An Exponent or Index is a number written a little 
to the right and above another number, and 
Ist. Lf a Positive Integer, it indicates a Power of the number; 


2d. If a Positive Fraction, the numerator indicates a Power, and 
the denominator a Root of the number ; 


3d. If a Neyative Integer or Fraction, it indicates the Reciprocal 
of what it would signify if positive. 


Scu.—It is obviously incorrect to read at ‘the # power of 4.” There is 
no such thing as a 2-fifths power, as will be seen by considering the defini- 
tion of a power. Read 4 ‘‘4 exponent ¥;” also a", ‘‘a exponent =;” a * ; 
‘‘a@ exponent — =.” These are abbreviated forms for, ‘‘a with an exponent 


~F,” etc. In this way any exponent, however complicated, is read without 
difficu, Py. 
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171. A Radical Number is an indicated root of a number. 
If the root can be extracted exactly, the quantity is:called Rational ; 

if the root cannot be extracted exactly, the expression is called Jrra- 
tional, or Surd. 


172. A Root is indicated either by the denominator of a frac- 
tional exponent, or by the Radical Sign, ¥Y. This sign used 
alone signifies square root. Any other root is indicated by wnbng 
its*index in the opening of the v part of the sign. 


173, An Imaginary Quantity is an indicated even root 
of a negative quantity, and is so called because no number, in the 
ordinary sense, can be found, which, taken an even number of times 
as a fuctor, produces a negative quantity. 


Thus V — 4 is imaginary, because we cannot find any factor, in the ordinary 
sense, which multiplied by itself once produces —4. Neither + 2 nor — 2 pro- 


ducea — 4 when squared. For a like reason V—38a*, V— 62, or 4/— 140zy* 


are imaginaries, 


174. All quantities not imaginary are called Real. 
175. Similar Radicals are like roots of like quantities. 
Thus 4/5a, 32/5a, and (a? = 2*)/ 5a are similar radicals. 


176. To Rationatlize an expression is to free it from radicals. 


177. To affect a number with an Exponent is to per- 
form upon it the operations indicated by that exponent. 


178. Involution is the process of raising numbers to required 
powers. 


179. Evolution is the process of extracting roots of numbers. 


180. Cateulus of Radicals treats of the processes of re- 
ducing, adding, subtracting, or performing any of the common 
arithmetical operations upon radical quantities. 


INVOLUTION. 
181. Prob. 1.—To raise a number to any required power. 


RULE.—MULTIPLY THE NUMBER BY ITSELF AS MANY TIMES, LESS 
ONE, AS THERE ARE UNITS IN THE DEGREE OF THE POWER. | - 


182, Cor.—Since any number of positive factors gives a positive 
product, all powers of positive monomials are positive, Again, 
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since an EVEN number St negative JSactors gives @ POSITIVE product, 
and an ODD number gives a NEGATIVE product, tt follows that even 
powers of negative numbers are positive, and odd powers negative. 


183. Prob. 2.—To affect a monomial with any exponent. 


RULE—PERFORM UPON THE COEFFICIENT THE OPERATIONS 
INDICATED BY THE EXPONENT, AND MULTIPLY THE EXPONENTS’ OF 
THE LETTERS BY THE GIVEN EXPONENT. 


Dem.—aist. When the exponent by which the monomial is to be affected is a positive 


a 
integer. Let it be required to affect 4a"b" 2— * with the exponent p; or in other 
bbc raise it to bogs pth Powe p being a pove integer. The pth power of 


tard? z~* is toro” z-* x kant a@-* x sont g—-*.-.---to p factors. But as 
the order of the arrangement of the factors docs not affect the product (77), 
this product may be considered as, p factors each 4, into p factors each a, into p 


* 
factors each b’, into p factors each z~. Now p factors each 4 give 4” by definition. 
p factors each a” are expressed a’", since a* is m factors each a, and p factors con 
taining m factors each, aa in the whole pm tartare, ora?™, Again, p factors 


each BF are expressed b, since be ba n ua each BF and 7 factors, containing n 
factors each, are pn factors each 5 oe br . And since rine, p factors, or 2 x= 
. .. - to p factors make sy as fractions are multiplied by multiplying 


humerators together for a new numerator and denominators for a new denomi- 


nator, and 2° x 2° x 2’- - - top factors are 2”. But = =2-*, Hence collect- 
, * pn 
ing the factors we find that (4a"b’2—*)? = 4ra9™b" a—**, 9. BLD. 


et When the exponent ts a@ positive fraction. Let be required to affect 


ta°s” z~*, with the exponent a This means that tab? z-*is to be resolved 
into q equal factors and p of them taken. Now, if we separate each of the fac- 
a 


tors of 4a"b” 2—* into q equal factors, and then take p of each of these, we shall 
have done what is signified by the exponent ;. 
' _ 1 : . 
By definition, 4° represents one of the g equal factors of 4. 


To obtain one of the g equal factors of am, we take one of the g equal factors 


of a from each of the m fectors represented. But one of the g equal factors of 
i ad 


a is represented by a* , and m of these is a* by definition. — 


i® 
To separate b” into g equal factors, we notice that ra is n of the r equal fac. 
tors of b. Now, if we resolve each of these 7 factors into g equal factors, b is 
resolved into rg equal factors; doing the same with each of the n factors repre- 
eetet and taking one from ea set, we have b resolved into ng equal factors 


aa n of them taken ; that is a is one of the g equal factors of a” 
1 
To resolve 2-*= mo into g equal factors, we consider that a fraction is 
resolved by resolving its numerator and denominator separately. But one of the 
a 


g equal factors of 1 is 1; and one of the g equal factors of 2 is 27 as seen in the re- 


1 eed 
solution of a*. Hence gene of the g equal factors of 2-« oF 1 4s =e %, 
ae 


Collecting these factors we find that one of the g equal factors of 4ab'z-* is 
im ir ’ 
AT qthiry |, 
vy mye | pe 
q 


40a bx 


result agrees with the enunciation of the rule. 


And finally p of these pains obtained according to Case Ist, gives 


, a8 the expression for hans? z-* affected with the exponent i which 


8d. When the exponent ts negative and either integral or fractional. Let 


it be required to affect 4a"brz~-* with the exponent —f. This by the definition 
of negative exponents, signifies that we are to take the reciprocal of what the 


expression would be if ¢ were positive. But 4a"b"2-* affected with the exponent . 


tn 
t (positive) is 4ta™br2-“ by the preceding cases, whether ¢ is integral or frac- 


tional, The reciprocal of this is a ay But since these factors can be 
Ata™bya-" 
transferred to the numerator by changing the signs of their exponents, we have 
; tn ’ * 
4-ta-*™} rz, a8 the result of affecting 4a"b’2-* with the exponent —t, which 
result agrees with the enunciation of the rule, 


184. Prob. 3.—To expand a binomial affected with any expo- 
nent. 


RULZ—TuHIS RULE I8 BEST STATED IN A FORMULA. THUS, 
LET a, b, AND ™ BE ANY NUMBERS WHATEVER, POSITIVE OR 
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NEGATIVE, INTEGRAL OR FRACTIONAL, THEN WILL (a+ 6)" REPRE- 
SENT ANY BINOMIAL, AFFECTED WITH ANY EXPONENT, AND 


(a + 6)*=a" + manip 4 2 ay 
m(m—1) (m —2) on 
tT 3-3 7 
m(m — 1) (m — 2) (m — 3) 
ne a Taran Pacey ea dia 


m (m — 1) (m — 2) (m — 3) (m — 4) 
1:2: 8° 4: 6 
This is the celebrated BrNoMIAL FoRMULA, or THEOREM, Its demonstra- 


tion will be found in the subsequent part of the work. At this stage of his 
progress the student should learn the formula and become expert in applying it. 


+ a”—5t5, + ete. 


185, Cor. 1—The expansion of a binomiul terminates only when 
the exponent is a positive integer, since only when m is a positive 
integer will a fuctor of the form m(m — 1) (m — 2) (m — 3), ete., 
become 0, as 78 evident by inspection. 


186, Cor. 2.— When m is a positive integer, that is when a bino- 
mial is raised to any power, there is one more term in the develop- 
ment than units in the exponent. 


Sinéa: tho: Arst-coollicient: 4a. te the 2a Me the Bd; me, the 4th, 


m(m —1)(m — 2) . 2 
last factor is m — (the number of the term — a ; and the number of the term, 
therefore, which has m— m as a factor is the (m+ 2)thterm. But this is 0. 
Hence the (m + 1)th term is the last. 


; etc, we notice that the 


’ 


187, Cor. 3.— When m és a positive integer, the coefficients equally 
distunt from the extremes are equal. 

Thus (a + 6)” = (> + a)*; the former of which gives a™ + ma™~'b + 
mn BE) m-%3 4, etc,, and the latter 6° + mb"~-'a + mr 


Dom —2y2 +, ete, 
Whence it appears that the first half of the terms and the last half aro exactly 
symmetrical. 


188, Cor. 4.—The sum of the exponents in each term is the same 
as the exponent of the power. 


8cu.—The last two corollaries apply to the form (2 + y)", and not to such 
forms as (2a* — 8b*)™, after the latter is fully expanded. 
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189. Cor. 5.—A convenient ride for writing out the powers of 
binomials may be thus stated : 


let. There is one more term in the development than there are 
unite in the exponent of the power. 


“2d. The ¥rrst contains only the firat letter of the binomial, and the 
last term only the second, while all the other terms contain both the 
letters. 

3d. The exponent of the jirst letter of the binomial in the first term 
of the development is the same as the exponent of the required power 
and DIMINISHES by unity to the right, while the exponent of the 
second letter begins at unity in the second term of the expansion and 
INCREASES by unity to the right, becoming, in the last term, the same 
as the exponent of the power. 


Ath. The coefficient of the first term of the expansion is unity. ; of 
the second, the exponent of the required power ; and that of any other 
term may be found by multiplying the coefficient of the preceding 
term by the exponent of the first letter in that term,.and dividing the 
product by the exponent of the second letter + 1. 


190. Cor. 6.—ZJf the sign between the terms of the binomial is 
minis, as (a — b)™, the odd terms of’ the expansion are + and the 
even ones —. This arises from the fact that the odd terms involve 
even powers of the second or negative term of the binomial, and the 
even terms involve the odd powers of the same. 


EXAMPLES. 
1, What is the square of 32°? Of —2atz? Of gat? Of —gaba? 


Of 24Vr? Of V2? OF ae 
¥ 


2. What is the square of l1~a2+a*? Of 2a — 323? 
8. Expand the following: @- —2¢—23)" ; es iy; (2—y+2) ; 
(1 — ah)’, (at yty. 


4, Affect 8a%z + with the exponent 4; 4a%z° with the exponent 2; 


atx with the exponent —m, with the exponent 4, $; baty with the 
exponent | is =, — 3 


60 LITERAL ‘ARITHMETIC, 

.§. Perform the following operations and explain each ag a process 
of factoring, according to (Drem. 183): (arsates)}, (64atz)#, 
(10a 4,5, (41m y*) # (ataty t hy t (amb o" ye 

6. Expand the following by the Binomial wre : (z+ y)*, 
(2—y)4, (8a — 2)8, +o ss 6+ z*)¥, (vat) 4, 


2\¢ 3 a? g st : 
(1—2)*, Va Stace a ane ae aoa @ + dz*) 


Three resuits. 
Vat — ate§ = ar/1 — e* = a(1 — fe? — st re — 5 et ete) 
“ina ¢ (1 — 28) Pi 1 + 4xt*§+3rt + f7* + Av® +, ete. 
v7 Write out by Cor’s. 5 and 6, the expansions of the follow- 
ing: (a+8)5, (a—)", (ab), (xt —ybys, (at +y2)5, (@ Fy), 


—y etc. 


eee SC ee? ee ed 


SECTION I. 
EVOLUTION. 


191. Prob. 1.—To extract any root of @ perfect power of that 
degree. 

RULE—RESOLVE THE NUMBER INTO ITS PRIME FACTORS, AND 
SEPARATE THESE INTO AS MANY EQUAL GROUPS AS THERE ARE 
UNITS IN THE DEGREE OF THE ROOT REQUIRED} THE PRODUCT OF 
ONE OF THESE GROUPS IS THE ROOT SOUGHT. 


192, Scu.—The sign of an even root of a positive number is ambiguous 
(that is + or —), since an even number of factors gives the same product 
whether they are positive or negative (79, 8@). The sign of an odd root is 
the same as that of the number itself, since an odd number of positive factors 
gives a positive product and an odd number of negative factors gives a 
negative product (80, 81). 


193. Cor. 1—The roots of monomials can be extracted by 
extracting the required root of the coefficient and dividing the expo-— 
nent of each letter by the index of the root, since to extract the squar:: 
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root ta to affect a number with the exponent 4, the: cube root 4, the nth 
root 1, etc. (183). 


194. Cor. 2.— The root of the product of several numbers is the 
same as the product of the roots. 


Thus, Vaber = "Va. Vb. Vo- Va, since to extract the mth root of aden 
we ep but to divide the exponent of each letter by m, which gives, 

AL 
amin gma, or Va-Vb-Ve- "Vz. 

195. Cor. 3.— The root of the quotient of two numbers is the same 
as the quotient of the roots. 


*, se t {-— ™ 
Thug, V/ ™ is the same as ae since to extract the rth root of _ we have 
n 
n 
but to extract the 7th root of numerator and denominator, which operation 


I 
is performed by dividing their exponents by r. Hence 4/ = = ~; Vin 


se upamnmnmniatimameniec 
EXAMPLES. 


1. Extract the square root of each of the following numbers by 
resolving them into their factors, i.e by (Z29Z): 222784; 21316; 
and 5499025. 


2. Extract the square root of each of the following, a8 above: 


Slata-tyte t, atc® + 2a3be® + a*b%c*, m4—2m4a+m4z5. 


3 Extractas above: /25a‘d5, 640-2’, 49ay%, l44a‘m®, 


49a462 4 
/ aia? V/t6n dye y®, 4/125msz'8, /trasatyt » V—B2al oy-8, 


4, Solve exercises 2 and 3 also by (793). 

5. Show as in (194) that 4/8 x 27 = VW8x 4/27; also that 
Vari = Yam Wor 

6. Is Vato = VatvVb? Is 6/545 ve Is Vab=/a V6? 


Why does the reasoning in the cases which are true not apply to the 
others? State the true propositions ; also the false assumption. 


Scx.—The extraction of reota by resolving numbers into their factors. 
according to this rule, is limited in ita application for several reagzons. In 





62 LITERAL ‘ARITHMETIO. 

the case of decimal numbers we can always find the prime factors by trial, 
and hence if the number is an exact power, can get its root. But in case 
the number is not an exact power of the degree required, we have no method 
of approximating to its exact root by this rule, as we have by the common 
method already learned in arithmetic. In case of literal numbers the diffi- 
culty of detecting the polynomial factors of a polynomial is usually insuper- 
able. Hence we seek general rules which will not be subject to these 
objections. 

e 





196. Prob. 2.—To extract roots whose indices are composed of 
the factors 2 and 3. 


SoLuTion.—To extract the 4th root, extract the square root of the square root. 
Since the 4th root is one of the 4 equal factors into which a number is conceived 
to be resolved, if we first resolve a number into 2 equal factors (that is, extract 
the square root) anc then resolve one of these factors into 2 equal factors (that 
is, extract its square root) one of the last factors is one of the 4 equal factors 
which compose the original number, and hence the 4th root. In like manner 
the 6th root is the cube root of the square root, etc. 





197. Prob. 3.—To extruct the mth (any) root of a number. 


SoLutrion.—Instead of giving in detail the demonstrations of the processes for 
the extraction of roots, we assume that the student is familiar with the subject 
as presented in common arithmetic,* and propose here to show him how to see 
a rule for the extraction of any root of a decimal number, and of a polynomial, 
in the expansion of a binomial. Thus 


For the 
Square root (a+b)*=a*t+(2a+b) ha the rule; 
Cube “ (a +b)? =a? + (8a* + Bab +b? ae. oe 
Fourth “. (a@+b)*=a* + (4a? + Ga*d + 4ab? +b?) ‘e “ “ 
Fifth “ (a a b)§ =a5 + (5a4 + 10a7d +10a2b? + 5ab?+ b*)b 6 ‘“ “ 


etc., etc., etc. 


In all cases a represents the part of the root already found, and 3 the next 
figure or term of the root; observing that in decimal numbers, @ is tens with 
reference to b. 

The method of pointing off decimal numbers into periods,and the reason, 
are shown for the square and cube root in common arithmetic; and the same 
reasoning.extends to other roots. 

A polynomial must be arranged as for division, since this is the form which 
a power takes when the root is similarly arranged. 


The solution of s few examples will familiarize the student with this ree 





* The whole subject is fully presented in the Comrpiers Senoor ALGEBRA, 


POWERS AND BOOTS. 63 


EXAMPLES, 
1. Extract the square root of 7284601. 


SOLUTION, 
The formula is (a + 5)* = a® + (2a + b)d. 


At fipst a* = the greatest square in 7. .°. @ = 2. 7284601 |2609 
_ 4 
2a = 2(20) = the Trial Divisor..........05 ceseeccees weveee 40/828 


”. 828 + 40 = 8 is the prodable* second root figure. 
(2a + b) = 40 + 8 is the True Divisor if 8 is the second root 
figure. But 48 x 8 = 884. ..8 is too large. We will try 








6 as the second root figure.... 2.2... cee cece ee ee eee eee 6 
Whence (2a + b) = the True Divisor........... pean Saas 46 | 276 
Noe, 20 = 2 (260) = the Trial Divisor........... etek Ce ARR 520 | 5246 
*, 6246 + 520 =the probable next root figure snd Gee alent ee, 
(20 + b) = 520 + 9=—the T7rue Divisor............ 0 ce eee eee 529 | 4761 
Again, 2a = 2 (2690) = the Trial Divisor.............. 0c cee 5380 | 48501 
*, 48501 + 5380 = the probable next root figure......... : 
(20 + b) = 5880 + 9 = the True Divisor..... ers sca we Peapate law a wees - B80 | 48501 
2. Extract the cube root of 99252847, 
SOLUTION. 
The formula is (@ + 5)? = a? + (8a? + Bab + 5*)B, 
At first a? = the greatest cube in99. ..a=4, 99252847/468 
64 
8a* = 3 (40)? = the Zrtal Divisor............ 0c cece neces 4800 | 35253 
. 85252 -+- 4800 = 7, the probable next root figure. 
(8a* + 8ab + b*) = 4800 + 840 + 49 = 5689, the Zrue Divisor 
if 7 is tho next root figure. But, as this does not go 7 
times in 35252, 7 is too large; and we try 6. 
Now, the corrections to be added to the trial divisor to make 
the true divisor, are Bab = 3(40)6 == 720 
and bf =(6) = 386 
Hence the true divisor ig... ..... ccc cece e eee tet e teen ene 5556 | 38886 
New Trial Divisor, 83a? = 8(460)* = ........ aici anges eta 634800 | 1916847 
o  ( Bab = B(4B0)8 =. cece cee ee te recereeees 4140 
Corrections: } Bhi GE Geld odwenstntedinss et ae 9 
Drite: DIV BOP sss wecdicw ta de Se duane eee awaits teas ecsaeeae oes 638949 | 1916847 


* The new root figure cannot be larger than this quoticnt. It is often not so large, and the 
probability of its being considerably less incrcases with the degree of the root we ara extracting, . 
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8. Extract the 5th root of 36936242722357. 


SOLUTION. 


Formula: (a +)® = a® + 5a4b + 10a%h* + 1002S? + Babs + d! 
= a° + [5a + 10a) + 10a%d* + Bab? + 5*]0. 


At first a° = the greatest Sth power in 8693. ..@¢@=5. 86986242722357|517 


8125 
Trial Divisor: 5a‘ = 5(50)* = ....eeseeeeceeees 81250000} 56862427 
1st. 100%) = 10(50)® x 1 == ....... 1250000 
Qd. 10a%d* = 10(50)* x 15 = ...... _ 25000 
Corrections :4 94 5453 = 5(50) x 18s ...seee ees 250 
Ath. O42 14 a cece ccs sc essence 1 
True Divisor: ......csccsececcecucescescresees $2505051 | 82595251 
Trial Divisor: ba* = 5(610)"=.......0s ss 830260060000 | 2435717620507 
1st. 10ab = 10(510)? x T=... 9285570000 
2d. 10a%b* = 10(510)? x 7% =. 127449000 
Corrections :+ gq 5443 = 5 (510) x 73 sz ..+ 874650 
ath. b4 = 74 = oo eee ee eee 2401 
True Divisor:. oc... ccceccecceceeceeuveees 347673046081 |. 2488717622857 


4. What is the 7th root of 1231171548132409344 ? 


SOLUTION. 


Formula: (a+b)'= a+%a% + 21a°%b* + 85a‘d? + 85a3b4 + 210% + Yabo + 07 
— al. 1%n8 1 Andhs Aiath? + 35033 + Q1a%d++ Tab + bS]B, 


1281171548182400844/384 
2187 

Trial Divisor: Ja® = 7 (80) =.......... 5108000000 | 101247154818 

Jat. 216% = 21(80)® x 8 =.......... 4082400000 


a 2d. 85a‘b* = 35 (30)4 x 8% = ......8. 1814400000 
S J 8d. 35a°b* = 85(80)? x 8% =......... 483840000 
& | 4th. 21a*d* = 21 (80)* x 84=........ 77414400 
& | Sth. Vab* = 7(380) x 8° =..... .. eens 6881280 

6th, B® = 8° =. viwsee (hieceass oe 262144 


11568197824 | 92545582592 
Trial Divisor: Ta® = 7 (880)* =. . .21076504688000000 | 87016720212400844 
.. (ist. 2105 = 21(880)§ x 4=... 665575411200000 
Z| 2d. B5atbt = 85 (880)* x 4*=. 1167676160000 | 
$ | 8d. 35075? = 85 (880)? x 4% =. ~~ 122918280000 
£ ) 4th. 21054 = 21880)" x 4¢=. 776204400 
& | Sth. 7ab* = 7 (880) x 46 =... (2728840 
Oth. b° = 46 =. cece cee a2 4096 ; 
= §1758080558102896 | 87015722212400844 
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5. Extract the square root of each of the following numbers: 7225, 
9801, 553536, 5764801, 345642, 2, .5, 3, 50, 1.25, 1.6. 


6. Extract the cube root of each of the following numbers: 74088, 
122097755681, 2936.493568, 61234, 12.5, .64, .08, 2, 5. 


”, Extract the 4th root of 52764813. (See 796.) 
& Extract the 6th root of 2985984. (See 796.) 

9. Extract the 8th root of 1679616. (See 796.) 
10. Extract the 5th root of 5. 5 = 1.37974 —. 
11. Extract the Yth root of 2. 4/2 = 1.104+. 


12. Extract the square root of 492% y* — 30z°y + 16y4— 24zy5 
+ 2524. 
SOLUTION. 


Formula : (a+)? =a? + (20+ d)d. 
a? = 25x* Bat —BOry + 492*y* —24ry® + 16y* | 5a? —Bry + dy? 
2. az? 252+ 
2a=Trial Div. = 102? 
b= — 30.277 4-107? = —Bry 
“. True Div.=10z2* —B8ry 


iv. —30r 3 y+ Oy? 
2u= Triad Div.= 102* ~6ry | 40a*y* —24ry? + 16y* 
“. b=40r*y? +102" = 7 


and True Div.=10c* —6ey + 4y* 


—B0r*y + 40arty*? 











A0x*y® —2ay? + 16y! 


CONDENSED SOLUTION. 
252s — 30a y + 49.2% y? — 2dory3 + 164 | 52? —Bey + 4y* 


25r4 
100° —3ry | —380zr'y + 492% y* 





—30r7 y+ Dxty* 
10x* — Gay +4y* | 402%y? —Q4ay9 + 164 
402r*y* —24ry? + 16y4 


f 





5 


LITERAL ARITHMETIC. 


© 


“MOFDJUOS PJOAT 07 ‘g PUY D JO Pva|SUI & PUL ws FUIID » 


ac ee ernnemEnnnmnshemnnsemesnemnennenne tutemaaenentntacieenaieniiastixsn aii iii aaa sssaacaaaamaaaacaaaaaadaaaaaaiaadaasadaacaacaaaaaasaaaamaiasasacaaaaacacaasaaaaadaamaaaaascaaaiaaaal 


"eD+ 6QaF + Oh +99 —29,_-MCT — 2-96 Ft sor ~ sort 





g20t + gh grte — 76 . = 


sh + pOOL + eLVUL —sTeeg ‘etQt cept C+ H+2B : SULMolfoy oy} Jo Yowa Jo yoor oxenbs oy} you Py 


<9 + o@ e909 — 52950, 08429, 0G] + 299,098 — Zz VLZ | 2729 + 2QVY—ZI {VG t sUBT + 9V9E— 49, OLS | 
: JOB} ODL, 











: aT a9 = ,(zq)= 4 
TQDQ — 299,06 =29(0g—9 ,vE)e—umg 
: 8u0}]90L109) 
e%eQt 5% QUO — 27959,06 + TQ, DCT + T99,09E — 7z9Gr PLZ sUCT +9, 098 — 59, VLZ= .(VE—7 vEle=— ,tug 
AOBALT THD, 
eUB—IyDOE + sIgVEG— | SVP + IMRT — 59, VLE 
LJORAIG OLY, 
°F = ,(og—)= ,t 
9,DB1— = (23 —\9,vg)g== ug 
+ BUOTIIALI0D 
sPB—9y DOE + 29 gPFQ— 39 DLE=5(9;508) x = ,ug 
: JOSIE THEE 
r79VLG 0,0g—& *. 
£Q + DZ—I,0G | -VeQ+t gVzQUY— 5€I 9,05 + 2Q, VST + 299.798 —7Zz99, VLG + -VV—I,DOE + gIVEG— cPqVLB 29 gDLE= Us 
gU(,u+ UME + sug)+ w= (U+m) 2 oNUaT 
*NOLLO'10S 
"29 gVST + 


3799906 + s2gVEC — L9G ,VOE— I gDLE + 2% 9Q09— cLedt eVQ— 19 gDLS+I%yMOE JO JOOI AqNd OY} JOVIIXY “ET 
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15. Extract the cube root of each of the following: a3 ~ 833 
+ 12ab% — 6a*d, 528 — 1 — 325 + x8 — 32, 6674 +1 — 6323 — 92 
+ 8278 — 36275 4+ 33z%, GOctz* + 48cxr5 — We® + 108c8r — 90c4zx?® 
+ 87% — 80c32z3, 204c47* — 144c5a + 827% — 36cx75 — 1713 x8 + 64c8 


4102ctzt, 272 — Bat — 36 + Bat + 122-' — 5da® + 92 + ark 
+ 2-°— 6% a 


16. What is the 4th root of 16a4 — 96a%z + 216a%z? — 216az3 
+ 8lx4? 


17. What is the 6th root of 729 — 291622 + 4860z74 — 4320z6 
+2160278 — 576719 + 64912? 


[Norn.—Solve the 16th and 17th both by (297) and (196)]. 


18. Find the fifth root of 3225 — 80z¢ + 80z23— 40z*+ 102 — 1 ; 
also of 277° + 1l5a7" —5a-"* + 902-4 —602~" + 28027 —270z-* +.495a-* 
— 550z7* + 513 — 46522 + 27524 — 90z% + 1528 — x1, 


19. Find the 6th root of as — 6a°d + 15a4b? — 200353 + 15a2d4 
— 6ab5+5° by (196). 


SECTION 111. 


" CALCULUS OF RADICALS. 





REDUCTION. 
198. Prob. 1.—To simplify a radical by removing a factor. 


RULE —RESOLVE THE NUMBER UNDER THE RADICAL SIGN INTO 
TWO FACTORS, ONE OF WHICH SHALL BE A PERFECT POWER OF THE 
DEGREE OF THE RADICAL. EXTRACT THE REQUIRED ROOT OF THIS 
FACTOR AND PLACE IT BEFORE THE RADICAL SIGN AS A- COEFFICIENT 
TO THE OTHER FACTOR UNDER THE SIGN, 


Dem.—This process is simply an application of Cor., Art. 194. 


199. Corn.—The denominator of a surd fraction can always be 
removed from under a radical sign by multiplying both terms of the 
fraction by some factor which will make the denominator a perfect 
power of the degree required, 
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Scxu.—A surd fraction is conceived to be in its simplest form when the 
smallest possible whole number is left under the radical sign, 


200. Prob. 2.—To simplify a radical, or reduce it to tts lowest 
terins, when the index is a composite number, and the number under 
the radical sign is a perfect power of the degree indicated by one of 
the factors of the index. 


RULE.—EXTRACT THAT ROOT OF THE NUMBER WHICH CORRE- 
SPONDS TO ONE OF THE FACTORS OF THE INDEX, AND WRITE THIS 
ROOT AS A SURD OF THE DEGREE OF THE OTHER FACTOR OF THE 
GIVEN INDEX. 


Dem.—The mnth root is one of the mn equal factors of a number. If, now, 
the number is resolved first into equal factors, and then one of these m factors 
is again resolved into 7 other equal factors, one of the latter is the mnth root of 
the number. 


201. Prob. 3.—To reduce any number to the form of a radical 
of a given degree. 


RULE.—RAISE THE NUMBER TO A POWER OF THE SAME DEGREE 
AS THE RADICAL, AND PLACE THIS POWER UNDER THE RADICAL SIGN 
WITH THE REQUIRED INDEX, OR INDICATE THE SAME THING BY 
FRACTIONAL EXPONENT, 


Dem.—That this process does not change the value of the expression is evi- 

dent, since the number is first involved toa given power, and then the corre. 

sponding root of this power is indicated, the latter, or indicated apereton, being 
just the reverse of the former. 


202, Cor—7To introduce the coefficient of a radical under the 
radical sign, it is necessary to raise it to a power of the same degree 
as the radical ; for the coefficient being reduced to the same form as 
the radical by the last rule, we have the product of two like roots, 
which is equal to the root of the product. 


203. Prob. 4.—To reduce radicals of different degrees to equiv- 
alent ones having a common index. 


RULE—EXPRESS THE NUMBERS BY MEANS OF FRACTIONAL IN- 
DICES. REDUCE THE INDICES TO A COMMON DENOMINATOR. PER- 
FORM UPON THE NUMBERS THE OPERATIONS REPRESENTED BY THE 
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NUMERATORS, AND INDICATE THE OPERATION SIGNIFIED BY THE 
DENOMINATOR. 


Drm.—The only point in this rule needing further demonstration is, that mul- 
tiplying numerator and denominator of a fractional index by the same number 


a ma a 
does not change the value of the expression, ¢. ¢., that pe = gnd Now, 2 signi- 
fies the product of a of the b equal factors into which 2 is conceived to be re- 
solved. If we now resolve each of these b equal factors into m equal factors, a 
of them will include ma of the mb equal factors into which @ is conceived to be 
resolved. Hence ma of the mb equal factors of # equals a of the b equal factors. 


{The student should notice the analogy between this explanation and that 
usually given in Arithmetic for reducing fractions to equivalent ones having a 
common denominator. It is not an identity.] 


204. Prob. 5.—To reduce a fraction having a monomial radi- 
cal denominator, or a monomial rudical factor in its denominator, 
toa form having a rational denominator. 


RULE.—MULTIPLY BOTH TERMS OF THE FRACTION BY THE RADI- 
CAL IN THE DENOMINATOR WITH AN INDEX WHICH ADDED TO THE 
GIVEN INDEX MAKES IT INTEGRAL. 


205. Prob. 6.—To rationalize the denominator of a fraction 
when it consists of a binomial, one or both of whose terms are radi- 
cals of the second degree. 


RULE—MULTIPLY BOTH TERMS OF THE FRACTION BY THE DE- 
NOMINATOR WITH ONE OF ITS SIGNS CHANGED. 


Drem.—In the last two cases the student should be able to show, Ist. That 
the operation does not change the value of the expression; and, 2d. That it 
produces the required form. [This is the substance of all demonstrations in Re- 
ductions. | 


206. Prop. 1.—A factor may be found which will rationalize 
any binomial radical. 


Dem.—If the binomial radical is of the form V(@ + b)*, or (a + 2)", the fac 


tor is (2 + b) * , according to (204). 
So oe 1 
If the binomial is of the form "Va" + ‘VI, or a™ + b*. Let a*® =a, and 


L i = 
b*= y; whence a*= 2 , and)" =y". Also let p be the least common multiple 
ap La 
of m and n, whence 2” and y’? are rational. But 2v¥=«",and y? = b*. If 
now we can find a factor which will render a + 9", 2? + y”, this will be a fac- 
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= a eee 3 
tor which will render a* + 3", a®+ 6* which is rational. To find the factor 
which multiplied by 2° + y" gives a? + y'?, we have only to divide the latter by 


the former. Now o = - = gir—})  gXeo2) y” + GXr—*) yfr gt (e—*) y*” + 
--- + y?—-) (A), the + sign of the last term to be taken when p is odd, and 
the — sign when it is even (72729). Therefore 2X%?—) — aXe—Dyr 4 ge p— yt 


aX Dyte 4... + y(P—), ig a factor which will render Va + Vr rational, 





zd hae « 
@* being understood to be a”, and y" = b*, and p the L. C. M. of m and n. : 


If the binomial is Va‘ — Vi , the factor is found in a similar manner, and is 
ete) 4 gle—Dyr 4 ger—dyir 4... - + ytP—), 





207. Prop. 2.—A trinomial of the form Va + Vb + Ve 
may be transformed into an expression with but one radical term by 
multiplying it by itself with one of the signs changed, as / a + / db 
—V/c. The product thus arising may then be treated as a binomial 
radical by considering the sum of the rational terms as one term, 
and the radical term as the other. 


Thus, (Va +V¥b+Vc) (va +V¥b—-Ve)=a+b—c + 2Vad. Again, 
[(@ +b —c) + 2Vad] x [(a +b —c) — 2V ad] = @? + B+ c? — Qab — We 
— 2ac, a rational result. 





EXAMPLES. 

1. Reduce the following to their simplest forms: */108a%z3, 
V 32005 atys, /56a8y, VIB1Im4x, V28BIBAFx5, 4/1129990 2-4, 
V/ 2646085, (104721 9y2)8, Vaz? —23 +44, VW (2? — y?) (x—y), 

i aneeneenntes + 3 en 
(am—"y")*, 1A/368zy3, (a — b) [(a® —b®) (a —b)]*, 5V/70425y2, 
abs/63a—*z*b—*. 

2. Reduce the following to their ie forms mo Sou. 199): 


38 3/2 1 1 te + b J 
ae ag 3° a 7 a—b 
5 /12 
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3. Reduce the following to their simplest forms (see 200): 
12505218, / 3630528, Vv 11221 #48, / — 1029218, 
* 9/135a42 — 405052? + B05a%x? — 18506. 


4, Reduce 5az5 to the form of the square root; also Yzy; also }; 
also 3a — 2. Reduce 2z*y8 to the form of the 3d root,—to the form 


of the 5th root, Reduce _ to the form of the 4th root,—to the 


form of the cube root. Reduce 4 to the form of the cube root,— 
to the form of the 4th root. 


5. Introduce under the radical signs the coefficients in the follow- 
ing expressions : 
2/$,3V 3,403, £025, 22/25, (a+y) x8 — Baty + Bay? — y, 
ae ee 2 
(2+ y)Va—Yy, _ WV 125«, ar(1 — a 


6. Reduce to equivalent forms having a common radical index, 
/2 and 1/3; also 4/3, 53 also 1/22, 322, +/z, and 4/223; also 
Q2/c, 3a/x, and 4/5; also 3+/5ax, 2+/2zy, /10z; also x — y and 


(x + y)?. Explain each operation upon the principles of factoring 
as in (20.3). 


% Prove upon the principles of factoring that 4/2 = 1/8; also 
that «1/5 = 125; also that «(/3 = “27. 


8. Reduce the following to equivalent forms having rational de- 
gaVba Be Oe 
/ 3x ? an/aa’ Jb. Vy Vy’ / 2” a/3,” 
3 V2 VE V5 | 
We V3 ’ Woks x/3 
9 Reduce the following to equivalent forms having rational de- 
vei toyt ys 2 oe Va VY 
Vary 308 a+Vy Vervy’ 
3 3 2 V12—V10 38+272 
V+ V8 JE+V8 Ye-W “Verve” Ve—v8" 


nominators : 








nominators: 
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2 Yri+l—z Ve-lt+ye+)1 
Va? + 28 — 2’ Vei+1lt+z Vim! — rai 
Va®t+at+1leVe®t+e—-1 8 


Vat+a2t+1—vVzee¢a—1 Virvaer dD +V3—V2 


10. What factor will rationalize 4/7 — 4/y? What 4/<?— yi? 


11, By what must numerator and denominator of --~——— be 
multiplied to reduce it to the form of a simple fraction? By what 
4 
(+8)! 
Se 


a 
12. Introduce the coefficients of each of the following into the 
parentheses: 8 (a* — xt)t, as(a + atz)t, and 7§(1 — ‘tt, 


a+ bz —Va? + 682? = 4/a*® + B8z? —a 





13. Show that ——————: == == —————_ ; al 
ies a— bz + Va? + b%28 ba ee 
that Vt — va _ Ve — Va. 
Va-a WV Va+Va 
SECTION IV. 


COMBINATIONS OF RADICALS, 





ADDITION AND SUBTRACTION. 


208. Prob. 1.—To add or subtract radicals. 


RULE—IF THE RADICALS ARE SIMILAR, THE RULES ALREADY 
GIVEN (66, 77) ARE SUFFICIENT. IF THEY ARE NOT SIMILAR, MAKE 
THEM 80 BY (7198, 203), AND COMBINE AS BEFORE. IF THEY CAN- 
NOT BE MADE SIMILAR, THE COMBINATIONS CAN ONLY BE INDICATED 
BY CONNECTING THEM WITH THE PROPER SIGNS. 

[Nore.—The student is presumed to be able to give the demonstrations of 


the problems and propositions in this section, as they are but a recapitulation of 
what has preceded.] 
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MULTIPLICATION. 


209. Prop. 1.—The product of the same root of two or more 
quantities, equals the like root of their product. (See 194.) 


210. Prop. 2.—Similar radicals are multiplied by multiplying 
the quantities under the radical sign and writing the product under 
the common sign ; 


Or by indicating the root by fractional indices, and, for the pro- 
duct, taking the common number with an index equal to the sum of 
the indices of the factors. (See 82.) 


211. Prob. 2.—To multiply radicals, 


RULE.—IF THE FACTORS HAVE NOT THE SAME INDEX, REDUCE 
THEM TO A COMMON INDEX, AND TILEN MULTIPLY THE NUMBERS 
UNDER THE RADICAL SIGN, AND WRITE THE PRODUCT UNDER THE 
COMMON SIGN. 


DIVISION. 


212. Prop.—The quotient of the same root of two quantities 
equals the like root of their quotient. - 


213. Prob. 3.—To divide radicals. 


RULE.—I¥ THE RADICALS ARE OF THE SAME DEGREE, DIVIDE 
THE NUMBER UNDER THE SIGN IN THE DIVIDEND BY THAT UNDER 
THE SIGN IN THE DIVISOR, AND AFFECT THE QUOTIENT WITH THE 
COMMON RADICAL SIGN. 


IF THE RADICALS ARE OF DIFFERENT DEGREES, REDUCE THEM TO 
THE SAME DEGREE BEFORE DIVIDING. 


INVOLUTION. 
214. Prob. 4.—To raise a radical to any power. 
RULE.—INVOLVE THE COEFFICIENT TO THE REQUIRED POWER, 


AND ALSO THE QUANTITY UNDER THE RADICAL SIGN, WRITING THE 
LATTER UNDER THE GIVEN SIGN. 


215. Cor.—TZo raise a radical to a power whose index v8 the in. 
dex of the root, is simply to drop the radical sign. 
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EVOLUTION. 

216. Prob. &.—To extract any required root of a monomial 
radical, 

RULE—EXTRACT THE REQUIRED ROOT OF THE COEFFICIENT. 
AND OF THE QUANTITY UNDER THE RADICAL SIGN SEPARATELY, 
AFFECTING THE LATTER WITH THE GIVEN RADICAL SIGN. REDUCE 
THE RESULT TO ITS SIMPLEST FORM. 





{Notg.—This problem should not be taken till after Quadratic Equations. ] 


217. Prob. 6.—To extract the square root of a binomial, one 
or both of whose terms are radicals of the second degree. 


SoLUTION.—Such binomials have either the form a + nVb or mVa + nV, 
Now observing that (z+ y)* = z? + 2zy + y?, wo see that if we can separate 
either term of any such binomial surd into two parts, the square root of the pro. 
duct of which shall be 4 the other term, these two parts may be made the first 
and third terms of a trinomial (corresponding to 7? + 2ry + y*), and the middle 
term being the second term of the given binomial, the square root will be the 
sum or difference of the square roots of the parts into which the first term is 
separated. 


[Notr.—This process requires the solution of a quadratic equation. Thus to 
extract the square root of 12 — 4/140, Letting z and y represent the terms of 
the binomial root, we have z* + y? = 12, and 27y = — 7140. Whence z= 75 


or V7, and y = V7 or Y5, and the root is 75 — 77. The sign between the terms 
being determined by the sign of the surd in the given binomial. On this ac- 
count this subject should be reserved until after the student has studied quad- 
ratic equations, or the solution effected by inspection. Thus, in this example 


7140 = 2/35. Now 35 = V5 x 7, and since the sum of the squares of these 
factors is 12, we have V12 — 140 = 5 — 77] 





EXAMPLES. 

1, Add +/50 and 4/98. Add /112ab?z and +/252ad%z. Add 
V/1873a*x8 and V500a5z5. Add /x*y® and Vaty’. Add 1133 
and —4/1008, Add 5+/¥ and 24/24. Add »/} and 41/240. Add 
V7}, V7} and 44/3. Add +/18a56*, 4/50a7d* and 34/18a3dz?. 


| / t ; \ 

2. Show that 1+( (¥) +y 1+(¢ (“ = (at +44) (yt +288. 
a*e—2Qax* ees, “Wy +278 (or + 7% 

Eevee 1 at +2ar+22 / Se 2 laa+a* wat) V% 
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Vateit+Va-sZ 











Add te ee and ————__-—-—-——; also ——_—-—— and 
a+V/at— zt a—V/at — a?’ Vatz—-Va~—z 


ata iae 
Vate+Va—z 

3. From 3/¥ take 20/yy. From 1/192 take 9/24. From 5% 
take «/j. From }+/% take —$+/3. From 4/a%S? take «/z*y*. From 
4/a") take / 6x. 


4/ 324 6 


ath+2ab® +58 a®b—2ab?+b8 — sabV/d 

eoeyee ee Mie Babs ® Yat peed tor = ae oF 

6. Multiply 4/3 by 72.* Multiply V2 by V3. Multiply 

V¥ by VE, W2ax by Vaxt, 2/ay by 3°/x3y, VW1+ a* by 

Vi+ at, VE by VF, 24 by 3/2, 225 by 375, 24 by 63. 

%. Maltiply 9+ 2/10 by 9— 20/10, V2? — Vay + Vy? by 

Va+ Vy, 375 +276 — 2 by 2/5 + 18/6, VWE—-2V6 dy 
34/4 — 4/36. 

8. Divide 5/5 by 44/2, 8/9 by 20/3, V6 by V4, $05 by 4*/10. 

9, Divide 24/82 + 3/2 +4 by 478, 4/2? by 2/2, 


cetin, ALM a 
6 + 24/3 — V8 by V6, Vab*a — b®cx by Va —c, 4/5 5 
(a+ b)Va®—1 by (a —b) VW(a + 1)*, a+b—c+2Vab by 
etvene x? — /z*—as i x — a 
Vat+vVb—Ve, aaa ¢ OY er 
—Vat—at 72+ VV 24*—at x* 4-0 
* It is of the utmost importance that the pupil be able to give a complete analysis of euch 
examples, Thus, / 9= Vs since the former is one of the éwo equal factors of 2, and the 
“latter is threes of the siz equal factdrs of 2 In like manner V8 = ‘V9. Consequent)s 


V9x V8=V8x V9. Now since the product of the same root of two numbers is equal t 
the like root of the product, V8 x VYo= V 72. 
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10. Raise 34/22* to the second power. Raise 14/2az% to the 5th 
power. Cube —4$+/f. Square 3 —V/2. Cube 3o/a—z. Cube 
Vans 

11. Extract the square root of 27~/135z%y*; the cube root of 
gr? vy; the 4th root of 25844/y; the Sth root of 2244/3z4; the 


cube root of (l—x)4/1—z; the cube root of ; = 5 the sqyare 
root of 44/4. | 

12. Extract the square root of 49+124/5; of 57+12/15; of 
(a? +a)x—2axVa; 2—-2/2—1; of V18—4; ; of oi Vatm oA. 
(See 217.) 





SECTION V. 
IMAGINARY QUANTITIES. 


218. An Imaginary Quantity is an indicated even root 
of a negative quantity, or any expression, taken as a whole, which 
contains such a form either as a factor or a term. 


Thus Vz, Jv —y*, IW —a2?, 24/7 —4, V—6, $4727. etc., are imaginary 
quantities. 

219. Scu. 1.—It is a mistake to suppose that such expressions are in any 
proper sense more unreal than other symbols. The term Impossible Quantities 
should not be applied to them: it conveys a wrong impression. The ques- 
tion is not whether the symbols are symbols of real or unreal (imaginary) 
quantities or operations, but what interpretation to put upon them, and how 
to operate with them when they occur. 

220. 8cu. 2.—A curious property of these symbols, and one ‘which for 
some time puzzled mathematicians, appears when we attempt to multiply 
V/—z by/—z. Now the square root of any quantity multiplied by itself 
should, by definition, be the quantity itself; hence V—2x V—z= —z. 
But if we apply the process of multiplying the quantities under the radicals, 
we have V—2 x/—7 =v 27? = +2 a8 well as —z. What then is the pro-. 
duct of V/—zx/—2z? Is it —z, or is it both +2 and —2? The true 
product is —z ; and the explanation is, that V z* is, in general, +% and —z. 
But when we know what factors were multiplied together to produce 2*, and- 
the nature of our discussion limits us to these, the sign of Vz* is no longer 
ambiguous : it is the same as was its root. 
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221. Prop.—Hvery imaginary monomial can be reduced to the 


3" famatancaaooay oh eo. ° * e ° 
form mv — 1, in which m ts real (not imaginary). m may be 
rational or suid. 


Dem. 2¥ —y, p being an even number, is the general symbol for an imagin- 
ary monomial. Now if p is a power of 2, we may write at once p = 2*, whence 
,-—~ 9P cas ee , ioe Yi Me asics 
aVnmyae Voy =e V1) =e Vy Voi=m Vi. It p contains other 
factors than 2, let r represent their product, and 2* the product of all the factors 
of 2 contained in p; whence p = 72*, in which 7 is odd, since the product of any 


aes ror pce 
number of odd factors is odd. We then have z V —y=tV¥—-y=2 Viyim}) 


ron 


es) ee aE Jt aa SS eae eee 
=2VyVri=aeVy py V3 = a Vy 4 —1, since any odd root of — 1 

‘= ee 

is — 1. Putting « Vy = m, this becomes m W— 1. 


222. Scu.—When n=1, i. e., when there is but one factor of 2 in the 
index of the root, the form becomes mV—1. This form is called an imagin- 


ary of the second degree ; m V=1 is of the fourth degree, etc. In this dis- 
cussion we shall confine our attention mainly to imaginaries of the second 
degree. : 


223. Prob.—To add and subtract imaginary monomials of the 
second degree, or such as may be reduced to this degree. 


RULE—REDUCE THEM TO THE FORM m4/— 1, AND THEN COM- 
BINE THEM, CONSIDERING THE SYMBOL 1/—1 AS A SYMBOL OF 
CHARACTER.* 

EXAMPLES. 


1. Add vy —4 and Nv po 9. 
Orrration. V—4= V4 —1) = 2V—1,and V¥—9 = 8V—1, 
VaR 4 t+ VR 9H 2-1 + 8Y—1 = 5 V1. 
Scu.—The last operation should not be looked upon as taking the sum of 


2 times a certain quantity (represented by 4/—1) and 3 times the same 
quantity, but as 2 ofa certain character added to*3 of the same character. 





* See (48, 49, 50). Wo mean to say that, ae a quantity (considered numerically), m and 
m /—1, are exactly the samé, juet as is the care in the expressions + mi aud —m; but that the 


symbol 4 —1 gives some pecaliar or concrete significance to m, as does the sign +, or —, or % 
What this concrete significance {s, we cannot here say. It has ite clearest interpretation in the 
Co-ordinate, or General Geometry. 
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Thus the operation of reducing a/—4 and 4/—9 to the forms 24/—1 and 
34/—1 is to be looked upon as rendering the expressions homogeneous. It 


is, however, to be observed that the symbol 4/—1 is subject, also, to the 
ordinary laws of number, and may be operated upon accordingly. Thus it 
has a double significance. 


2. Add 4 — 27 and 37 — 16; also 3aVv — 25 and 2avV — 
also 6°4/—16 and wa 9% BY—-16 + eV —-9I= are + sat , 


3. Add \/— 1024 and «/— 729. 


OPERATION. 4/— 1024 = 4/104 f—i, and 4/— 729 = 4/729 4/—1. 
wo 4/— 10k + 4/729 = 54/1. 


4. Show that in general 4/—2 + Y—y = (Vax Vy)V—1, 
when 7 is odd. 

5. From /—9 take “—4. From 41 — 27 take 30 — 16. 
From 3a4/ — 25 take 2a\/—4. Show that a/— b—cV/—d 


6. From / — 4096 take Y — 9. Rem. 17 — 1. 


Scn.—It would seem improper to omit the 1 before the symbol 4/—1 in 
such a case as the last, though it has been customary to do so. If we are to 


consider 4/—1 as a sign of character (‘‘affection,” as some say), there is no 
more reason for omitting the 1 in such a case, than there is in such as 4 — 5 


= —1, That is, if we write 44/—1—34/—1 = 4/—1, we ought to write 
4—5 = —, or $5 — $4 = §, to be consistent. 
". Show that /—8 + /— 18 = 5V/—2 = 5V2V —1; also 
that 4o/ — 27 + 27-12 = 1673 VW—1; also that fie 
veees ip —1; also that 2“/—a—-VW—az= Sav — 





224. Prop.— Every polynomial containing some real, and 
some imaginary terms of the second degree, or such as can be re- 
duced to this degree, can be reduced to the form abv —1, in 
which a and b are real. a and b may be rational or surd. 

DEM.—This is evident from the fact that all the real terms can be combined 
into one (it may be a polynomial) and represented by a, and the imaginary terms 
being reduced to the form mV—1 can also be combined into one term repre. 
sented by + bY—1, 


CALCULUS OF IMAGINARIES. 79 


225, Scu.—The form a + b,4/—1 is considered the general form of an 
imaginary quantity of the second degree. When a= 0, it becomes the same 
asma/—1. The two expressions a + b4/—1 and a —ba/—1 are called Con- 
jugate Imaginaries, Hence the sum of two con jugate imaginaries is real 
(2a). Also the product of two conjugate imaginaries is real [(a + b4/—1) 


x (a —ba/—1) = a? + B, as will appear hereafter]. The square root of the 
product of two conjugate imaginaries, taken with the + sign, is called the 


Modulus of each. Thus + a/a@ + bis the modulus of both a + b4/—1 and 
a—da/ ‘1, 


Exs.—Find the sum, and the difference of 2+ 4/~—1 and 3—~/ — 64; 
also of a++/—band a+W—c. Last results, 2a+ (Vb+Vc)V —1l, 
(Wb —Vc)V— 1. 


CREA RE 


MULTIPLICATION AND INVOLUTION. 


226. Prob.—To determine the character of the product of sev- 
eral imaginary monomial factors of the second degree. 


RULE.—DIVIDE THE NUMBER OF FACTORS BY 4, AND IF 0 OR 2 
REMAINS, THE PRODUCT IS REAL, AND +- IN THE FIRST CASE AND — 
IN THE SECOND; IF 1 OR 3 REMAINS, THE PRODUCT IS IMAGINARY, 
+ IN THE FIRST CASE AND — IN THE SECOND. 


Dem. V—1 x Y—1 or (Y—i)* = —1, since the symbol exponent 2 de- 
stroys the symbol 4 (220). 

Again, Y—1 x Y—1 x V—1 or (¥—1)* = (V—1)* W—1. But ( /—7)* 
= —1; hence, YV—1 x Y—1.x V—T or (VW=1)* =—1V=1. 

Again, V—-1 x YV—-1x V—1x V=1 or ( 7-1)‘ = (V¥—1)? ¥—1)° 
=(—1)(—1)= +. 

Again, 
V=1 x Vix V—1x V1 x V=Tor (V—i)*=( ¥=1)?(V=1)*( ¥=1) 
= +1Y7—1. 


Collecting these results, and extending them in a similar manner, we have, 


(¥=1)'=-1, (¥—i)* =+1, 
(V~i)*? =—1 ¥—1, (Y=1)’ =+1V-1, 
(7~—1)*=+1, | (7=1)'°=-1, 
(7=1)'=4+1V=1, | (V=1)'=-1V=1, 
(7—1)°=—1, (4/—1)'*= +41, 


( /=1)' =-1 7-1, (7=i)'*=417=1, 
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Whence we see that the four forms —1,—1/—1, +1,and +1/—1 are all 
the different forms which arise, and that these results correspond to the enun- 
ciation of the rule. 


EXAMPLES. 
1. Multiply 4 — 3 by 2V/— 2. 
OPERATION. 4V—8=4V8V—1, and 2V—2 =2V2 Y—1. 
0 AV=3 x 2V-3 = 4738 V1 x 272 Y¥-1=8 V6 V(—1)? = — 86. 


2. Show that —2?® x o/—y* =—zy; also that 3/— 5x 44/— 3 
= —129/15. What is the product of —2\/— 2 by —3\/— 3? 





3. Show that ”—2 x ”—8 = 2\/—1; also that 1/— 256 x 

—27=12V3 Y —V—1; also that V—2 x 40/34 8/108 WoL 

Sue's, Vo3= V2 Voi, and VGH VE Vi. +. VR x VR=8 
= V3 Va x V8 Voi= Vib Vi— 1 = WW V(— 1)? 8 1. 

VIB x AVE HVT VAI x AVR VIR VA VA x VT VHT)? 
4 Vis Vira aa Vig Vt = i068 V7. 

4. Show that (3—-2\/— 4) x (5+3/— 4)=389—2v/— 1; also that 
(1+/7— 1)x(1—-V— 1)=2. 

5. Show that 2 is the modulus of /2 + «/— 2 and V2 — //—2. 
What is the modulus of 3+2+/— 3 and 8—24/— 3? Of 5—3/—1 
and 5 + 3o/—1? 

6, Show that (/—7) "== —thy/—1; also that (6/8) *=8°. 

%. What is the 5th power of 2/— 3? Of 34/— 2? 

8. What is the product of V—xt, /—y*, —28, and /—w'? 








DIVISION OF IMAGINARIES. 
227. Prob.—To divide one imaginary of the second degree by 
another. 
RULE.—REDUCE THE IMAGINARY TERM, OR TERMS, TO THE FORM 


mr/— 1. or m(/— 1)", AND DIVIDE AS IN DIVISION OF RADICALS, 
OBSERVING THE PRINCIPLES OF (226) TO DETERMINE THE CHARAC- 
TER OF THE QUOTIENT OF IMAGINARIES. 


CALCULUS OF IMAGINARIES, 81 


EXAMPLES. 

1. Divide V—16 by W— 4. 

OrrRATION. ¥—16=4V—1, and V—~4=2V7—1; «. Y—16 + V—4 
=4V¥—1 +2V7—1 = 2(7—1)". But by (226) (Y—1)° = +1; hence the 
quotient is 2. 

Scu.—A superficial view of the case might make the quotient + 2, Thus, 
as the radicals are similar it might be inferred that V—1 + V—1= / = 
=V1=-41. (See 220.) 


2. Show that 6/7 — 3 -+- 2o/—4 = $73; also that — /— 1 
+ —6/—3 = s/3; also that 1+ /—1= — W— 1; also 
that 6 + 2f—1 = — 3V/—1. 


8. Divide 24/—1 by /— 2; also 34/— 16 by — 12; also Wa 
by Vv —1. 

Sue's, 2V¥—1 + V—3 = Vi6 V+ VOV—I = V8 V7. 

4. Show that 8 4/ —16+2/7—4= 4.4/2 4/ — 1. 

5. Show that (1 + /—1) + (1—V—1) = V —1; also that 
(4+ /—2) + (2 —-V—2) = 1 4+ V2V%—1; also that 
1+ (3 —2v —3)= 3 + 2/3 1 Assi also that 1 + ———-—=== 

al at+Vv—a 


oo Oe RON iii also that atv —b + As ws 





ae + % a—V—b at+vVv—d. 
_ 2(a* — 3) 
~~ @ +h - 


(a + bf —1)* + (a — dV —1)° 
(a + 6 —1)*? + a@—bV—1 1)” 


[Norz.—Here ends the subject of Literal Arithmetic, The student is now 
prepared for the study of Algebra, properly so-called ; #. ¢., Zhe Science of the 
Equation.) 


6 


6. Simplify 


PART IL. 


AN ELEMENTARY COURSE IN 
ALGEBRA. 


Cee end 


CHAPTER I. 
SIMPLE EQUATIONS. 
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SECTION f. 
EQUATIONS WITH ONE UNKNOWN QUANTITY. 
DEFINITIONS. 
1. An Equation is an expression in mathematical symbols, of 
equality between two numbers or sets of numbers. 


2. Algebra is that branch of Pure Mathematics which treats 
of the nature and properties of the Equation and of its use as an 
instrument for conducting mathematical investigations. 

3. The First Member of an equation is the part on the left 
hand of the sign of equality. Zhe Second Member is the part 
on the right. 


4, A Numerical Equation is one in which the known 
quantities are represented by decimal numbers. 


&. A Literal Equation is one in which some or all of the 
known quantities are represented by letters. 


6. The Degree of an Equation is determined by the highest 
number of unknown factors occurring in any term, the equation 
heing freed of fractional or negative exponents, as affecting the un- 
known quantity. 

Y. A Simple Equatton is an equation of the first degree. 


8. A Quadratic Equatton is an equation of the second 
degree. 


9. A Cubic Equatton is an equation of the third degree. 
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10. Equations above the second degree are called Higher 
Equations. Those of the fourth degree are sometimes called 
Biquadratics. 


TRANSFORMATION OF EQUATIONS. 


11. To Transform an equation is to change its form without 
destroying the equality of the members. 


12, There are four principal transformations of simple equations 
containing one unknown quantity, viz: Clearing of Fractions, Trans- 
position, Collecting Terms, and Dividing by the coefficient of the 
unknown quantity. 


13, These transformations are based upon the following 


AXIOMS. 


Axiom 1.—Any operation may be performed wpon any term or 
upon either member, which does not affect the value of that term or 
member, without destroying the equation. 


Axiom 2.—Jf both members of an equution are increased or di- 
minished alike, the equality ts not destroyed, 


14. Prob.—To clear an equation of fractions. 


RULE—MULTIPLY BOTH MEMBERS BY THE LEAST OR LOWEST 
COMMON MULTIPLE OF ALL THE DENOMINATORS, 


DreM.—This process clears the equation of fractions, since, in the process of 
multiplying any particular fractional term, its denominator is one of the factors 
of the L. C. M. by which we are multiplying ; hence dropping the denominator 
multiplies by this factor, and then this product (the ee is multiplied by 
the other factor of the l. C. M. 


* This process does not destroy the equation, since both members are increased 
or diminished alike. 


I1y..—An equation is aptly compared to a pair of scales with equal arms, kept 
in balance by weights in the two pans, - 


- TRANSPOSITION. 


18. Transposing a term is changing it from one.member of 
the equation to the other without destroying the equality of the 
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16. Prob.—To transpose a term. 


RULE —DRorp If FROM THE MEMBER IN WHICH IT STANDS AND 
INSERT IT IN THE OTHER MEMBER WITH THE SIGN CHANGED. 

DeEmM.—If the term to be transposed is +, dropping it from one member 
diminishes that member by the amount of the term, and writing it with the — 
sign in the other member, takes its amount from that member; hence both 
members are diminished alike, and the equality is not destroyed. ere: 
AXxroM 2.) 


ad. If the term to be transposed is —, dropping it increases the member from 
which it is dropped, and writing it in the other member with the + sign in- 
creases that member by the same amount; and hence the equality is preserved. 
(Repeat Axrom 2.) 


17. To Solwe an equation is to find the value of the unknown 
quantity; that is, to find what value it must have in order that the 
equation be true. 

18, An equation is said to be Satisfied for a value of the un- 
known quantity which makes it a true equation; 7.¢, which makes 
its members equal. 

19, To Verify an equation is to substitute the supposed value 
of the unknown quantity and thus see if it satisfies the equation. 

Scx. 2._-The pupil must not understand that the verification is at all 
necessary to prove that the value found is the correct one. This is demon- 
strated as we go along, in obtaining it. The object of the verification is to 
give the pupil a clearer idea of the meaning of an equation, and to detect 
errors in the work. 


20. Prob. 1.—To solve a simple equation with one unknown 
quantity. 


RULE—1. If THE EQUATION CONTAINS FRACTIONS, CLEAR IT OF 
THEM BY ART. 14, 

2. TRANSPOSE ALL THE TERMS INVOLVING THE UNENOWN QUAN- 
TITY TO THE FIRST MEMBER, AND THE KNOWN TERMS TO THE SECOND 
MEMBER BY ART. 16. 

3. UNITE ALL THE TERMS CONTAINING THE UNKNOWN QUANTITY 
INTO ONE BY ADDITION, AND PUT THE SECOND MEMBER INTO ITS 
SIMPLEST FORM. 


4, DIVIDE BOTH MEMBERS BY THE isan OF THE UNKNOWN 
QUANTITY. 
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Mt 


Deu.—The first step, clearing of fractions, does not destroy the equation, 
since both members are multiplied by the same quantity (Ax1oM 3). 


The second step does not destroy the equation, since it is adding the same 
quantity to both members, or subtracting the same quantity om both members 
(Axtom 3). 


The third step does not destroy the equation, since it does not change the 
value of the members (Ax10m 1). 


The fourth step does not destroy the equation, since it is dividing both mem 
bers by the same quantity, and thus changes the members alike (Ax1oM 2). 


Hence, after these several processes, we still have a true equation. But now 
the first member is simply the unknown quantity, and the second member is all 
known. Thus we have what the unknown quantity ts equal to; 1. e. tte value. 


21, Sou. 1.—It must be fixed in the pupil’s mind that he can make but two 
classes of changes upon an equation: viz., SUCH AS DO NOT AFFECT THE VALUE 
OF THE MEMBERS, OF SUCH AS AFFECT BOTH MEMBERS EQUALLY. Hvery opera- 
tion must be seen to conform to these conditions, 


22, Cor. 1.—All the signs of the terms of both members of an 
equation can be changed from + to —,or vice versa, without destroy- 
ing the equality, since this is equivalent to multiplying or dividing 
by — 1. 


23. Scr. 2.—It is not always expedient to perform the several trans- 
formations in the same order as given in the rule. The pupil should bear in 
mind that the ultimate object is to so transform the equation that the un- 
known quantity will stand alone in the first member, taking care that, in 
doing it, nothing is done which will destroy the equality of the members. 


24, Son. 3.—It often happens that an equation which involves the second 
or even higher powers of the unknown quantity is still, virtually, a simple 
equation, since these terms destroy each other in the reduction. 


SIMPLE EQUATIONS CONTAINING RADICALS, 


28, Many equations containing radicals which involve the un- 
known quantity, though not primarily appearing as simple equations, 
become so after being freed of such radicals. 


26. Prob. 2.—To free an equation of radicals. 


RULE.—THE COMMON METHOD IS 80 TO TRANSPOSE THE TERMS 
THAT THE RADICAL, IF THERE IS BUT ONE, OR THF MORE COMPLEX 
RADICAL, IF THERE ARE SEVERAL, SHALL CONSTITUTE ONE MEMBER, 
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AND THEN INVOLVE EACH MEMBER OF THE EQUATION TO A POWER 
OF THE SAME DEGREE AS THE RADICAL. IF A RADICAL STILL RE- 
MAINS, REPEAT THE PROCESS, BEING CAREFUL TO KEEP THE MEM- 
BERS IN THE MOST CONDENSED FORM AND LOWEST TERMS. 


* Dem.—That this process frees the equation of the radical which constitutes 
one of its members is evident from the fact that a radical quantity is involved 
to a power of the same degree as its indicated root by dropping the root sign. 


That the process does not destroy the equality of the members is evident grom 
the fact that the like powers of equal quantities are equal, Both members are 
increased or decreased alike. 


SuMMARY OF PractTicaL SUGGESTIONS. 
27. In attempting to solve a simple equation, always consider, 


1. Whether it is best to clear of fractions first. 
2. Look out for compound negative terms. 


3. If the numerators are polynomials and the denominators mono- 
mials, it is often better to separate the fractions into parts. 


4. It is often expedient, when some of the denominators are mono- 
mial or simple, and others polynomial or more complex, to clear of 
the most simple first, and after each step see that by transposition, 
uniting terms, etc., the equation is kept in as simple a form as pos- 
sible. 


5. It is sometimes best to transpose and unite some of the terms 
before clearing of fractions. 


6. Be constantly on the lookout for a factor which can be divided 
Out of both members of the equation, or for terms which destroy 
each other. 


% It sometimes happens that by reducing fractions to mixed num- 
bers the terms will unite or destroy each other, especially when there 
are several polynomial denominators. 


28. WHEN THE EQUATION CONTAINS RADICAIS, SPECIALLY 
CONSIDER, 


1. If there is ‘but one radical, by causing it to constitute one mem- 
ber and the rational terms the other, the equation can be freed by 
involving both members to the power denoted by the index of the 
radical. 3 
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Sa ’ | * 
2. If there are two radicals and other terms, make the more com- 
plex radical constitute one: member, alone, before squaring. Such 
cases usually require two involutions. 


3. If there is a radical denominator, and radicals of a avian form 
occur in the numerators or constitute other terms, it may be best to 
clear of fractions first, either in whole or part. 


4. It is sometimes best to rationalize a radical denominator, 


EXAMPLES FOR PRACTICE IN SOLVING SIMPLE EQUATIONS. 


1. Solve and verify the following: (1.) 40—67—16=120—14z. 











x 2£ fs : xz—19 ote x 
(2.) 5 —~3tTZ 3 = 20— 5 (4.) —— 3 
x—5 9r+20 44-12 2 10x+1% 122+2 
merge MO) gg gee Vat WO ag Tapas 
5r—4 ax—b be bxr—a a(b® +e) = 











aoe. 


(9.) x84/3 = ax + bu + cx. 10.) 2.04 — 0.68y — 0.02y = 0.01. 
(11.) 842 — 7.6 = 10 + 2.22. 


a 
eee ane (7.) 4 a oR (8.) ; 











1 #421 27—.03 

2. Solve (1.) ah ar + be--b2 = peer (2.) 482 — — 
= a\ Etpu-qe  me—n ( _ nlq—p 

= 1.67+8.9, (3.) sar aera = t= eae (4.) Ipma 

(3bc+ad)x  _5ab 2 (8bc—ad)x — 5a(2b—a) Ba 5a(2b—a)\ 

~ Qab(a+6) 3c—d~ 2ab(a—b) at—be ° \  Be—ad 


ax _ et _ 8ab4 + 468 —12a%5 4m(K* — 52") 
(6) 244 = airy (= gartacate sO) 
_ ——- —22) g 
a) aca il (2 = spay) OO) Ft a ea = 


8.5 2 a 52 2z—3 eS -2 
(3)  -==4— -% ) ~ 425° =«9 ~ 18 +3}. 


(10.) 5—2(34 — ae cm tee 
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B. In mie the following be careful to observe the suggestions 


in (27): (1.) 2 5 rs -3(2 —$)+3(2-}) = 0. (2). see 

















_ 18 — 4 Gar 7, Te 18 _ 2o+4 a—-1 2-2 
eg ee AS) + @c+8 3 (4) 3 ~a=3 
ak Oe 
gam G t—Y" a 


4. Solve the following, giving special heed to the suggestions in 
2 - 
(28): (1.) /x—32 = 16 —Vz. 2.) ————— =e. 3.) V2 





Vbt+2—) 
— 1 5x—9 / 52-3 W OT a 
+V a t=. (4.) ——— Jia8 are (5.) Va+Va 


+Va—Va=Vu, (6) W(i+a)*+(1—a)z+/G—a)* + +a) 
=2a (7%) V {184-7 [14+-V(34+-V2)]}=4. (8) V14+-V(3 +62) 
Vbz—-2_ 462-9 2434824782 _ 16, g4/3g 











= rr wvéate "°) i6e—8 
a—Vat— a ee at az—1L Var —1 
#8. (11) Sah Qt a 
(18.) Wink 84 VE 4) VELVE_ Varvi 
2+Vx 404+ Va Vazr—Vb Vb 
(15). Va-Va—-Vat—ar_, ae) Vet vm ay i 
Va+Va—Vat—ax Vm—-Vn—y ™m 
ataz+Viartat Lh al lo 
Oo arava” OO ty yeni 





Llta+ Vf 2r7+2% Tavs 
19.) Vata + VYa-—z=b (20. 
Oy ( RN ere im /2+2—/ x 


V 382+1+ 4/32 1 1 
Sl ee eae ae ae 
_ va 

‘ i 7} ° 


[Several of these equations can be more elegantly reduced by the method given on p. 188, 
Ix. 4 } v 
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APPLICATIONS. 2 


29. According to the definition (2), Algebra treats of, 1st, The 
nature and properties of the Equation ; and 2d, the method of using 
it ag an instrament for mathematical investigation. ~ 


Having on the preceding pages explained the nature and proper- 
ties of the equation, we now give a few examples to illustrate its 
utility as an instrument for mathematical investigation. 


30. The Algebraic Solution of aproblem consists of two 
parts : 


Ist. The Statement, which consists in expressing by one or 
more equations the conditions of the problem. 


2d. The Solution of these equations so as to find the values of 
the unknown quantities in known ones. This process has been 
explained, in the case of Simple Equations, in the preceding articles. 


31. The Statement of a problem requires some knowledge of the 
subject about which the question is asked. Often it requires a great 
deal of this kind of knowledge in order to “state a problem.” ‘This 
is not Algebra; but itis knowledge which it is more or Jess important 
to have according to the nature of the subject. 


.82. Directtons to guide the student in the Statement of Prob- 
lems : . 


1st. Study the meaning of the problem, so that, {f you had the answer given, 
you could prove it, noticing carefully just what operations you would have to 
perform upon the answer in proving. This is called, Discovering the relations 
between the quantities involved. 


2d. Represent the unknown (required) quantities (the answer) by some one or 
more of the final letters of the alphabet, as 2, y, 2, or w,and the known quan- 
tities by the other letters, or, as given in the problem. 


8d. Lastly, by combining the quantities involved, both known and unknown, 
according to the conditions given in the problem (as you would to prove it, if the 
answer were known) express these relations in the form of an equation. 


33. ScuH.—It is not always expedient to use z to represent the number 
sought. The solution is often simplified by letting z be taken for some 
number from which the one sought is readily found, or by letting 2z, 42, or 
some multiple of # stand for the unknown quantity, The latter expedient 
is often used to avoid fractions. 


, i 
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PROBLEMS. 


1. A’s age is double B’s, B’s is triple O’s, and the sum of their 
ages is 140. Required the age of each. 


2. A’s age is m times B's, B’s is m times C’s, and the sum of their 
ages is s. Required the age of each. 


3. The sum of two numbers is 48, and their difference 12. What 
are a numbers ? 


4, The sum of two numbers is s, and their difference d. What 
are the numbers ? 


5. Having the sum and difference of two numbers given, how do 
you find the numbers, arithmetically ? 


6. A post is 4th in the earth, #ths in the water, and 13 feet in the 
air. What is the length of the post? 


7 A post is 1th in the earth, +ths in the water, and @ feet in the 
air. What is the length of the post ? 


8. What fraction is that, whose numerator is less by 3 than its 
denominator; and if 3 be taken from the numerator, the value of 
the fraction will be +? 


9. Give the general solution of the last; 7.¢. the solution when 
the numbers are all represented by letters. Then substitute the 
above numbers apd find the answer to that special problem. 


Sus.—Letting the numerator be a less than the denominator, and = be the 


am + bn 
fraction after d is taken from the numerator, the fraction is 


an + bn’. 

10. A man sold a horse and chaise for $200; } the price of the 
horse was equal to 4 the price of the chaise. Required, the price of 
each. Chaise, #120; horse, $80. 


Generalize and solve the last, and then by substituting the numbers given in 
it find the special answers. Treat in like manner the next nine problems. 


11. Out of a cask of wine which had leaked away a third part, 21 
gallons were afterward drawn, when it was found that one-half re- 
mained. How much did the cask hold ? Ans., 126 galls. 


12. A and B can doa piece of work in 12 days, but when A worked 
alone he did the same work in 20. How long would it take B to do 
the same work ? Ans., 30 days. 
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- 13. A cistern can be filled by 3 pipes 3 by the first in 14 hours, by 
the second in 2} hours, and by the third in 5 hours. In what-time 
will the cistern be filled, when all are left open at once? 


14, Four merchants entered into a speculation, for which they 
subscribed 4755 dollars; of which B paid three times as much as A; 
C paid as much as A and B; and D paid as much as C and B. What 
did each pay ? 


15. A and B trade with equal stocks. In the first year A tripled 
his stock and had 827 to spare; B doubled his stock, and had $153 
to spare. Now the amount of both their gains was*five times the 
stock of either. What was that? 


16. A and B began to trade with equal sums of money. In the 
first year A gained 40 dollars, and B lost 40; but in the second A 
lost one-third of what he then had, and B guined a sum less by 40 
dollars than twice the sum that A had lost; when it appeared that 
B had twice as much money as A. What money did each begin 
with ? Ans., 820 dollars. 


1%. What number is that to which if 1, 5, and 13 be severally 
added, the first suin divided by the second shall] equal the second 
divided by the third ? | 


18. Divide 49 into two such parts that the greater increased by 6 
divided by the less diminished by 11, shall be 44. e 


19. A cistern which contains 2400 gallons can be filled in 15 
minutes by three pipes, the first of which lets in 10 gallons per 
minute, and the second 4 gallons less than the third. How much 
passes through each pipe in a minute ? 


20. Find a number such that, if from the quotient of the number 
increased by 5, divided by the number increased by 1, we subtract 
the quotient of 3 diminished by the number, divided by the number 
diminished by 2, the remainder shall be 2. 


21. Divide a into two such parts, that one may be the =th part. of 
the other. ; 


22. Divide a into two such parts, that the sam of the quotients 
which are obtained by dividing one part by m, and the other by » 
m(nb—a) poe m(mb--a) 

n—m mn 


shall be equal to 0d. The parts are = 


93 ELEMENTARY ALGEBRA, 


23. Letting p represent the principal, ¢ the interest for time ¢, a 
the amount, and r the per cent. for a unit of time, produce the fol- 
lowing formule, and give their meaning: 


. & 1002 = 1 
(lL) i= A; (3.) t= “rp? (5.) p “5 
100 + tr _ 100%, _ a0: 
(2) a=p+t=p—po—: | (4) 7 salar ia (8) P= TO 


24. In what time will a given principal double, triple, or quadru- 
ple itself, at 5¢? at 64? at 7%? 


25. What is the worth of a note of 8500 Nov. 2d, 1872, which is 
dated Feb. 23d, 1870, bears 12% interest, and is due Jan. 1st, 1875, 
money being worth 7%? Ans., $687.23 + 


26. On a sum of money borrowed, annual interest is paid at 54. 
After a time $200 are paid on the principal, and the interest on the 
remainder is reduced to 4%. By these changes the annual interest is 
lessened one-third. What was the sum borrowed ? 

27%. An artesian well supplies a manufactory. The consumption 
of water goes on each week-day from 3 a.M. to 6 P.M. at donble the 
rate at which the water flows into the well. If the well contained 
2250 gallons of water when the consumption began on Monday 
morning, and th@well was just emptied at 6 p.m. on the next Thurs- 
day evening but one, how many gallons flowed into the well per 
hour ? 


28. The hind and fore wheels of a carriage have circumferences 
16 and 14 feet respectively. How far has the carriage advanced 
when the fore wheel has made 51 revolutions more than the other? 


29. A merchant gains the first year 15% on his capital; the second 
year, 20% on the capital at the close of the first; and the third year, 
25% on the capital at the close of the second; when he finds that he 
has cleared $1000.50. Required his capital. Capital, $1380. 


30. A man had $2550 to invest. He invested part in certain 34 
stocks, and part in R. R. shares of $25 each, which pay annual divi- 
dends of 1.00 per share. The stocks cost him $81 on a hundred, 
and the R.R. shares $24 per share; and his income from each source 
is the same. How many R. R. shares did he buy? 
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SECTION II, 


INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH TWO 
UNKNOWN QUANTITIES. 





* 


DEFINITIONS. 


34. Independent Equations are such as express different 
conditions, and neither can be reduced to the other. 


35. Simultaneous Equations are those which express dif- 
ferent conditions of the same problem, and consequently the letters 
representing the unknown quantities signify the same things in each. 
All the equations of such a group are satisfied by the same values of 
the unknown quantities. 


36. Elimination is the process of producing from a given 
set of simultaneous equations containing two or more unknown 
quantities, a new set of equations in which one, at least, of the un- 
known quantities shall not appear. The quantity thus disappearing 
is said to be eliminated. (The word literally means putting out of 
doors. We use it as meaning causing to disappear.) 


37. There are Five Methods of Elimination, viz, by 
Comparison, by Substitution, by Addition or Subtraction, by Unde- 
termined Multipliers, and by Division. 





ELIMINATION BY COMPARISON, 


38. Prob, 1.—Having given two independent, simultaneous, 
simple equations between two unknown quantities, to deduce therefrom 
by Comparison a new equation containing only one of the unknown 
quantities. 


RULE.—I1st. FIND EXPRESSIONS FOR THE VALUE OF THE SAME 
UNKNOWN QUANTITY FROM EACH EQUATION, IN TERMS OF THE 
OTHER UNKNOWN QUANTITY AND KNOWN QUANTITIES. 


2d. PLACH THESE TWO VALUES EQUAL TO EACH OTHER, AND THE 
RESULT WILL BE THE EQUATION SOUGHT. 


' Dem.—The first operations being performed according to the rules for simple 
equations with one unknown quantity, need no further demonstration. 
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2d. Having formed expressions for the value of the same unknown quantity 
in both equations, since the equations are simultaneous this unknown quantity 
means the same thing in the two equations, and hence the two expressions for 
its value are equal. Q. E, D. 5 


Scu.—The resulting equation can be solved by the rules already given. 


ELIMINATION BY SUBSTITUTION. ‘ 


39. Prob, 2.—Having given two independent, simultaneous, 
simple equations, between two unknown quantities, to deduce there- 
Srom by Substitution a single equation with but one of the unknown 
quantities, 


RULE— 1st. FIND FROM ONE OF THE EQUATIONS THE VALUE 
OF THE UNKNOWN QUANTITY TO BE ELIMINATED, IN TERMS OF THE 
OTHER UNKNOWN QUANTITY AND KNOWN QUANTITIES. 


2d. SUBSTITUTE THIS VALUE FOR THE SAME UNKNOWN QUAN- 
TITY IN THE OTHER EQUATION. 


Dem.—The first process consists in the solution of a simple equation, and is 
demonstrated in the same way. 


The second process is self-evident, since, the equations being simultaneous, 
the lettera mean the same thing in both, and it does not destroy the equality of 
the members to replace any quantity by its equal. Q. E. D. 


ELIMINATION BY ADDITION OR SUBTRACTION. 


40. Prob. 3.—Having given two independent, simultaneous, 
simple equations between two unknown quantities, to deduce therefrom 
by Addition or Subtraction a single equation with but one unknown 
quantity, 


RULE.—I\1st. REDUCE THE EQUATIONS TO THE FORMS az + by 
=m, AND cz + dy = n. 


2d. Iv THE COEFFICIENTS OF THE QUANTITY TO BE ELIMINATED 
ARE NOT ALIKE IN BOTH EQUATIONS, MAKE THEM 8O BY FINDING 
THEIR L. C. M. AND THEN MULTIPLYING EACH EQUATION BY THIS 
L. C. M. EXCLUSIVE OF THE FACTOR WHICH THE TERM TO BE 
ELIMINATED ALREADY CONTAINS. , 


3d. IF THE SIGNS OF THE TERMS CONTAINING THE QUANTITY TO 
BE ELIMINATED ARE ALIKE IN BOTH EQUATIONS, SUBTRACT ONE 
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EQUATION FROM THE OTHER, MEMBER BY MEMBER. IF THESE SIGNS 
ARE UNLIKE, ADD THE EQUATIONS. : 


Drem.—The first operations are performed according to the rules already given 
for clearing of fractions, transposition, and uniting terms, and hence do not viti- 
ate the equations. The object of this reduction is to make the two subsequent 
steps practicable. | 


The second step does not vitiate the equations, since in the case of either 
equation, both its members are multiplied by the same number. 


The third step eliminates the unknown quantity, since, as the terms containing 
the quantity to be eliminated have the same numerical value, if they have the 
sume sign, by subtracting the equations one will destroy the other, and if they 
have different signs, by adding the equations they will destroy each other. The 
result is a true equation, since, If equals (the two members of one equation) are 
added to equals (the two members of the other equation), the sums are equal. 
Thus we have a new equation with but one unknown quantity. Q. E. D. 


ELIMINATION BY UNDETERMINED MULTIPLIERS. 


41. Prob, 4.—Having given two independent, simultaneous, 
simple equations between two unknown quantities, to deduce therefrom 
by Undetermined Multipliers a single equation with but one unknown 
quantity. 


RULE—I1st. REDUCE THE EQUATIONS TO THE FORMS az + by 
=m, AND cx + dy =n. 


2d. MULTIPLY ONE OF TIE EQUATIONS BY AN UNDETERMINED 
FACTOR, AS /, AND FROM THE RESULT SUBTRACT THE OTHER EQUA- 
TION, MEMBER BY MEMBER. 


3d. IN THE RESULTING EQUATION, PLACE THE COEFFICIENT OF 
THE UNKNOWN QUANTITY TO BE ELIMINATED EQUAL TO 0; FROM 
THIS EQUATION FIND THE VALUE OF f, AND SUBSTITUTE IT IN THE 
OTHER TERMS OF THE EQUATION. 


Dreu.—[{Reason for the first step, same as in the last method.] 


Now multiply one of the: equations, as az + w= m, by f,and subtract the 
otner, member by member, giving (af —c)z + (Qf —dy=mf—n. To eliminate 


y, put bf —d =0, giving f = 4 This valuo of f substituted in (af — 


+ (if — Dy = mf — n, will cause the term containing y to disappear by making 
its coefficient 0, and there will result an equation containing only the unknown 
quantity v7, and known quantities. Q. E. D. 
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Thus, given 87+ 7y=88, and 22+ 4y=20. 


Multiply the lat by f,- - - - - Bfe + Ty = 88f 
Subtract the 2d,- - - - - - - 2a + 4y = 20 
And we have- - - +--+ - - (8f — 20 + (Uf — yy = 83f — 20. 


Putting 7f -4=0, f= 4. Substituting, (8 x $—2)¢ = 88x 4~20. Whence, 
—te=- —f,ora@=4, 

In like manner, putiing 3f-2=0,f= 3 And(7 x §— 4)y = 88 x $ — 20- 
Whence y = 8.° 


ELIMINATION BY DIVISION. 


42. Prob. &.—Having given two independent, simultaneous, 
equations of any degree, between two unknown quantities, to deduce 
therefrom by Division a single equation with but one unknown 
quantity. 


RULE—CLEAR THE EQUATIONS OF FRACTIONS, AND TRANSPOSE 
ALL THE TERMS TO ONE MEMBER. TREAT THE POLYNOMIALS THUS 
OBTAINED AS IN THE PROCESS FOR FINDING THE HiaHeEst Com- 
MON DIVISOR, CONTINUING THE PROCESS UNTIL ONE UNKNOWN 
QUANTITY DISAPPEARS FROM THE REMAINDER. PUTTING THIS RE- 
MAINDER EQUAL TO 0, WE HAVE THE EQUATION SOUGHT. 


Drm.—Since each of the polynomials is equal to 0, any number of times one 
subtracted from the other (i. ¢. any remainder) is 0. 


EXAMPLES. 


[Norz.—The pupil should solve the following by each of the preceding 
methods, so as to make all familiar, and in each instance notice what method is 
most expeditious. ] 


(1.) Qe+%y=41, (2) 2+15y=49, (3.) 62+ 4y=236, 


32+ 4y= 42, 82+ Ty=71. 32+ 15y=573. 
(4.) 292—175=14y, (5.) 188—52—9y=0, (6.) 5a—4=3y, 
8%z—56y= 497, 132=57 + 2y. 10 + %a—12y=0. 
(7.) Sy—Rl= 22, (8) Yy—3e=139, 9.) 69y—17z= 103, 
132—4y=120, - 2a+5y= 91. 14z—13y= —41. 
qo) = — am =i, (AL) abe tody=2, 
Qyt4 __ doty +13 . d—) 


aka as ary = Tr 
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2 b (13.) (b-+)(x-+e—b) +a(y+a) = 20%, 








(2) Sty Sate 
_ ay  — (b+c)? 
ax +2by=d. G20e> ae 
ae ee ae ed aa 
(14.) ig aa aera 2a, and ror 1. 
: B6c—05_,  2.6+.005y 04y+.1 0%2—1 
(15.) 2.4% + B2y ———-—— = 82 + 25 9 a ae ae 
ae by Sey 
3 i2 27 3 —y_1 
(16.) 7 _ 3 2, and ee ie 
4 2 
2 38 ” 85 m wn 
(17.) az by = 5, (18.) i + y = 19, (19.) Par + my =m +N, 
5 8 8 3 mn em 
Siac soe Segre: Sd Ee eae : 
Ga hy ze % ae y m* +n 


[NoTE.—Solve the following by (42).] 


20. Eliminate 2 between the following: 5¢+y=105 and 2+3y 
=35; also $(2x+3y)=8— 42 and 11+y=}(7y—32z); also 4(y—2) 
—4(10—y) = f(z —10) and $(22+4) —4(2y+2) = 4(y + 13); also 
2? + 6ry=144 and 67y+36y%?=432; also 78 + y8 = 2728 and z* —xy 
+y?=124; also 24+z5y+a%y? +ay3 +y4=1 and z*+y?=2;3 also 
e+y+cy=34 and 2 +4? =52. 


SOLUTION OF THE LAST. 


e+y+ry—34 ) a +y*% —52\0+34—y 
(1+y)a+y—34 ) (L+y)z*+(1+y)y* —52(1+y) 
(L+y)2* + vy—342 
(34—y)x + (y* —52)(1+y) 
(1+y)(84—y)a+(y* —52)(1+y) 


(1+y)(84—y)2—(34—y)* 
Equation sought, (34—y)* + (y# —52)(1+y)9 =0. 


(Nors.—The equations resulting from the elimination in several of the above 
cases are of degrees higher than the first, and hence their resolution is not to 
be expected at this stage of the student’s progress.] 
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APPLICATIONS, 


1. A wine merchant has two kinds of wine, one worth 72 cents a 
quart, and the other 40 cents. How much of each must he put in a 
mixture of 50 quarts, so that it shall be worth 60 cents a quart? 


2. A crew that can pull at the rate of 12 miles an hour down the 
stream, finds that it takes twice as long to row a given distance up 
stream as down. What-is the rate of the current? 


3.-A man sculls a certain distance down a stream which runs at a 
rate of 4 miles an hour, in 1 hour and 40 minutes. In returning it 
takes him 4 hours and 15 minutes to reach a point 3 miles below his 
starting place. How far did he scull down the stream, and at what 
rate could he scull in still water? 


4, A man puts ont $10,000 in two investments. For the first he 
gets 5% and for the second 4%. The first yields annually 850 more 
than the second. What is each investment ? 


[Note.—Generalize the statement and solution of the preceding problems. | 


5. What fraction is that whose numerator being doubled and de- 
nominator increased by 7, the value becomes §; but the denomina- 
tor being doubled, and the numerator increased by 2, the value be- 
comes §? 


6. There is a number consisting of two digits, which is equal to 
four times the sum of those digits ; and if 18 be added to it, the 
digits will be inverted. What is the number? 


7. A work is to be printed, so that each page may contain a cer- 
tain number of lines, and each line a certain number of letters. If 
we Wished each page to contain 3 lines more, and each line 4 letters 
more, then there would be 224 letters more in each page; but if we 
wished to have 2 lines less in a page, and 3 letters less in each line, 
then each page would contain 145 letters less. How many lines are 
there in each page? and how many letters in each line? 


8. A sum of money put out at simple interest amounted to $5250 
in 10 months, and to $5450 in 18 months. What was the principal, 
and what the rate ? | 
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9. In an alloy of silver and copper, ~ of the whole + p ounces 


: 1 
was silver, and a the whole — g ounces was copper. How many 


ounces were there of each ? 


10. When a is added to the greater of two numbers, it is m times 
the less ; but when 4 is added to the less, it is times the greater. 
What are the numbers? 


11. When 4 is added to the greater of two numbers, it is 34 times 
the less ; but when 8 is added to the less, it is 4 the greater. What 
are the numbers? Solve by substituting in the results of the pre- 
ceding. 


12. There is a cistern into which water is admitted by three cocks, 
two of which are of exactly the same dimensions. When they are 
all open, five-twelfths of the cistern is filled in 4 hours; and if one 
of the equal cocks be stopped, seven-ninths of the cistern is filled in 
10 hours and 40 minutes. In how many hours would each cock fill 
the cistern ? 


13. A banker has two kinds of change; there must be a pieces of 
the first to make a crown, and db pieces of the second to make the 
same: now a person Wishes to have ¢ pieces for a crown. How many 
pieces of each kind must the banker give him ? 


ANS. ss 4 of the first kind, st —4) of the second. 








14. An ingot of metal which weighs m pounds loses p pounds when 
weighed in water. This ingot is itself composed of two other metals, 
which we may call M and M’; now » pounds of M loses g pounds 
when weighed in water, and » pounds of M’ loses 7 pounds when 
weighed in water. How much of each metal does the original ingot 
contain ? 


Ans., nr =P) = ) pounds la) me~ 2 poants of M’. 
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SECTION TI. 


INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH MORE 
THAN TWO UNKNOWN QUANTITIES. 


d 
43. Prob.—Having given several independent, simultaneous, 
simple equations, involving as many unknown guantities as there are 
equations, to find the values of the unknown quantities. 


RULE—CoMBINE THE EQUATIONS TWO AND TWO BY EITHER OF 
THE METHODS OF ELIMINATION, ELIMINATING BY EACH COMBINA- 
TION THE SAME UNKNOWN QUANTITY, THUS PRODUCING A NEW SET 
OF EQUATIONS, ONE LESS IN NUMBER, AND CONTAINING AT LEAST 
ONE LESS UNKNOWN QUANTITY, COMBINE THIS NEW SET TWO AND 
TWO IN LIKE MANNER, ELIMINATING ANOTHER OF THE UNKNOWN 
QUANTITIES. REPEAT THE PROCESS UNTIL A SINGLE EQUATION IS 
FOUND WITH BUT ONE UNKNOWN QUANTITY. SOLVE THIS EQUATION 
AND THEN SUBSTITUTE THE VALUE OF THIS UNKNOWN QUANTITY IN 
ONE OF THE NEXT PRECEDING BET OF EQUATIONS, OF WHICH THERE 
WILL BE BUT TWO, WITH TWO UNKNOWN QUANTITIES, AND THERE 
WILL RESULT AN EQUATION CONTAINING ONLY ONE, AND THAT 
ANOTHER OF THE UNKNOWN QUANTITIES, THE VALUE OF WHICH 
CAN THEREFORE BE FOUND FROM IT. SUBSTITUTE THE TWO VALUES 
NOW FOUND IN ONE OF THE NEXT PRECEDING SET, AND FIND THE 
VALUE OF THE REMAINING UNKNOWN QUANTITY IN THIS EQUATION. 
CONTINUE THIS PROCESS TILL ALL THE UNKNOWN QUANTITIES ARE 
DETERMINED. 


- Dem.—-1. The combinations of the equations give true equations because they 
are all made upon the methods of elimination already demonstrated. 


2. That the number of equations can always be reduced to one by this pro. 
cess, is evident, since, if we have n equations and combine any one of them with 
each of the others, there will be.» —~ 1: new equations. Combining one of these 
nm —1 new equations with all the rest there will result n—2. Hence n— 1 
such combinations will produce a single equation; and as one unknown quan. 
tity, at least, has disappeared from each set, there will be but one left. Q. E. D. 


Scx. 1.—If any equation of any set does not contain the quantity we are 
seeking to climinate, this equation can be written at once in the next set, 
and the remaining equations combined. 


Sox, 2.—In eliminating any unknown quantity from a particular set of 
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equations, any one of the equations may be combined with each of the 
others, and the new set thus formed. But some other order may be prefer- 


able as giving simpler results. 


Scu. 3.—It is sometimes better to find the values of all the unknown 
quantities in the same way as the first is found, rather than by substitution. 


1. 


e+y+2= 31, 
LAY m~ z= 25, 





EXAMPLES. 

2 
Zt Yt *=Y, 
z+ 3y —3z= 7%, 


3. 
22 + By + 42 = 29, 
3x + 2y + 5z = 32, 


e—y—2z>= 9% e—4y4+82=8 4244+ By + 22 = 25. 

4, 5. 6. 
$e+tyt+}2=62, x+4y=100,) c=64; See EY ar=8, x=; 
qe+fytf2e=—47, yt y2=100, ¢ y=72; oes Y=2; 
fatty t+pe=38. 2+}47=100. 7 z= 84. saan Z=2% =1. 

as 8. 9. 
yYt+z = 2,1_3 
t+: 3 = 85, ay + bxr=e, a ae 
ee, = ass 
yt = 85, cze + az=b, : ae 
t+y_. - re ae 
i aaar Tal = 85. bz + cy == a. t+ l=% 
10. 11. 12, 
=2 oe by +2=0 
Yt Z=AY2, 7 7. ’ | T+ytz=y, 
L+ 223272, 5 tga (b+e)a+(c+a)y+(a+d)e=0, 
ca 
e+ y= 4ry. as gal bex + cay + abz=1, 


18. xvyz=a(y2—%2—2y) = b( 22 —-2y— yz) = C( LY —Yt— 22), 
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14. ' 15. 16. 
3u—2y= 2, 8a—4y+3z2+3v—6u=11, w+yter+y=10, 
5a2—7z =11, 87—B5y+22—4e=11, ut+ev+e+z2=11, 
22+ 3y=39, 10y—3z2 +3u—2u= 2, w+ut+y+2=12, 
4y+3z=41. 52 +4u+2v—22= 3, utat+yt+2=13, 


6u—3v +4e—2y= 6 vu tatyteml 
1% st+yt2e=at+b+o, be+cyt+az=—ca+ay+bz=a' +b? +8, 





APPLICATIONS, 


1. Three persons, A, B, and ©, were talking of their guineas; 
says A to B and C, give me half of yours and I shall have 34; says 
B to A and C, give me a third part of yours and I shall have 34; 
says C to A and B, give me a fourth part of yours and I shall have 
34. How many had each? Ans. A 10, B 22, C 26. 


2. For $8 I can buy 2 lbs. of tea, 10 Ibs. of coffee, and 20 Ibs. of 
sugar, or 2 lbs. of tea, 5 lbs. of coffee, and 30 ]bs. of sugar, or 3 Ibs. 
of tea, 5 lbs. of coffee, and 10 lbs. of sugar. What are the prices? 


3. -A person possesses a certain capital which is invested at a certain 
rate per cent. A second person hus £1000 more capital than the 
first and invests it at one per cent. more; thus his income exceeds 
that of the first person by £80. A third person has £500 more 
capital than the second, and invests it one per cent. more advan- 
tageously ; and thus receives £70 more income. Find the capital of 
each and the rate of investment. : 


4, Find four numbers, such that the first with half the rest, the 
second with a third the rest, the third with a fourth the rest, and 
the fourth with a fifth of the rest shall each be equal to a. 


5. A number is represented by 6 digits, of which the left-hand 
digit is 1. Ifthe 1 be removed to units place, the others remaining 
in the same order as before, the new number is 3 times the original 
number. Find the number. 


6. Aman has £22 14s. in crowns (5s.), guineas (21s.), and moidores 
(2%s.) ; and he finds that if he had as many guineas as crowns, and 
as many crowns as guineas, he would have £36 6s.; but if he had 
as Many crowns as moidores, and as many moidoeres as crowns, he 
would have £45 163s. How many of each has he ? 
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”, A person has four casks, the second of which being filled from 
the first, leaves the first 4 full. The third being filled from the 
second, leaves it } full; and when the third is emptied into the 
fourth, it is found to fill only .% of it. But the first will fill the third 
and fourth and have fifteen quarts remaining. How many quarts 
does each hold? | 


8. A, B, O, and D, engage to do a certain work. A and B can do 
it fa 12 days, A and D in 15 days, and D and C in 18days, Band C 
commence the work together, after 3 days are joined by A, and after 
4 days more by D. Then, all working together, they finish it in 
2 days. How long would each have required to do the entire work ? 
‘Solve with one unknown quantity, as well as with four. 


9. A person sculling in a thick fog, meets one tug and overtakes 
another which is going at the same rate as the former; show that if 
a is the greatest distance to which he can see, and 3, d’ are the dis- 
tances that he sculls between the times of his first seeing and of his 

1 


passing the tugs, 2 =} +> 
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CHAPTER II, 
RATIO, PROPORTION, AND PROGRESSION. 


SECTION I. 


RATIO, 


44, Ratto is the relative magnitude of one quantity as com- 
pared with another of the same kind, and is expressed by the quotient 
arising from dividing the first by the second.* The first quantity 
named is called the Antecedent, and the second the Conseguent. 
Taken together they are called the Zerms of the ratio, or a Couplet. 


45. The Sign of ratio is the colon, :, the common sign of 
dixision, ~-, or the fractional form of indicating division. 


The last form is coming into use quite generally, and is to be preferred. 


46. Cor.—A ratio being merely a fraction, or an unexecuted 
problem in Division, of which the antecedent is the numerator, or 
dividend, and the consequent the denominator, or divisor, any changes 
made upon the terms of a ratio produce the same effect upon its value, 
as the like changes do upon the value of a fraction, when made upon 
tts corresponding terms. The principal of these are, 


1st. Jf both terms are multiplied, or both divided by the same. 
number, the value of the ratio is NOT CHANGED. 


ad. A ratio ie MULTIPLIED by multiplying the antecedent, or by 
dividing the consequent. 


3d. A ratio és DIVIDED by dividing the eet or by multiply- 
ing the consequent. 





* There is a common notion among us that the French expressa ratio by dividing the con- 
pequont by the antecedent, while the English express it as above. Such is not the fact. 
French, German, and Engtlsh writers agree in the above definition. In fact, the Germans very 
generally use the sign : instead of +; and by all, the two signs are used as exact equivalents. 
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47. A Direct Ratto is the quotient of the antecedent divided 
by the consequent, as explained above, (44). An Indirect or 
Reciprocal Ratio is the quotient of the consequent divided by 
the antecedent, 7. ¢, the reciprocal of the direct ratio. A ratio is 
always WRITTEN as a direct ratio. 


48, A ratio of Greater Inequality is a ratio which is 
greater than unity,as 4:3. <A ratio of Less Inequality is a 
ratio which is less than unity, as 3: 4. 


49. A Compound Ratio is the product of the corresponding 
terms of several simple ratios. Thus, the compound ratio a: d, 
c:d,m:n, is acn:bdn. This term corresponds to compound frac- 
tion. A compound ratio is the same in effect as a compound fraction. 


50. A Duplicate Ratio is the ratio of the sguares, a tré- 
plicate, of the cubes, a subduplicate, of the square roots, and 
a subtriplicate, of the cube roots of twonumbers. Thus, a? : 38, 


a3 :b8, W/a:V7b, and Va: Vo. 





EXAMPLES, 
1. What is the ratio of 8to4? of 4to8? of tto§? of Sat 
— 2 
to Bam? of at—y* tow—y? of tog? of tol? of S—— 
to +29 
1—« 


2: Write the inverse ratio in each case in the last paragraph. 


8. Reduce the following to their lowest terms: 85:187, a? — 6° 
a4 — b¢, 12(a — x)*®: 6(a® — x*), 


4, What is the duplicate ratio of 3:5, of a:b? What the tripli- 
cate? What the subduplicate of 25:16? of 3:7? of m:2? What 
the subtriplicate of 729:1728? of a: y? 


5. Which is the greater, the cpinpound ratio of $:$ and 5:4, or 
the inverse triplicate ratio of 3:2? 


6. Prove that a ratio of greater inequality is diminishel by adding 
the same number to both its terms. How is it with a ratio of less 
inequality? How with equality ? 


?. If 5 gold coins and 30 silver ones are worth as much as 10 gold 
coins and 10 silver ones, what is the ratio of their values ? 
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8. Prove that a*—29:4%+ 2% >a—a:ata. Isp a8 + y3: 28 +y8 
greater, or less, than z* + y%: 2+ 4? 


9. Prove that 4a? — 3a8a — 4az* + 325: 8a3— 2a%z — Baz? + Bxrt 
is equal to 4a — 38x: 3a — 2. 


10. Prove that, if « be to y in the duplicate ratio of a to }, and a 
to 6 in the subduplicate ratio of a +2 to a—y, then will 2z:a 


SECTION I. 
PROPORTION. 


$1, Proportion is an equality of ratios, the terms of the ratios 
being expressed. The equality is indicated by the ordinary sign of 
equality, =, or by the double colon, ::. 

Scu.—The pupil should practice writing a proportion in the form ;= = 5 : 
still reading it ‘‘a is to bascistod.” One form should be as familiar as 
the other. He must accustom himself to the thought that a: b::¢: d@ means 


aoc ; 
573 and nothing more. 


52. The Eactremes (outside terms) of a proportion are the 
first and fourth terms. The Means (middle terms) are the second 
and third terms. 


53. A Mean Proportional between two quantities is a 
quantity to which either of the other two bears the same ratio that 
the mean does to the other of the two. 


54. A Third Proportional to two quantities is such a 
quantity that the first is to the second as the second is to this third 
(proportional). 


65. A proportion is taken by Inversion when the terms of 
each ratio are written In Inverse order. 


56. A proportion is taken by Alternation when the means 
are made to change places, or the extremes. 


57. A proportion is taken by Composition when the sum of 
the terms of each ratio is compared with either term of that ratio, 
the same order being observed in both ratios; or when the sum of 
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the antecedents and the sum of the consequents are compared with 
either antecedent and its consequent. 


58. If the difference instead of the swm be taken in the last defi- 
nition, the proportion is taken by Division. 


59. Four quantities are Inversely or Reciprocally ree eee 
when the first is to the second as the fourth is to the third, or as the 
reciprocal of the third is to the reciprocal of the fourth. 


60. A Continued Proportion is a succession of equal 
ratios, in which each consequent is the antecedent of the next ratio. 
Thus if a:0:: 6:¢::¢:d::d:e, we have a continued proportion. 


G1. Prop. 1.—IJn any proportion the product of the extremes 
equals the product of the means. 


Dem.—If a:b ::¢:d thea ad = be. For a:0::¢:d isthe samoas ~ i =<, which 


cleared of fractions becomes ad = be. Q. E. D. 


G2. Cor. 1.—TZhe square of a mean proportional equals the pro- 
duct of its extremes, and hence a mean proportional itself equals the 
aguare root of the product of its extremes. 


If a:m::m:d, by the proposition m* = ad. Whence extracting the square 
root of both members, m == Vad. 


63. Cor. 2.—Hither extreme of a proportion equals the product 
of the means divided by the other extreme; and, in like manner, 
either mean equals the product of the extremes divided by the other 
mean. 


64. Prop. 2.—IJf the product of two quantities equals the pro- 
duct of two others, the two former may be made the extremes, or the 
means of a proportion, and the two latter the other terms. 

* 


- Dem.—Suppose my = nz. Dividing both members by zy, we have = = , 
t.¢,m:z::n:y. In like manner dividing by. mn we have t= ==, 4.6, Yih 
72 OOM. 
Deduce earlt,ot,,the following forms from the relation my = nz 

ll miei: ny. SB. yi eit mim. 

2 m:n: 6. Bi mis Yin 

8. yin 7 Mimi: oie 

4. Biy sims. 8 mi Ys Mea, 
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65, Con.— Jf four quantities are in proportion, they are in pro- 
portion by alternation and by inversion. 





66. Prop. 3.—If four quantities are in proportion, the propor- 
tion is not destroyed by taking equal multiples of 

Ist. The terms of the same couplet, 

2d. The antecedents, 

3d. Zhe conseguents, 

4th. Ail the terme. 

Demonstrate these facts from the nature of a proportion as an equality of 
ratioa. 

67. Scu.—Observe that such changes, and only such, may be made upon 
the terms of a proportion without destroying it, as 

1st. Do not change the values of the ratios, 

2d. Change both ratios alike. 


Qurery.—If the first term of a proportion be divided by any number, in what 
ways may the operation be compensated for so as to preserve the proportion ? 





68. Prop. 4.— The products or the quotients of the correspond- 
ing terms of two (or more) proportions are proportional to each 
other. 


Demonstrated on the axioms that equals multiplied by equals give equal 
products, and that equals divided by equals give equal quotients. | 

69. Cor.—Like powers, or roots, of proportionals are propor- 
tional to each other. 

How does this corollary grow out of the proposition ? 





70. Prop. &5.—If two proportions have a ratio in one equal to 
a ratio in the other, the remaining ratios are equal and may form a 
proportion. | 

Demonstrated on the axiom that things which are equal to the’same thing 
are equal to each other. iw ow 





71. Prop. 6.—Any proportion may be taken by composition, 
or by division, or by both at once, without destroying tt. — 
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Dem.—If @:5::¢:d, 


a+6:b6::e4+d:d, (1) 

We may write by a+b:a:s:o+d:¢, (2) 
composition, G@+e:a::b+d:b, (3) 
a+e:ce::b+d:d. (4) 


By division, we may write the same forms with the — sign instead of the +. 


a@a+b:a—b6b::¢+d:c—d, 


division at the same 
at+ve:a—ce::6+4d:0—d, 


By composition and { 
time, we may write, 
These forms may all be verified by representing the ratio of a to b by 7, 


whence < =r,ora=rb,and since the ratio of c to d@ is the same as that of 


ato b, ; =f, ore = dr,and then substituting in each of the above forms these 
values of aandc. Thus, the 1st becomes 6r+0:8::dr+d: da, which ratios aye 
equal, since each isr +1, Let the student verify the other forms in the same 
way. 
QuERIES.—Ifa:b::¢:d,isatb:a::o+d:b? Isa+b:e+d::a—c: b—d? 
72. Cor.—ZT/f there be a series of equal ratios in the form of a 


continued proportion, the sum of all the antecedents ts to the sum of 
all the consequents, as any one antecedent is to: ¢ts consequent. 


Dem—If a:db:i:e:d::e:fi:gih, ete, a+ct+et+gt+ete.:b+d+f+h+ete. 
::@:6,ore:d,ore:f,org:h,ete. Substitute for a br, for cdr, for ¢ fr, for 
g hr, and we have 

br+dr+fr+hr+ete. : b+d+f+rh+ete. :: br: b, 


in which the ratios are seen to be equal, since each is 7. 


73. Scu.—The method pursued in the demonstration of the preceding propo- 
sition will be found sufficient in itself to test any proposed tranaformation of a 
proportion. Wewill give a few examples ; 


1. If a:0:: 0: d, prove as above that ad = bc. 
Sua,—By substituting as above we have the identity rd = bdr. 


2. Ifa: b::c¢:d, prove as above that a:c::6:d,and d:a::d:c. 
* etd, and m:n::%: y, prove as above that am: bn:: 





Sua’s.—Let > =f, whence ; =f: and == == 2’, whence = = 7, Substitut- 


ing for a br, hn tor m nr’, and for ear in the proportion to be tested, it 
is shown to be true. 
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4, If fa — a: fa+a::b ~y:6 +4, show that Qe: y::a:8. 


Sue’s.—From #@ ay find z in terms of a and r,and from peer find y 





a+” b + 
in terms of } and r. 
p® 
pt+q 


6. Four given numbers are represented by a, b, c,d; what quantity 
added to each will make them proportionals? 








5. Ifa:b::p: 9, prove that a® + 5%: —* ie + g*: 


be — ad 
a—b—c+da 
7. If four numbers are proportionals, show that there is no num- 
ber which, being added to each, will leave the resulting four num- 
bers proportionals. 


Ans., 


8. Ifa@:b::c¢:d, show that ma:mb::c:d; a:b::me:md; ma: 
b::me:d; a:mb::c:md; and ma: nb:: me: nd. 


APPLICATIONS. 


[Norm.—The first five of the following examples should be solved without 
converting the proportions into equations. | 


1. A merchant having mixed a certain number of gallons of brandy 
and water, found that if he had mixed 6 gallons more of each, there 
would have been 7 gallons of brandy to every 6 gallons of water, 
but, if he had mixed 6 gallons less of each, there would have been 
6 gallons of brandy to every 5 gallons of water. How much of each 
did he mix ? : 


SonvuTion. @©+ 6:7 +6::7:6,andz2—6:7—6::6:5. 
1:5. 


Hence e—y:y+6::1:6,andr—y:y—86: 

Hence y+6:y¥—6::6:5, or 2y:12::11:1l,ory:66::1:1. 

Substituting, #+6:72::7: 6, or 2+6:6:: 14:1, or 2:6:: 18:1, or @: 
123-7831. 


2. Find two numbers, such, that their sum, difference, and pro- 
duct, may be as the numbers s, d, and p, respectively. 


SoLuTion. @+y:%—y::e:d,anda—y:2y:: dg 
Hence @:y::e+d:se—d,anda:y::dz+p:p. 
Hence datpip:ist+d:a—dordoip:itd:e—d,ore:pi:2is—d, 


| ore:titpia—-d&taee ey we 
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3. It is required to find a number, such, that the sum of its digits 
is to the number itself as 4 to 13; and if the digits be inverted, their 
difference will be to the number expressed as 2 to 31. 


4. Divide the number 14 into two such parts, that the quotient 
of the greater divided by the less shall be to the quotient of the less 
divided by the greater, as 16 to 9. 


5. Find two numbers whose difference is to the difference of their 
sqnares as 72: 7, and whose sum is to the difference of their squares 
asa: 6. 


{[Norg.—In the following, use the proportion more or less, as is found ex- 
pedient.] 


6. The sides of a triangle areas 3: 4: 5, and the perimeter is 480 
yards: find the sides. 


%. A fox makes 4 leaps while a hound makes 3; but two of the 
hound’s leaps are equivalent to 3 of the fox’s. What are their relative 
rates of running? ) 


8. A courier sets out from Trenton for Washington, and travels 
at the rate of 8 miles an hour; two hours after his departure 
another courier sets out after him from New York, supposed to be 
68 miles distant from Trenton, and travels at the rate of 12 miles an 
hour. How far must the second courier travel before he overtakes 
the first ? 


9. There are two places, 154 miles apart, from which two persons 
set out at the same time to meet, one travelling at the rate of 3 miles 
in two hours, and the other at the rate of 5 miles in four hours. How 
long, and how far, did each travel before they met ? 


. 10. A courier, who travels 60 miles a day, has been dispatched 
five days, when a second is sent to overtake him, in order to do 
which he must travel 75 miles a day. In what time will he overtaké 
the former? | 


11. Two travellers, A and B, set ont at the same time from two 
different places, C and D; A from C to D, and B from D to C. 
When they met, it appeared that A had gone 30 miles more than 
B; also, that A can reach D in 4 days, and B can reach O in 9 days. 
Required the distance from C to D. 


12. A hare, 50 of her leaps before a greyhound, takes 4 leaps to 
the greyhound’s 3; but two of the greyhound’s leaps are ‘ns much as 
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three of the hare’s. How many leaps must the greyhound take to 
eatch the hare ? 


13. A runner left this piace n days ago, at the rate of a miles 
daily. He is pursued by another, at the rate of 2 milesaday. In 


how many days will the second overtake the first ? 
Ans., cs 


14. Find the time between 3 and 4 when the hands of a watch are 
opposite each other. When they are at right angles to each other. 
When they are together. 


15. How. often does the minute hand of a watch pass the hour 
hand? How often at right angles? How often opposite? 


16. Do the hands of a watch occupy the three relative positions 
of opposite, at right angles, and together between each two hours of 
the 12? If there are exceptions point them out, and show why they 
occur. 


17%. Before noon, a clock which is too fast, and points to afternoon 
time, is put back 5 hours and 40 minutes; and it is observed that 
the time before shown is to the true time as 29 to 105. Required 
the true time. 


18, Two bodies move uniformly around the 
circumference of the same circle, which measures 
8 feet. When they start, one is a feet before the 
other; but the first moves m and the second M 
feet in a second. When will these bodies pass 
each other the first time, when the second, when 
the third, etc., supposing that they do not disturb 
each other’s motion? When will they pass if 
the first starts ¢ seconds before the second, and M>m? When if 
M<m? When will they pass if the first starts ¢ seconds later than 
the second and M >m? When if M<m? When will they meet 
if they start at the same time and move toward each other, or over 
the distance a, first? If they move from each other, or over the arc 
8 —a first? When will they meet if the first starts ¢ seconds before 
the other, and they move toward each other, or over the distance a 
first? If they move from each other, or over the atc s — a first? 
If they move in opposite directions, and the first starts ¢ seconds 
later than the second ? When they move over the are a first? When 
they move over the arc ¢ — @ first P | 
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19. The force of gravitation is inversely as the square of the dis- 
tance from the centre of the earth. At the distance 1 from the 
centre of the earth this force is expressed by the number 32.16. By 
what is it expressed at the distance 60 ? Ans., 0.0089. 


20. If the velocity of one body moving around another is propor- 
tional to unity divided by the duplicate of the distance, and the 
velocity be represented by v when the distance is r, by what will it 
be expressed when the distance is x’? 

rey 


Ans., rs’ 


SECTION Il. 
PROGRESSIONS. 


74. A Progression is a series of terms which increase or de- 
crease by a common difference, or by a common multiplier. The 
former is called an Arithmetical, and the latter a Geometrical Pro- 
gression. A Progression is Increasing or Decreasing according as 
the terms increase or decrease in passing to the right. The terms 
Ascending and Descending are used in the same sense as increasing 
and decreasing, respectively. In an Arithmetical Progression the 
common difference is added to any one term to produce the next term 
to the right. If the progression is decreasing the common difference 
is minus. In an increasing Geometrical Progression the constant 
multiplier by which each succeeding term to the right is produced 
from the preceding is more than unity; and.in a decreasing progres-- 
sion it is less than unity. This constant multiplier in a Geometrical: 
Progression is called the Ratio of the series. 


75. The character, --, is used to separate the terms of an Arith- 
metical Progression, and the colon, :, for a like purpose in a Geo- 
metrical Progression. 

ILLUSTRATIONS, 


1--8--5--%, ete, ete., is an increasing Arithmetical Progression with a common 
difference 2, or + 2. 
15:-10--5--0-- — 8, etc., etc., is a2 Decreasing Arithmetical Progression with a 
common difference — 5. 
G-G+d- a+r Md-a + 3d, otc, ete, is the general form of an Arithmetical 
Progression, + d being the common difference. 
2:4:8: 16, etc., etc., is an increasing Geometrical Progression with ratio 2. 
12:4:4:4: wy, ete, ete. is a Decreasing Geometrical Progression with ratio t. 
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a:ar:ar®: ar?: art, ete., etc., ia the general form of a Geometrical Progres- 
sion, r being the ratio, and greater or less than unity, 
according as the series is increasing or decreasing. 


76. When three quantities taken in order are in arithmetical pro- 
gression, the second is the Arithmetical Mean between the other two, 
and is equal to half their sum. 


Inu.—If a --b--0, b is the arithmetical mean between a@andc; and sinck b ~— a 
=c~b, b= ta + c). 


77. When three quantities taken in order are in geometrical pro- 
gression, the second is the Geometric Mean between the other two, 
and is equal to the square root of their product. 


Let the student illustrate. 


78. There are Five Things to be considered in any progression; 
viz., the first term, the last term, the common difference or the ratio, 
the number of terms, and the sum of the series, either three of which 
being given the other two can be found, as will appear from the sub- 
sequent discussion. 
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%9. Prop. 1.—The formula for finding the nth, or last term of 
an Arithmetical Progression ; or, more properly, the formula express- 
ing the relation between the first term, the nth term, the common dif- 
Serence, and the number of terms of such a series, is 


1=a+ (n — 1)d, 
in which a is the first term, d the common difference, n the number 


of terms, and \ the nth or last term, d being positive or negative 
according as the series is increasing or decreasing. 


Drm.—According to the notation, the series is 
&@-a+d--a+2d--at+8d--a+4d--a+ Bd, otc, ete. 
Hence we observe that as each succeeding term is produced by adding the com- 
mon difference to the preceding, when we have reached the nth term, we shall 
have added the common difference to the first term n—1 times ; that is, the nth 
term, or l= a + (n—1)d. Q. B.D. 


Scu.—As this formula is a simple equation in terms of a, J, n, and d, any 
one of them may be found in terms of the other three. 
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80. Prop, 2.—The formula for the sum of an Arithmetical 
Progression, or expressing the relation between the sum of the series, 
the first term, last term, and number of terme, is 


.=[*t4, 


8 representing the sum of the series, a the first term, 1 the last term, 
and ua the number of terms. 
® 


Drem.—If 7 is the last term of the progression, the term before it is 1] —d, and 
the one before that 7—2d,etc. Hence, as a::a+d+a+2d-a+8d ----- i re- 
presents the series, 2--7—d--(/—2d--1—8d ----- @ represents the same series 
reversed. Now the sum of the first series is 


s=a+(a+d)+(a+2d)+ -- - (} —2d)+(0 —d) +l; 
and reversed sal + (2 —d) + (0 —2d)+ - - - (4@4+2d)4+(a+d)+a. 
Adding Qe=(a+l)+ (atl) +(@t+O+ - -(@+04+(atlj+(atd. 
if the number of terms in the series is 7, there will be n terms in this sum, each 


+1 
of which is (a+2); hence 2s =(a+2)n, or 8 = eae Q. BE. D. 


Scu.—This formula being a simple equation in terms of 3, a, 7, and n, 
any one of the four can be found in terms of the other three. 


81, Corn. 1—Formulas 
(1) j=a+(n—1)d, and 


(2) s= eat being two equations between 


the five quantities, a, 1, n, d, and 8, any two of these five can be found 
tn terms of the other three. 


82, Cor. 2.—The formula for inserting a given number of arith- 


: l—a_ ’ 
metical means between two given extremes is d= in which m 


represents the number of means. From this d, the common differ- 
ence, being found, the terms can readily be written. 

Drem.—If a is the first term and 2 the last, and there are m terma between, 
or m means, there are in all m + 3 terma. Hence, substituting in the formula 


; La 
t=a+(n—1)d, for 2, m+ 2, we have J=a+(m+1)d. From this d= mat oh D 
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83. FORMULZ IN ARITHMETICAL PROGRESSION. 


{It will afford a good exercise for the student to solve the following cases on 
review, after hdving gone through Quadratics; though no importance need be 
attached to remembering the results, as the fundamental formulas 


a 
(1) t=a+(n—1)d, and (2) s= [7S In, 
are sufficient to resolve all cases. ] 





NUMBER. GIVEN, REQUIRED. FORMULAS. rs 
ule a, ad, n ¢=a+(n—1)d, - 
2, a, d, 8 b=— 4d /{\2d84(a—}d)*}, 
38. a, n, 8 z i= 28 — a, 
nN 

4, d, n, 8 pe ee 

n 2 
5 a, , on S=4n i 2a + (n—1)d} F 


l+a U%—a? 








: es = 3 +73 
: n 
vi a, on, (ol 8=(+a),, 
8. d, n, l S=4n{2l—(n—1)d}. 
| : 
9. d, n, ot a=l—(n—1)d, 
10. do n 8 aa _ Ole 
a n ae 
11. d, wt, § a=td+ 4/(l+4d)* —2d8, 
12. n, tl, § a=———l. 
n 
H _l-a 
13. a, nn, =A? 
2(\S—an), 
14, a n, 8 P d= n—1) 
1? —q* 
15. a, lt, § d=55-7 
2(ni— 8) 
| ee "nn —1)* 
17 a, d, i n= +1, 
2a—d)? +8dS8—2a+d 
18 a, da, § =v eS 
nO 28 


_ 
2 
g 
=_ 
ies} 


—— 
L+ a’ 


tae 
20. d, 4 8 putes eee 
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EXAMPLES. 


1. Find the 21st term of 3:-%--11+> etc, and the sum of these 
terms. : . 

2. Find the 24th term of 7--5--3-- etc, and the sum of these 
terms. 


3eFind the nth term of }--§..4.. ete, and the sum of the » 


terms. r ; 
4. Find the xth term of a ee -- ete. and the sum 


of the 2 terms. 
5. Insert four arithmetical means between 193 and 443. 


6. Prove that the sum of 2 terms of 1--3--5-:7%-- etc, is to the 
sum of m terms as n® ; m°%. 


7. What is the first term of an arithmetical progression whose 
59th term is —2}, and 60th —12? Whose 2d term is 4, and 55th 5.8? 


8. How many terms in the progression whose common differ- 
ence is 3, first term 5, and last term 302? 


9. Insert three arithmetical means between m and 7. 


10. Produce the formula for inserting m arithmetical means be- 
tween a and J, viz., 


am. -+- b am — wi op rwur wre Yl AY we T Ww 
WM ee a ge ES EU 


m+1 m+1 m+lo = m+t+i 
11. If a body falling to the earth descends a fect the first second, 


3a the second, 5a the third, and so on, how far will it full during the 
¢th second ? Ans., (2¢ — 1)a. 


12. Ifa body falling to the carth descends a feet the first second, 
3a the second, 5a the third, and so on, how far will it fall in ¢ 
seconds ? 








GEOMETRICAL PROGRESSION. 


84. Prop. 1.—The formula for finding the nth, or last term 
of a geometrical progression ; or, more properly, the formula ea- 
pressing the relation between the first term, the nth term, the ratio, 
and the number of terms of such a series, is | = ar*~', in which | ts 
the last, or nth term, a the first term, r the ratio, and n the number of 
terms. 
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Dremu.—Letting @ represent the first term and r the ratio, the series is 
a:ar:ar*:ar*:ar*:etc. Whence it appears that any term consists of the 
first term multiplied into the ratio raised to a power whose exponent is one 
less than the number of the term. Therefore the xth term, or J = ar*-'. Q. E: D. 


85. Prop. 2.—The formula for the sum of a geometrical pro- 
gression, or expressing the relation between the sum of the series, the 
Jirst term, the ratio, and the number of terms is 
ar — a 

r—1’ 
in which 8 represents the sum, a the first term, r the ratio, and n the 
number of terns. 


Drm.—The suin of the series being found by adding all its terms, we have, 
g=a+art ar + er + --ar*—? + ar? + ar*-', and multiplying by 7, 


T= ar + ar? + ar + --ar*-*? + arm-? + ar™' + arm, Subtracting, 
re—s=arm—a, or 
arm — a 
(r — 1)8 = ar® — a, and rr Q. E. D. 


86. Cor. 1.—Formulas 
(1) b= ar, and 
rm é 
(2) 8 = —> being two equations be- 
teocen the five quantities, a, 1,r,n, and 8, are sufficient to determine 
any TWO of them when the others are given. 


87, Cor. 2.—Since 1= ar"~', Ir= ar", which substituted in (2) 

_ir—a 

gives B= ——> 

88, Cor. 3—TZhe formula for inserting m geometrical means 
m+1 

between a and lisr = Vv 

89. Cor. 4—~The formula for the sum of an infinite decreasing 


; which formula is often convenient. 





* 


: oo a 
geometrical progression 13 3 = we 


DeM.—Since in a decreasing progression the ratio is less than unity, the last 
term, ar"-!, is also Jess than the first term, and numerator and denominator of . 








the value of a, oo s become negative. Hence it is well enough to write the 
— | 
formuls for the sum of such a series s = . at that is, change the signs of 


1-r 
both terma of the fraction. Now, if the terms of a series are constantly decreas. 
ing, and the number of terms is infinite, we can fix no value, however small, 
which will not be greater than the last, or than some term which may be 
reached and passed. Hence we are compelled to call the last term of such a 
| aor ; ; ae 
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90, GEOMETRICAL FORMULA. 


{In a review, aster the pupil has been through the book, it will be a good exer- 
cise for him to deduce the following formulas from the two fundamental ones. 
It is not necessary to memorize these.] ; 























aCe GIVEN. REQUIRED. FORNULEA. 
5 i a TT, {=ar', 
2 a, 7, 8 1-2 te — DS 
—_ , , 
8. a, n, 8 Y 1(8 —D' — a8 — at = 
A. r, n 8 a coer 
= a ee 
5. a 7 7 pe iacne 8 
rt is 
6. a, 7, 8 s= iden 
r— st 
ae a—l 
7 a n l : = Vi — vor 
. f) 3 "a/b he "/ a 
8, r, n, 2 af OS 
7 — gan! 
U 
9 r ne (Cl a= ~ 
(r-— 18 
10 T, n, § a a a 
11. rn it 8 a= rl ~ (r — 18, 
12. n tl, 8 a(S — a)? — US — Ds? = 
° a—i 
13 a, n, tl ? = L ’ 
a 
§ S—a 
14. a, n, 8 7 re - oe 0, 
S—a 
15 a, t, § r= 5 . ; 
8 
16 n, tt, 8 eB 6 Bele 





17. a, ”, Ct n= Oe +, | 
_ gfe (r—08)— — log a 
log r 


18. a 7 8 
n 
___logi—loga 
. f 7 -¥3 1, 
19 a, 4 8 = oe G_a wy Gd + 
20. ?, i, § _ tag tog [r= (= D8), 


tog 7 
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EXAMPLES. ? 
1. In a geometrical progression the first term is 3, the ratio 5, and 
the number of terms 7%. What is the last term? What the sum? 


2. Insert 5 geometrical means between 2 and 1458. 


3. Find the 11th term of g, : yy : $ : etc, and the sum of the 
11 terms. F 


4, Find the 7th term of —$:4:— 4: etc, and the sum of the 7 
terms. 


5. Insert 4 geometrical means between } and £42. 


6. Find the sum of 3:4: yy: etc, to infinity. Also of $: —} 
: etc., to infinity. Also of .54. Also of .836. 


%. Suppose a body to move eternally in this manner; viz., 20 
miles the first minute, 19 miles the second minute, 184), the third, 
and so on in geometrical progression. What is the utmost distance 
it can reach ? Ans., 400 miles. 


8. What is the distance passed through by a ball, before it comes 
to rest, which falls from the height of 50 feet, and at every fall 
rebounds half the distance? Ans., 150 feet. 


9. In the preceding problem, suppose the body falls 16, feet the 
first second, 3 times as far the next second, and 5 times as fur the 
third second, and so on, how long will it be before it comes to rest ? 


AN8, poy V579(44+3/2) = 10.27657 + seconds. 
10. Find the sum of the following series: 


4—4+4—4,+ etc., to 2 terms. 
1+4+4+e47+ etc. to 10 terms. Also to infinity. 
14+.5+ etc, to 12 terms. Also to infinity. 


11. To find what each payment must be in order to discharge a 
given principal and interest in a given number of equal payments at 
equal intervals of time. 

SoLutTion.—Let p represent the principal, 7 the rate per cent., ¢ one of the 


equal intervals of time, m the number of payments (i. ¢., nt is the whole time), 
and z one of the payments. 


There will be as many solutions as there are different methods of computing 
interest on notes upon which partial payments have been made. 


Ist. By the United States Court Rule—-As the payments must exceed the 
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interest in order to discharge the principal, this rule requires that we find the 


amount of p, for time #, at 7 per cent. This is done by multiplying by 1 + 0’ 


and gives p(1 + pa . From this subtracting the payment z,the new prin- 


cipal is (1 + 15) —z. Again, finding the amount of this for another period 


of time, t, and subtracting the second payment, 


rt \* ( rt 
aka, ares 1 Sei 
p(1 + i00) ~ 70 * 70 


In like manner, after the third payment there remains 


rt \3 ( rt ( rt) 
Eiiiers (eer 1 eee ey Raion ge 
p(1+ a) D+ ig) — 7 + 99) -* 


After the 4th payment, the remainder is 


p(r+ 7 "~ 2(14 SY)’ ofa +s iyi (1+ )—a. 


Finally, after the nth payment, wo have 


rt \* rt a rt 
=~ = _~ ne — — )»e@B = © &£ 8& © 1 — 
o(1 * 400 i + 500 “a a(t+2 * 70) a o( + 00 
_ e(1+ 2 + 60 —2= 0, 
Whence 


p(t+2 + i 


$$! i. a AEC 
t +(i+2 22-7 at 
1+ (14; im) + +( 7 im) * a + 100 


This denominator being the sum of a geometrical progression whose first term 


~*= 


14 rt 
i90) — 1 
rt . 


is “1, ratio (1 + - , and number of terms 7, its sum is 
100 


“Gey yen 


2d. By the Vermont Rule.—The amount of the principal for the whole time 


is p(1 +3 + io 
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The amount of the Ist paymentis - - - - on tee ef + + ——(n —. 1)], 
“ rg “ od C6 tee ta) es ee = 2 » 1 — eae ’ 
a . 0” 2) 
“ “ “ ee ee Tet rt ns 
8d . ° bal zx [1 + T00"” 8), 
etc., etc., ee se es ew ee etc. 
“ 66 Bo ee Se a Se ee = a € 
The nth payment (with no interest)is- - - - - -- - x. 
The sum of the amounts of these payments is 
ne + Fa [(n— 1) + (n— 2) + (n~8)-.--- 1). 


The series in the brackets being an arithmetical progression whose first term 
is (n — 1), common difference — 1, last term 1, and number of terms (n — 1), its 


sum is or 








Hence the sum of the payments is nz + ne bs = *)n, 


a rt (n—1) 
or & [n + 100 | But by the condition this sum equals the amount of 
the principal ; a anenile 
mre (n—1) ap(1+2 + 


o[n + | =p(1+ 2 > ih cS 


Scu.—If the payments are made annually, ¢=1. And letting r’= im 


on + ia 


t. é., letting the rate per cent. be expressed decimally, the formulas become, 


_ pri +: $Y 
By the U. 8S. Rute, % = Garpri 


_ pl - 
By the Vermont Rule, z= Sarna) 


12. What must be the annual payment in order to discharge a note 
of $5000, bearing interest at 10% per annum, in 5 equal payments ? 


Ans., By the U. 8. Rule, $1318.99 within a half cent. 
By the Vermont Rule, $1250. 


QUuERY.— What occasions the great disparity between the payments required 
by the different rules ? 
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SECTION IV. 
VARIATION, 


91. Variation is aterm applied to the consideration of quan- 
titfes so related to each other that any change in one makes the 
others change in the same ratio, direct or inverse. 


One quantity varies directly as another, when any change in the 
latter makes the former change in the same (direct) ratio. 


One quantity varies inversely as another, when any change in the 
latter makes the former change in the corresponding inverse ratio. 


I11’s.—The amount earned by a laborer in a given time varies directly as his 
daily wages. The time required to earn a given amount varies inversely as the 
daily wages. 


92. One quantity varies jointly as two others, when any change in 
the product of the Jatter two makes the former change in the same 
ratio as this product. 


ILu.—The amount a laborer receives varies jointly as his daily wages and the 
time of service. 


93. One quantity varies directly as a second and inversely as a 
third, when it varies as the quotient of the second divided by the 
third. 


Itt.—The time required to earn any amount varies directly as the amount, 
and inversely as the daily wages. 


94. The Sign of variation is «. 

Inu.—If @ varies directly as y, we write z ox y, and read “a varies as y.” Ifa 
varies inversely as y, we write 2 «x . and read “2 varies inversely as y.” If @ 
varies jointly as y and z, we write z a yz, and read “a varies jointly as y and 2.” 


If w varies directly as y and inversely as z, we write 7 « t, and read “ 7 varies 
directly as y, and inversely as 2.” 


95. Prop.—Variation may always be expressed in the form of a 
proportion. 


Drem.—I1st. The expression z « y signifies that if z is doubled y is doubled, 
if wis divided y is divided by the same number, etc.; ¢. ¢., that the ratio of z to 


y is constant. Let m be this ratio, so that ; ==m. Therefore e:y ::m:1, 
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2d. The expression ¢ « , signifies that if y is multiplied by any number, zis 


divided by the same, and if y is divided by any number z is multiplied by the 
same. Hence the seas of ¢ and y is constant. Let this product bem. Then 
wy = Mm, oF @: Li:miy. 


8d. 2 a yz signifies that the ratio of z to yz is constant. Let this be m. Then 


2 1 
j =m, Or 2: ye::m:1, or@:y::me:l,orzie::my:1,orziyiieie. 


4th. za H signifies that the ratio of z to % * is constant. Let this be m. Then 
2: ine Or Ziyi: mse 
EXERCISES. 


1. If a « y, and y « 2, show that 2 « z. 


Drem.—If x « y, the ratio of z to y is constant. Let this ratio be m. Then 
2=my. In like manner let 2 be the ratid of yto 2. Then y= nz. Hence 
z==mnz. That is, the ratio of z to z is constant, or z « ¢. 


2,lfaa 7 and y ae, show that 2 « z. 


e m » e 
Sve’s.— We may write a = —, and y= <. Hence z = ane That is, the ratio 


of z to z is constant, or z « Zz. 


3. Ifaazandy « <, show that x a 


Mn 
Sva’s. T= — mz, = —_ 2 Aan of = ews or Ho io 4 —* 


2 yo oY 
4, If x « y, show that ~ x z, and 272 « yz 
5. If 2 « y, and z « u, show that az « yu, and — =o 2, 
6. If a x y, and y? « z*, how does z vary in respect to 2? 
% If z « y, and for z= 8, y= 4, what is the value of y for 
xe = 20? 
SoLuTIon.—Since z « y, and for z = 8, y = 4, the ratio of z toyis 2. That 


is, =. Hence for z = 20, we have = 2, ory = 10. 


8 If z a 7 and for z = 6, y = 2, what is the value of 2 for y = 3? 


i 6:2, 


Sue, 2:— Hence for y= 8,2==4, Or we may reason thus, in 


changing from 2 to 8, y increases } times. Then, as 2 changes in the reciprocal 
ratio, 2 = 2 of 6 =: 4. 
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9. If a+ baa —)d, prove that a? + a ad. 
10. If y= p+, in which p «2 and gus; and if when z=1, 
y= 6; and when z= 2,y=5; prove that y = 5+ - 


11. The area of a triangle equals half the product of the base and 
altitude. Show that if the base is constant the ares varies as the 
altitude; if the altitude is constant the area varies as the base; and 
if the area is constant the altitude and base vary inversely. 


12. The volume of a pyramid varies jointly as its base and alti- 
tude. A pyramid whose base is 9 feet square, and height 10 feet, 
contains 10 cubic yards. What must be the height of a pyramid 
with a base 3 feet square in order that it may contain 2 cubic yards? 


13. Given that s « ¢®, when /.is constant; and s « fj, when Z is 
constant; also, 2s = f/, when ¢=1. Find the equation between ff, s, 
and ¢. ; 


Sua.—The first two conditions are equivalent to saying that s varies jointly as 
t? and f, 4. ¢.3a a ft®; since in this expression if f is constant s « ¢*, and if ¢ is 
constant 8 x f. 


SECTION V. 
HARMONIC PROPORTION AND PROGRESSION. 


96. Three quantities are in Harmonic Proportion when the dif- 
ference between the first and second is to the difference between the 
second and third (the differences being taken in the same order) as 
the first is to the third. 


Iu. 6,4, and 8 are in harmonic proportion, since 6 ~~ 4:4— 3::6:38. Ifa, J, 
¢ are in harmonic proportion, a—b:b—c::4@:¢. 


97. Dzer.—When three quantities taken in order are in har- 


monic proportion, the second is the Harmonic Mean between the 
other two. :; 


re) 


98. Prop.—Zf three quantities are in harmonic proportion, their 
reciprocals are in arithmetical proportion. 


Drem.—If a, 0, c are in harmonic proportion, a-—-b: 6—¢::a@: ¢ and 
ae : es ee: Cs See (as De | 
ac be = ab—ac. Dividing by abc, we have pam gee eee 
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99. Der—The reciprocals of the terms of an arithmetical pro- 
gression form what is called a Harmonic Progression. 


Inu.—Thus as 1, 2, 8, 4, 5, 6 is an arithmetical progression, 1, —, —,—, —, — 


is a harmonic progression. Also if a, }, ¢, d, ete., constitute a harmonic progres- 


, *, x, * etc., constitute an arithmetical progression. 


sion, 

100. Scu.—The term Harmonic is applied to such a series, since, if strings 
of the same size, substance, and tension, be taken of the lengths 1, 4, 4, 4, 4, t; 
any two of them vibrating together produce harmony of sound. 


EXERCISES. 


1. If a, b,c, d are in harmonic progression, show that ad: cd :: 
a~b:c~—d. 


é 


Sve’s. Hehe, ee ie acd — bed = abc — add. 


wa 
a 6 a d e 


| 
al 


=. 
I 
2. If a, b, ¢ are in harmonic proportion, show that d (the harmonic 


raw 
mean) = er 





3. Show that the geometric mean between two numbers is a geo- 
metric mean between their arithmetic and harmonic means. 


4, To insert » harmonic means between a and 3. 


Sva.—First find the form of the terms for n arithmetical means between 


1 1 ‘ abn+1) akn +1) 

- and % See (82). The harmonic series is a, tara’ m+aaeee 
an + 1) . 

an+6b 7°" 


5. If a and 6 are the first two terms of a harmonic progression, 


2 ab 
show that the xth term is aw =i) hw 2) 


6. Insert 3 harmonic means between } and 4}y. 


Scu.—There is no method known for finding the sum of a harmonic 
series, = 
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CHAPTER III. 
QUADRATIC EQUATIONS. 


SECTION I. 
PURE QUADRATICS. 


101. A Quadratic Equation is an equation of the second 
degree (6, 8). 


102. Quadratic Equations are distinguished as Pure (called also 
Incomplete), and Affected (called also Complete). 


103. A Pure Quadratic Equation is an equation which 
contains no power of the unknown quantity but the second; as 
ax® +-b = cd, z* — 3b = 102. 


104. An Affected Quadratic Equation is an equation 
which contains terms of the second degree and also of the first, with 
respect to the unknown quantity or quantities; as z® — 47 = 12, 
bry — x— y* = l6a, mary + y = d. 


105. A Root of an equation is a quantity which substituted for 
the unknown quantity satisfies the equation. 


106. Prob.—To solve a Pure Quadratic Equation. 


RULE.—TRANSPOSE ALL THE TERMS CONTAINING THE UNKNOWN 
QUANTITY INTO THE FIRST MEMBER, AND UNITE THEM INTO ONE, 
CLEARING OF FRACTIONS IF NECESSARY. TRANSPOSE THE KNOWN 
TERMS INTO THE SECOND MEMBER. DIVIDE BY THE COEFFICIENT OF 
THE UNKNOWN QUANTITY. FINALLY, EXTRACT THE SQUARE ROOT 
OF BOTH MEMBERS. 


Dem.— According to the definition of a Pure Quadratic, all the terms contain- 
ing the unknown quantity contain its square. Hence they can be transposed 
and united into one by adding with reference to the square of the unkuown 
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quantity. That transposition, and division of both members by the same quan- 
tity, do not destroy the equality has already been proved. Extracting the square 
root of the first member gives the first power of the unknown quantity, ¢. ¢. the 
quantity itself. And taking the equare root of both members does not destroy 
the equation, since like roots of equal quantities are equal. 


107. Cor. 1—Hvery Pure Quadratic Equation has two roots 
numerically equal but with opposite signs. 

For every such equation, as the process of solution shows, can be reduced to 
the form z* =a (a representing any quantity whatever), Whence, extracting 
the root, we have z= + Wa; as the square root of a quantity is both +, and 
— (203, Parr IJ). 


108. Cor. 2.—The roots of a Pure Quadratic Equation may 
both be imaginary, and BOTH will be if ONE is. 

For if after having transposed and reduced to the form 2” = a, the second 
member is negative, as 27 = — a, extracting the square root gives ¢= + W—4, 
and z= — “—a, both imaginary. 











EXAMPLES. 

1. 542% —18z + 65= (3”7—3)2. 2. 5a2 —9=— 2a? + 66. 
a at—z2® 45 57 
3. pe oe ep = W243 472—5° 

1 1 /a e2®=—12 w%—4 
5. ——— eee Oe ss Oe 6. 3 — 4 - 
Va-t+-Va Vati-Va 2 
. 22 —ax+b=a2(r—1). 8, 8-322 = 5 +228, 


* 


a® a? Q2+2 1 
— 2. 2 a 68 ——— 
9. V eee V = 62:8. 10 ao, a 


11, 1244(2* +12)=(2—2)(Q+2)—16. 12. 2V/6+z9=1+2%, 


13. ax+1+ rata? — on fhe 14, Chet V2ar+at At oE+V 20E+z 
ax+1— aa atn—V/2ar+28 





APPLICATIONS. 


1. Find two numbers which shall be to each other as 3 to 5, and 
the difference of whose squares shall be 256. 
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2. Find a number such that if the square root of the difference 
between the square of the number and a’, be successively subtracted 
from and added to a, the difference of the reciprocals of these results 
shall be equal to @ divided by the square of the number. 


3. Find three numbers which shall be to each other as m, n, and 
p, and the sum of whose squares shall be s. 


4, An army was drawn up with 5 more men in file than in rank, 
buf when the form ‘was changed so that there were 845 more in 
rank, there were but 5 ranks. How many men were there in the 
army ? 

5. From two towns, m miles asunder, two persons, A and B, set 
out at the same time, and met each other, after travelling as many 
days as are equal to the difference of miles they travelled per day, 
when it appeared that A had travelled n miles. How many miles 
did each travel per day ? 


6. For comparatively small distances above the earth’s surface the 
distances through which bodies fall under the influence of gravity 
are as the squares of the times. Thus, if one body is falling 2 
seconds and another 3, the distances fallen through areas4: 9. A 
body falls 4 times as far in 2 seconds as in 1, and 9 times as far in 3 
seconds. These facts are learned both by observation and theoret-. 
ically. It is also observed that a body falls 16-J, feet in 1 second. 
How long is a body in falling 500 feet? One mile (5280 ft.)? Five. 
miles? 

% The mass of the earth is to the mass of the sun as 1 : 354936,. 
and attraction varies directly as the mass and inversely as the square: 
of the distance. The distance between the earth’s centre and sun’s, 
centre being 91,430,000 miles, find the point between the earth and. 
sun where the attraction of the earth is equal to that of the snn. The 
earth’s radius being 3,962 miles, where is this point situated with 
reference to the earth’s surface ? 

8. A certain sum of money is lent at 5% per annum. If we multiply 


the number of dollars in the principal by the number of dollars in 
the interest for 3 months, the product is 720. What is the sum lent? 


9. The intensity of two lights, A and B, is as 7: 17, and their dis- 
tance apart 132 feet. Where in the line of the lights are the points 
of equal illumination, assuming that the intensity varies inversely 
u3 the square of the distance ? 
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10. The loudness of one church bell is three times that of another. 
Now, supposing the strength of sound to be inversely as the square 
of the distance, at what place on the line of the two will the bells be 
equally well heard, the distance between them being a ? 


SECTION I. 
AFFECTED QUADRATICS. 


109. An Affected Quadratic equation is an equation which 

contains terms of the second degree and also of the first with respect 
¢ 2 

to the unknown quantity. «* — 327 = 12, 4x + 3az* = a, 


242 
d — — 4azx + 3b* = 0 are affected quadratic equations. 


110. Prob.—To solve an Affected Quadratic Equation. 


RULE.—1. REDUCE THE EQUATION TO THE FORM 2* + az = 8, 
THE CHARACTERISTICS OF WHICH ARE, THAT THE FIRST MEMBER CON- 
SISTS OF TWO TERMS, THE FIRST OF WHICH IS POSITIVE AND SIMPLY 
THE SQUARE OF THE UNKNOWN QUANTITY, ITS COEFFICIENT BEING 
UNITY, WHILE THE SECOND HAS THE FIRST POWER OF THE UNKNOWN 
QUANTITY, WITH ANY COEFFICIENT (a) POSITIVE OR NEGATIVE, 
INTEGRAL OR FRACTIONAL; AND THE SECOND MEMBER CONSISTS OF 
KNOWN TERMS (0). 


2. ADD THE SQUARE OF HALF THE COEFFICIENT OF THE SECOND 
TERM TO BOTH MEMBERS OF THE EQUATION. 


3. EXTRACT THE SQUARE ROOT OF EACH MEMBER, THUS PRODUCING 
A SIMPLE EQUATION FROM WHICH THE VALUE OF THE UNKNOWN 
QUANTITY IS FOUND BY SIMPLE TRANSPOSITION. 


Dreu.—By definition an affected quadratic equation contains but three kinds 
of terms, viz: terms containing the square of the unknown quantity, terms con- 
taining the first power of the unknown quantity, and known terms. Hence each 
of the three kinds of terms may, by clearing of fractions, transposition, and 
uniting, as the particular example may require, be united into one, and the 
results arranged in the order given. If, then, the first term, ¢. ¢. the one con- 
taining the square of the unknown quantity, has a coefficient ather than unity, 
or is negative, its coefficient can be rendered unity or positive without destroy- 
ing the equation by dividing both the members by whatever coefficient this term 
may chance to have after the first reductions. The equation will then take the 


AFFECTED QUADRATIOS. 181 


form 2°44 ar=+0). Now adding ($)*to the first member makes it a perfect 


square (the square of @ + 5) , Since a trinomial is a perfect square when one of 


its terms (the middie one, az, in this case) is + twice the product of the square 
roota of the other two, these two being both positive (176, Part I.). But, if we 
add the square of half the coefficient of the second term to the first member to 
make it a complete square, we must add it to the second member to preserve the 
equality of the members. Having extracted the aquare root of each member, 
these roots are equal, since like roots of equals are equa). Now, since the first 


2 
term of the trinomial square is 2*, and the last (3) does not contain 2, its 


square root is a binomial consisting of + the square root of its third term, or 
half the coefficient of the middle term, and hence a known quantity. The 
square root of the second member can be taken exactly, approximately, or indi- 
cated, as the case may be. Finally, as the first term of this resulting equation 
is simply the unknown quantity, its value is found by transposing the second 
term. 


Scu. 1.—This process of adding the square of half the coefficient of the 
first power of the unknown quantity to the first member, in order to make 
it a perfect square, is called CompLETING THE SquaRE. There are a variety 
of other ways of completing the square of an affected quadratic, some of 
which will be given as we proceed; but this is the most important. This 
method will solve all cases: others are mere matters of convenience, in 
special cases. 


111, Cor. 1—An affected quadratic equation has two roots. 
These roota may both be positive, both be negative, or one positive and 
the other negatina. They are both real, or both imaginary. 


DeM.—Let z? + pz = q be any affected quadratic equation reduced to the form 
for completing the square. In this form p and g may be either positive or 


negative, integral or fractional. Solving this equation we have ¢ = -~£ 


2 
+ V i +g. We will now observe what different forms this expression can 
take, depending upon the signs and relative values of p and g. 
1st. When p and q are both positive. The signe will then stand as given; #.4., 


eee ez f® P 2 
c= 3 + zt¢ Now, it is evident that TtI>> for ee 


ae . 
is the square root of something more than f. Hence, as a< / f+ 


p Pp ‘tina « p/P 
at T+ 7 is positice ; but — 5 — q + is negative, for both parts 


are negative. Moreover the negative root is numerically greater than the 
positive, alnce the former is the numerical stim of the two parts, and the latter 
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the numerical difference. .°. When y and ¢ are both + in the given form, one 
root is positive and the other negative, and the negative root is numerically 
greater than the positive one. 


2d. When p ts negatine and q positive. We then have # = —Fs cere 


=2a Fee alpaca alana ip pamives bards 


we take the — sign, z is negative, since F +q> z . Moreover, the positive 


root is numerically the greater. .°. When p is negative and g positive, one root 
is positive and the other negative ; but the positive root is numerically greater 
than the negative. 


om me)? 
3d. When p and q are both negative. We then have z= — Pay ee 2 +(—g) 


ne ae Lyte In this if pS V Bs, is real, and as it is less than 2 
— P) 4 q. 4 gq; 4 qg 3 9’ 


3 
both values are positive. If r =y Y a —gq=0 and there is but one value 


of z, and this is positive. (It is customary to call this tico egual positive roots 
for the sake of analogy, and for other reasons which cannot now be appreciated 


9 ~ 
by the pupil.) If fF <4, / - —q becomes the square root of a negative 
quantity and hence imaginary. 


2 
4th. When p is positive and q negative. We then have z= — an V F — q. 


2 
2 
As before, this gives two real roots when g < t. When this.is the case both 


roots are negative, [Let the pupil show how this is seen.] When g= F A 
pr 


roots are equal and negative; t. ¢., there is but one. When 7] <q both roots 
are imaginary. 


112. Cor. 2.—An affected quadratic being reduced to the form 
x*-+- px = q, the value of x can always be written out without taking 
the intermediate steps of adding the square of half the coefficient of 
the second term, extracting the root, and transposing. The root in 
such a case is half the coefficient of the second term taken with the 
opposite sign, + the square root of the sum of the square of this 
half coefficient, and the known term of the equation. This is observed 


directly from the form x == — Pt = 4 / £ + q, and more in detail 
in the demonstration of the shales corollary. 


he 
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113. Cor. 3— Upon the principle that the middle term of a tri- 
nomial square is twice the product of the square roots of the other 
two, we can often complete the square more advantageously than by 
the regular rede. 


Thus having 47*-— 122 = 16. Since 42° is a perfect square, and 122 is divis- 
ible by twice the square root of 42", 1. ¢. by 47, we see that the wanting third 
term is 8*,or 9. Adding this to both members, we have 42*— 12¢ + 9 = 26. 


Again, if the coefficient of z* ia not a perfect square, it can be rendered such 
by multiplying by iteelf (or often by some other factor). If then the second 
term (the termin 2) is not divisible by twice the square root of this first term, we 
may multiply both members of the equation by 4, and the first term will still — 
be a perfect square, and the second term divisible by twice its square root. 


114, Scu. 2.—The method of Art. 7270 is perfectly general, and will 
solve all cases ; but some may prefer the more elegant methods indicated in 
(113), in special cases. Some illustrations of these methods are given in 
the examples following. 





EXAMPLES. 
1. 2? — 62=16, 2. 32% = 24a—36. 3. 2? — dar= Tas. 


4.¢%®§—%+2=-10. 5. 3729+ 135=122. 6. z*+ (a—1)z=a. 


x 3. 2-1 42 x—T7 “rz? Raz dF 
Maina a Bayt apa 9 tae 


10. Solve 929 +127==32, Yx*—14¢ = — 58, and 3z*—132=10, 
by Art. 713. 


Sue’s.—Dividing 122 by 24/927, or 6z, we have 2 as the square root of the 
third term, Hence 92* + 12¢ + 4= 86, is the equation with the square com- 
pleted. 


Ya?— 142 = — 54, becomes, by multiplying by 7, 492*— 982 = — Hence, 
completing the equare as in the lust, 492°— 987 + 49 = 9. 


82*— 182 == 10, multiplied by 8 and by 4 becomes 862— 1362 = 120. Hence, 
completing the square as before, 862° — 1562 + UBS eee 


(Nore.—Solve the following by any of the preceding methods, oe to 
taste or expediency: | 

11. (22-438) x (B24 7)t=12, 12, 32° +2088. 

18, #*(1+5%a*) = 8(2a%e + 3). . Ld, 5a? 924 8p=0. 

18. 34/112 —827=19 + 4/3247. 16, Y2*~1lle=6, 
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5(32—1) | r+-V/zi—a® « 
19. =3/z. meme anentoeentmm ements EE apes 
14+5/z += 20. o— ze? — gt a 
_V1+e_ _M1—z_ —2 Z—-V E+) 5 
21. 22. —_—__——- 
wis 1—VWi—z eae ae Ile 





a—b | a—2b a® 90 90 27 i 
a: o(*=" +1) ( ji +1)=f-a ier Ee ae el 


25. 4/44 Veer ata t 26. 2o/z+ Ja=6. 
x 


L+6 G— 2A 
Z—2a  x+a_ 








27, Sdn a to hb — Bat + de, 28, 


29. a+ 4/404 Vict 2=1. 30, EAVES _fe_ ays 
~V/Z 


Se ae ; ee 
Fa 2 ee (ab®)¥ + (a20)"4 





SECTION III. 


EQUATIONS OF OTHER DEGREES WHICH MAY BE SOLVED AS 
QUADRATICS. — 


115. Prop. 1.—Any Pure Equation (i. e., one containing the 
unknown quantity affected with. but one exponent) can be solved in 
a manner similar to a Pure Quadratic, 


Dem.—In any such equation we.can find the value of the unknown quantity 
affected by its exponent, as if it were a simple equation, If then the unknown 
quantity is affected ‘with a positive integral exponent it can be freed of it by 
evolution; if ita. exponent, he a positive fraction it ean be freed of it by extract- 
ing the root indlested es ‘the ‘numerator of the exponent, and involving this root 
ane denominator. If the exponent of the unknown 
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116. Prop. 2.—Any equation containing one unknown quan- 
tity affected with only two different exponents, one of which ts twice 
the other, can be solved as an Affected Quadratic. 

Dem.—Let m represent any number, positive or negative, integral or frac- 


tional; then the two exponents will be represented by m and 2m; and the 
equation can be reduced to the form 7 + pram = g. Now let y = 2, and y?=2*", 


whatever m may be. Substituting we have y?+ py=g, whence y = -£ 


1 
y/ F- ee —_(_P yf 2 
Ps ras But y = a; hence 2 ( 9 + 7 aa . QE. Dz. 


117. Prop. 3.—Equations may Srequently be put in the form 
of a quadratic by a judicious grouping of terms containing the 
unknown quantity, so that one group shall be the square root of the 
other. 


Drm.—This proposition will be established by a few examples, as it is not a 
general truth, but only points out a special method. 


118, Cox.—THE FORM OF THE COMPOUND TERM may sometimes 
be found by transposing all the terms to the first member, arranging 
them with reference to the unknown quantity, and extracting the 
sguare root. In trying this expedient, if the highest exponent is 
not even i must be made so by multiplying the equation by the 
unknown quantity. In like manner the coefficient of this term is 
to be made a perfect square. When the process of extracting the 
root terminates, if the root found can be detected as a part, or factor, 
or factor of a part of the remainder, the root may be the polynomial 
term. 





119. Prop. 4.— When an equation is reduced to the form 
x" + Ax®-* + Bx*-* + Cx®-*---+ L=0, the roots with their signs 
changed are factors of the absolute (known) term L. 


Drm.—1st. The equation being in this form, if @ is a root, the equation is 
divisible by 2—a, For, suppose upon trial 2—a goes into the polynomial 
a" + Ag*—'+,etc.,Q times with a remainder R. (Q represents any series of 
terms which may arise from such a division,and R, any remainder.) Now, since 
the quotient multiplied by the divisor, + the remainder, equals the dividend, we 
have (¢—a)Q+ R=2* + Aa*—' + Bor—? + Ce*—2---+ L. But this polyno. 
mial=0. Hence (*#—a)Q+R=0. Now, by hypothesis a is a root, and conse- 
quently —a@=0. Whence R =0, or there is no remainder. . 


_ &d. If now #—a exactly divides 2 + Ag*—!4 Be—*t + Corn ’...+L, 
must exactly divide L, as readily appears from coneldeting the prodess of 
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division. Hence ~— a is a factor of L, a being a reot of the equation. 
Q. E. D. 


120. Many equations of other degrees than the second, and 
which do not fall under the preceding cases, may still be solved as 
quadratics by means of Special Artifices. For these’ artifices the 
student must depend upon his own ingenuity, after having studied 
some examples as specimens. These methods are so restricted 
and special that it is not expedient to classify them; in fact, 
every expert algebraist is constantly developing new ones. See 
Ex’s. 47-57. The following principle is often of service in such 

solutions: 


121. Prop. 5.—When an equation can be put in such a form 
that the product of any number of factors equals 0, the equation is 
satisfied by putting any one of these factors equal to 0. 

Drm.—This scarcely needs demonstration, but will appear evident if we 
consider such an expression as (2* + 1) (2* — 2° + 1)(e—1)=0. Now, on the 
hypothesis that any factor, as 2? + 1, is 0, the equation is satisfied.* So also, if 
vz? + 1= 0, the equation is satisfied, etc. 


122, Scu.—Ability to recognize a factor in a polynomial is of prime im- 
portance in the solution of such equations. It is the grand key to difficult 
solutions, 





EXAMPLES. 
1. 2* = 81, 2. x® = 82. 3. 25> =m. 
4, yt = 243. 5. zt = 1331. 6. yt = 4. 
1. 2° =b. 8. b+ VI= 2 —. 9, 24 + 479 = 12, 
es —4/2 


10.2% 42%=p, lat—2t=56, 12. axt + det =e. 
13, a — Qax¥ a b. 14, at + at = 756. 185. gt 4- bat — 22 = 0. 


16. axt — pat —¢ =0, | 17, ab + 2 = 3h 
axe 








* In strictness we should add “since this hypothesis cannot render any other factor o,” 
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| Rae 
18. 82° X/2" Ua 16. 19. 2% — 2x + 6a? — 2245 = 11" 
20. « +16 — 2/2 + 16=10 — 47x + 16, 
21. 2? —~a + bY 22? — bz + 6 = 4(3z + 33). 


2% Ve+i+V/e+R=6. 23. Vo—>+ 1—lon 


24. 147 1 —f=V1+5 25. at + + 2(2 +o = 


26. 228 — We + 24/227? — Wrz 4+- 6 = 5a — 6. 


av. (7 + a)8— /A — 2)? = VI — att 
28. xt — 82° 4+ 292% — 52a + 36 = 126. ; 


SoLutron.—See (1278). ‘Transposing 126, and extracting the square 
root; when we have the two terms z* — 4% of the root, we have a 
remainder 18r* — 522 — 90. We now notice that, if we call 4 the next term 
of the root, the next remainder will be 52% — 202 —106, which we may 
write 5(2* — 47 + 4) — 126. Hence our equation may be put in the form 
(x? — 4 + 4)* + 5(7? — 47 + 4) = 126. 


29. x4—G6x3 +528 +127=60. 30. 23—6z? +11z7=6. 

31. dat 4 5 = 4e8 +33. 32. 28 +528 +32-9=0.t 

33. x*—62% +132—10=0, 34, 23-1328 + 497—45=0, 
35. 22 4+822 +1%2+10=0. 36, z3—29z* + 1987—360=0. 


87. 23—15a2+74c—120=0. | 38. ct +2z3—32*—42+4=0, 





# ot 97 +546 Ve¥ —22 +5=-16. Putting c?—27+5=—y", y*+ Gy = 16. 
Such eubetitution ie not absolutely neceseary, as we may treat 7° — 2u + 5 as the unknown 
quantity without substituting. Solve the following in = manner. 


+ Dividing by V1 — g!, we have i ie == 1. Then, multiplying. by 


9/2 woken y (22)'- ez 3 ER ree 


¢ By.(129) we are led to try + 1 or — 1, or + or — 8, as roots, The equation is dtviatbte 
by @ —~ 1, and + 3. 
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39. 2¢—10734+35a2?—500+24—=0. 40. 2¢—4e84879—8e =91. 
41, 24—223 — 252% +262 —120. 42, 824 +1343 —11 72243, 


z 30 | +42 7 
8 1478 + 3g = age + 1 


1248/2 


44.2= 


Put 2 =y. ‘ 





SPECIAL EXPEDIENTS. 


45. To find the roots of 2? = £1, 7 =+1, z= +1, 2 = +1, 
= +t1,andz§= +1. 
Svae’s. 2°—1=0. Factoring (7@~1) @4+2° +2? 4+2¢4+0D=0. o.2=1, 


and also 24 + 23 +2%+27+1=0. Dividing by z*, ott atit+i+d =0,0r 


b 
+24 ted ah or (2 +=) + (2#+>)=1. 


1+24 
46. To find the roots of ita = a. 


Sca’s. 1+2¢4=a(1 +2)‘ = a(1 + 40 + Cr? + 4e? + 2), Whence, dividing 


by z* and arranging terms, z* ty ape e+ 2 => 


2av 1 +2 +3, 
l—-z+Viea 


Sve’s.—This can be cleared of fractions, and then of radicals, in the ordinary 
way. But the following expedient will be found elegant in this case, and 


convenient in many. Dividing by 2a, treating the resulting equation as a 
proportion, and taking it by division, we have Fpa= =o o—*. Ss 42 
= (eas . or =1— (253) = arar Taking this again by com- 
position and division, we obtain en, = cto = = Gy Ti = Cae, or 


47. To solve ————_—___— 


1+a_  V(a— b)* + Bab 


i. Pes: Again, by division and composition, we obtain 


— V(a—b)* + Bab ~ (a—2) 


~ Wa~d b)* + Bab + (a — b) 
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2 


48. To solve (1 + 2 +23) = ats (1 + z® + 24). 


s— 1 ,itet@attig_gs x or 1 tete 
Sua’s.—Dividing by l+2+2%, l+2+ pe ad a wearer 
a+1 1+ 2° 

— aoe . ee oe 

a—1 F 

49, To solve a=z* + (1—2)4. 


Suae’s.——Since (1—2)* = (2—1)*, we may write a = (@ — 4 + 4) + (@ —} — 4). 
Now put z—4=y, substitute and expand. 


50. To solve Wz — = — Yi-2 = 2. 


x 





Svue’s,—Dividing by VA 1 » “+1 VPS} . Squaring, etc., 2o/e+1 
» Af @ 











2 
=1+i+e Squaring, etc., again, (2 — =) —2(2-3)=-1 
51. Solve 2? ~ 2 + 3V 2x? — Bz + « =5t+%. 
52. Solve a ee = 5—2z— 273, 
l+2+ 2? 
+ ° 2 2 
BO Spies Oe 
at—ax+x% 
— 4/ 2% — a? eee ae 
54. Solve = eee Age = oP (V2? + ax — V2z* — ar). 
f2+V¥ x8 —a8 


1 + x3 13 
i—z = ‘). aC NE OR” 
55. Bolve 2a — at = a(1 +24), Also 7G = ge 


56. Solve 625 — 52% +2=0. Also 73 + 7? —47—-4=0, 
57. Solve 8a? + 1672=9. Also 3.c* + 824 — 87? = 3. 


Suc.—The solutions of the last four depend upon the recognition of a com- 
mon factor. 
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SECTION IV. 


SIMULTANEOUS EQUATIONS OF THE SECOND DEGREE BETWEEN 
TWO UNKNOWN QUANTITIES. 


€ 


123. Prop. 1.—Two equations between two unknown quanti- 
ties, one of the second degree and the other of the first, may always 
be solved as a quadratic. 

Dem.—The general form of a Quadratic Hguation between two unknown 


quantities is 
az? + bry + cy’? + dx + ey+f=0, 


since in every such equation all the terms in z* can be collected into one, and its 
coefficient represented by a; all those in zy can also be collected into one, and 
its coefficient represented by ), etc., etc. 


The general form of an equation of the First Degree between two variables is 
| ae+bdby+e =0. 


» which substituted in the former gives 


Now, from the latter z = ~Pyne 


no term containing s higher power of y than the second, and hence the resulting 
equation is a quadratic. Q. E. D. ; 





124. Prop. 2.—In general, the solution of two quadratics 
beticeen teoo unknown quantities, requires the solution of a biqua- 
dratic ; that is, an equation of the fourth degree. 


Dem.—Two General Equations between two unknown quantities have the 
forms 
(1) az? + bey + cy? + dz+e+f=0, and 


(2) at? + bay + c'y? + d'2+ ey + f' = 0. 


d 3 2.) pw 4.7 
From (1), 2=— 2%" sy a ~ erate 


Now, to substitute this value of 2 in equation (2), it must be squared, and 
also, in another term, multiplied by y, either of which operations produces 
rational terms containing y*, and a radical of the second degree. Then, to free 
the resulting equation of radicals will require the squaring of terms containing 
y', which will give terms in y‘, as well as other terms, Q. E. D. 





125, Der—A Homogeneous Equation is one in ‘which 
each term contains the same number of factors of the unknown 
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quantities. 22* — 3ry— y* = 16 is homogeneous. 32% — 2y + y? 
= 10 is not homogeneous. 


126. Prop. 3.—Two Homogeneous Quadratic Equations be- 
tween two unknown quantities cun always be solved by the method 
of quadratics, by substituting for one of the unknown quantities the 
product of a new unknown quantity into the other. 


Dre&.—The truth of this proposition will be more readily apprehended by 
means of a particular example. Take the two homogeneous equations z* 
— wy + y? = 21,and y*— Ay +15=0. Let = oy, » being a new unknown 
quantity, called an auxiliary, whose value is to be determined, Substituting in 

he given equations, we have v*y? — vy? + y® = 21, and y? — 2077= — 15. From 
15 


21 s 
eae and 7° = 1 Equating these values of 7°, 
21 15 


Pea cdreseetniene pee eta = as 2 __ ; : ‘ 
pd ae 1 whence 420 — 21 = 150? — 150 + 15. This latter equation 


is an affected quadsatic, which solved for v, gives » = 8, and #.. Knowing the 


values of » we readily determine those of y from 7° aga and find y 


these we find 9? = 


= + 4/3 when 0 = 8, and y= +5 when o=4. Finally as z= cy, its values 
are g == + 34/8, and + 4. 


By observing the substitution of vy for z in this solution, it is seen that it 
brings the square of y in every term containing the unknown quantities, in each 
equation, and hence enables us to find two values of y* in terms of v, It is easy 
to see that this will be the case in any homogeneous quadratic with two 
unknown quantities, for we have in fact, in the first of the given equations, all 
the variety of terms which such an equation can contain. Again, that the equa- 
tion in » will not be higher than the second degree is evident, since the values of 
y* consist of Known quantities for numerators, and can have denominators of 
only the second, or second and first degrees with reference to», Whence v can 
always be determined by the method of quadratics; and being determined, the 


value of y is obtained from a pure quadratic (y* = 7 , in this case), and that 





of z from a simple equation (# = vy in this cage), 





127. Prop. 4.— When the unknown quantities are similarly 
involved in two quadratic, or even higher equations, the solution can 
often be effected as a quadratic, by substituting for one of the un- 
known quantities the sum of two others, and for the other unknown 
quantity the difference of these new quantities. . : 

As this is.only a epectal expedient, and not a general principle, its truth will 


be remdened.sufficlently evident by the solution of a few examples. Bee Ex’s. 18, 
14,15 
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EXAMPLES. 

L a *—2ey—yt=1, 
5a + 2y=7%, “+ Yy=2, 
2+y=4, 

3, eee : i im 

i LY = 28. 
ad raymts 6. z* +2y+4y* =6, 

' (ay~yt= 2 3z* + 8y%=14, 

7 a x24 wy +2Qy%= 74, 8. 2* + xy=12, 

" (222 4+22y+ y?=73. fae 

ea me 10, ee ied =3ay, 
ry +2y%= 2(xy +4)=3y%. 

ir le =52, 12, a? —2Qry—y* =31, 

" lary —29=8 $x* + 2z2y—y*?=101. 
3 2— 

13. nahin Fa 14, \° +y = fry, 

z+ y+ x* + yF = 26, r—y = ry. 


15 xry(x pint 
"Ug + y3 =385. 


Sue.—The last three are readily solved by (727). 
t=2£+0,and y =z — 0, the equations become 227— 


= 85, 
T+Y TY 5 
18} z+y 2’ 1%. | 
+y®=20. 


2+y—V/ xy=7, 18 eee 8, 
zt +y% +2y=133, 





SPECIAL SOLUTIONS. 


19, y%§— 4ry + 2028 + 38y — 2647=—0, 5y% — 


+ 10562 = 0. 


Su¢.—Add 4 times the first to the second. 





* Two homogeneous quadratics can always be solved by (296), but epectal expedients are often 


Thus, inthe 15th, putting 
20%2 = 80, and 22% + 6n*s 


4 — y4 = 14560. 


88zy + z?— 


more elegant, In this case by adding twice the second to the firet, and extracting the equare 
root, we have «+9 == 11. Subtracting twice the second from the aret, and oe the 
square root, we have 2— Yorn8, 


Mn 
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20, ¢+y=2z7*, sy — z= y*. 
Sue.—Subtract the first from the second. 
"(8 —yF 8, a8 +4. 48 = 65 " (get tye = 82, 
Sua’s—To solve the 28d, square the first, writing the result 2* + y* = 16 
~2ay, and square again. Then for 2* + y‘ substitute 82. 
a 
24. To solve x — y = 3, and 25 — y® = 3093. 


Sua’s.—Divide the second by the first, and proceed in a manner similar to 
hat given for the last. 


25. To solve x* — zy + y® = 7%, and x4 + z*y? + y4 = 1338. 
Sue.—Divide the second by the first. 


26. To solve (3 ~ at) + (3 + =) = 82, and ay = 2. 





Sva’s.— Write the first (Fa) + + (=231)"= 82; and put t—F — », 
Sy e+y 


Whence dot + 5 = 82. 
27%. To solve 2? + y (zy — 1) = 0, and y§ —~z(zy +1) =0. 


Sua’s.— Write af +.a'y* — zy = 0, and x‘ — ay? — 2y== 0, and subtract the 
econd from the first, Whence 2‘ — 9‘ + 2z°y* = 0, or 24 +22%y? +44 = i and 


84 9 = /2 y’, oy = V/3—1 —1. From the given equations we get 2 seal 


1+ ay 
Sant 24/2, or ay = 44/2. 








a‘ 
—., Hence 5 


a 
28. Given ry = a(x + y), wz = O(a + 2), and yz = e(y + 2). 


Sua.—These are readily put into the forms t=142, 12141, anata 
; ay» ® b # @ c 8 
k=, 
y 


29. Given 2(@+y+2) = 18, ae la ae = 12, and 2(z7+y+z) = 6. 


. ae eee cy. 4 
30. Given vyz = 48, ye 18? and — + = 5° 


81, Given + y+2= 6, 4a + y= 2, and 2? + y? +28 = 14 
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83. Given — a ae 1G ee ae ?, and ay? == 3. 


y a+y 
34, Given y(z* + y*?) = 4(z + y)*, and zy= 4(a + 9). 


35. Given z + y = 10, ma 4/5 + 4/L= 


36. Given /2 — Vy = 20/zy, and x + y = 20. 
37%, Given V2? + y? + Va? — 4? = 2y, and zt — y4 = as, 


38. Given {fz + /t=2 Uae 1, and Vx8y + V/xy3 = 78. 








39. Given V2 +y + 2a — FoMED watt 
Vi2—y xy 15 
y? —64=82t P at + y$=se, , 823 — t14, 
40. 41, 42. 
y—4 = 2ybat, ot ty = xt yt my? 
APPLICATIONS. 


1. The plate of a looking-glass is 18 inches by 12, and jt is to be 
surrounded by a plain frame of uniform width, and of surface equal 
to that of the glass. Required the width of.the frame. 


2. A person bought some fine sheep for $360, and found that if he 
had bought 6 more for the same money, he would have paid $5 less 
for each. How many did he buy, and what was the price of each ? | 


3. A traveller sets out for a certain place, and travels one mile the 
first day, two the second, three the third, and so on: in 5 days after- 
ward another sets out, and travels 12 miles a day. How long and 
how far must he travel before they will come together ? 


4. Divide the number 48 into two such parts that their product 
may be 432. 


5. Divide the number 24 into two such parts that their product 
may be equal to 35 times their difference. 


6. For a journey of 108 miles, 6 hours less would have sufficed, 
had the traveller ‘gone 3 miles an hour fuater.. At what rate ala he 
travel ? A aa 
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%. The fore wheel of a coach makes 6 revolutions more than the 
hind wheel in going 120 yards; but, if the circumference of each 
wheel be increased by 1 yard, the fore wheel will make only 4 revo- - 
lutions more than the hind wheel in the 120 yards. What is the cir- 
cumference of each wheel ? 


8. The product of two numbers is p; and the difference of their 
cukes is equal to m times the cube of their difference. Find the 
numbers. 


9, Find two numbers whose product i is equal to the difference of 
their squares, and the sum of their squares equal to the difference of 
their cubes. 


10. There are 4 numbers in arithmetical progression. The sum of 
the extremes is 8; and the product of the means is 15. What are 
the numbers ? 

Suc.—In solving examples involving several quantities in arithmetical pro 
gression, it is usually expedient to, represent the middle one of the series, when 
the number of terms is odd, by 7, and let y be the common difference. If the 


number of terms is even, represent the two middle terms by  —y, and z + y, 
making the common difference 2y. 


11. Five persons undertake to reap a field of 87 acres. The five 
terms of an arithmetical progression, whose sum is 20, will express 
the times in which they can severally reap an acre, and they all 
together can finish the job in 60 days. In how many days can each,. 
separately, reap an acre ? 


12. There are three numbers in geometrical progression, the sum: 
of the first and second of which is 9, and the sum of the first and 
third is 15. Required the numbers. 


Svc’s.—In solving examples involving several quantities in geometrical pro- 
gression, it is sometimes expedicnt to represent the first by 2, and the ratio by y,. 
so that the numbers will be z, zy, zy’, etc. In other cases it is expedient, if the. 
number of numbers sought is odd, to make zy the middle term of the series and 


3 s 
% the ratio. Thus § terms will be represented ; , 2, ay, y', a . When the- 
number of numbers sought is even, it is sometimes expedient to represent the: 
two means by @ and y, and the ratio by ‘. Thus 4 terms become _ »%, Y;, r. 
13: There are three numbers in geometrical progression whose- 


dd product is 64, and the sum of their cubes is ides Required 
the numbers, 10 
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14. The sum of the first and second of four numbers in geometri- 
cal progression is 15, and the sum of the third and fourth is 60. 
_ Required the numbers. 


15. There are three numbers in geometrical progression, whose 
product is 64, and sum 14. What are the numbers? 


16. It is required to find four numbers in arithmetical progression, 
such that if they are increased by 2, 4, 8, and 15 respectively, ‘ithe 
sums shall be in geometrical progression. 


17. It is required to find four numbers in geometrical progression 
such, that their sum shall be 15, and the sum of their squares 85. 


18. The sum of 700 dollars was divided among four persons, A, B, 
C, and D, whose shares were in geometrical progression; and the 
difference between the greatest and least, was to the difference be- 
tween the two means, as 37 to 12. What were the several shares ? 


19. The sum of three numbers in harmonical proportion is 191, 
and the product of the first and third is 4032; required the numbers. 


20. The 2d and 6th terms of a geometrical] progression are respec- 
tively 21 and 1701. What is the first term, and what the ratio ? 


21. A and B travel on the same road, at the same rate, and in the 
same direction. When A is 50 miles from the town D, he overtakes 
another traveller who goes at the rate of 3 miles in 2 hours; and 
two hours after, he meets a second traveller who goes at the rate of 
9 miles in 4 hours. B overtakes the first traveller 45 miles from D, 
and meets the second 40 minutes before he (B) reaches the 31st mile- 
stone from D. How far are A and B apart? 


22. The joint stock of two partners, A and B, was $2080. A's 
money was in trade 9 months, and B’s 6 months, when they shared 
stock and gain, A receiving $1140 and B $1260. What was each 
man’s stock ? 


23. There is a number consisting of three digits, the first of which 
is to the second as the second is to the third; the number itself is 
to the sum of its digits as 124 to 7; and if 594 be added to it the 
digits will be inverted. What is the number ? 


24, A person has $1300, which he divides into two portions, and 
loans at different rates of interest, so that the two portions produce 
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equal returns. If the first portion had baen loaned at the second 
rate of interest, it would have produced $36, and if the second por- 
tion had been loaned at the first rate of interest, it would have pro- 
duced $49. Required the rates of interest. 


25. A person traveling from a certain place, goes 1 mile the first day, 
2 the second, 3 the third, and so on; and in six days after, another 
sets-out from the same place to overtake him, and travels uniformly 
15 miles a day. How many days must elapse after the second starts 
before they come together ? 
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OHAPTER IV. 
INEQUALITIES. 


128. An Inequality is an expression in mathematical sym- 
bols, of inequality between two numbers or sets of numbers. 


Inu.—Thus a> bd (read “a greater than 0”) is an inequality ; also ata —8 
<5 +2 (read “a?z — 3 less than 5 + 2”). (See Pant I., £3.) 


129. Fundamental Principle.—ln comparing two posi- 
tive numbers, that is called the greater which is numerically so. 
Thus 5 > 3. But, in comparing two negative numbers, that is 
called the greater which is numerically the less) Thus — 5 < — 3. 
Of course any negative number is less than any positive number. In 
general, we call a > d when a — 0 is positive, and a <b when a— bd 
is negative. 

130. The part of an inequality at the left of the sign >, or <, 
is called the first member, and the part at the right, the second mem- 
ber of the inequality. 


131. For the purposes of mathematical investigation, inequali- 
ties are subjected to the same transformations as equations, but with 
certain characteristic differences in the results, which will be pointed 
out in the following propositions. 


132. If, in transforming an inequality, the same member that 
was the greater before the transformation is the greater after, the 
inequality is said to continue to exist in the same sense ; but, if the 
transformation changes the general relation of the members, so that 
the member which was the greater before the transformation is the 
lese after, the inequality is said to exist in an opposite sense in the 
two inequalities, 

133, Prop.—The sense in which an inequality exists ts not 
changed, 


Ist. By adding equals to both members, or subtracting equals from 
both ; 
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2d. By multiplying or dividing the members by equal positive 
numbers ; 


3d. By adding or multiplying the corresponding members of two 
inequalities which exist in the same sense, if all the members are 
essentially positive ; 


‘4th. By raising both members to any power whose index is an odd 
number , 


5th. By raising both members to any power, if both members are 
essentially positive ; 


6th. By extracting the same root of both members, if when the de- 
gree of the root ts even, only the positive roots be compared. 


Inu. and DeEM.—The 1st is,in gencral,an axiom. Thus if a > 3, it is evi- 
dent thata+c>bitie. Whenc> a, a—c is negative, but since b < a, b—c 
is also negative and numerically greater than a@—c. Therefore; in this case, 
a—e>b—c (129). 


2d. This is wholly axiomatic. If a> bd it is evident that ma > mb, and that 
a b 


oe woe 


m”~ m 
8d. This, too, is an axiom. If a> 6b, and ¢ > d, a,b,c, and d being each +, 
it is evident that a +¢ > b+d; and that ae > dd. 


4th. This becomes evident by considering that if @ > 0, raising both members 
to any power whose degree is odd will leave the signa of the members as at the 
first, and also the sense of the numerical inequality the same. 


5th. This appears from the fact that neither the signs nor the sense of the 
numerical inequality of the members is changed by the process. 


6th. This is evident from the fact that the greater number has the cree 
root, if only positive roots are tonsidered. i 


134. Prop.—The sense in which an inequality exists is changed,’ 
Ist. By changing the signs of both members ; 


2d. By multiplying or dividing both members by the same negative 
quantsty ; ; 
. ae ‘By ratsing both members to the same even power, if the members 
are. doth: negative in the first instance ; 
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4th. By comparing the negative even roote we sane’ in the “kad 
instance, being both essentially positive). 


Itu. and Dem.—The first is evident, since if a>b, —~a<—b 
That is, of two negative quantities the numerically greater is really the less. 


2d. These operations do not change the numerical relation of the members, 
but ‘do change the signs of the members ; hence it falls under the preceding. | 


8d. and 4th. Essentially the same reasoning as in the last. 2 


EXERCISES. 
1. When a@ and 6 are unequal, show that a® + d* > 2ab. 


So_urion.—Let a> 6b; whence a—d>0, or a*—2ab+b*>0, or a* +52 > 2Qad. 
Similarly if a < b. : 


2. Prove that the arithmetical mean between two quantities is, 
in general, greater than the geometrical. How if the quantities are 
equal ? 


* 


3. If a, b,c, are such that the sum of any two is greater than the 
third, show that a* + 6% + c®<2(ab +, ac + bc). . 


4. If a?+ 6%+ c®=1, and m?+ n?+ r8=1, show that am +n 
+eor<1. How ifa=b=c=m=n=r? 


5. Show that, in general, (a+3—c)* + (a+c—b)*+ (b + c—a)? 
How if a=b=c? 


6. Which is greater, 225 or 7 +1? | 

‘Borurion.—ist. If 2>1, 2*>1(1, 2%%> z(t); but Aw>e + 1(%). 
“1 

If «<1, a similar process shows 2zv°< z+ 1 


9 From §2—-6<30+8, and 22+1<32— 8, show that 2 
may have any value between 7 and 4; 7.¢., that the limiting values 
are 7 and 4. ; 


8. What are the limiting values of z determined from the con- 
ditions 8a —2 >4¢—4, and j—f2<8—! 


9, The double of a number diminished by 5 is greaten than 26 
and triple of the number diminished by 7 is less than, fleas mike 
mone by 18. What numbers will satisfy the conditions? ; 


* aa 





PART HOH. 


AN ADVANCED COURSE IN 
ALGEBRA. 


CHAPTER I. 
INFINITESIMAL ANALYSIS. 


SECTION I. 
DIFFERENTIATION. 


ve 136, In certain classes of problems and discussions the quantities 
involved are distinguished as Constant and Variable. 


136. A Constant quantity is one which maintains the same 
value throughout the same discussion, and is represented in se 
notation by one of the leading letters of the alphabet. 


137. Variable quantities are such as may assume in the Peed 
discussion any value within certain limjts determined by the nature. 
of the problem, and are represented by the final letters of the 
alphabet. x 


sh 
Inu. —If # is the radius of a circle and y is its area, y = 72°, as we Je 
Geometry, 7 being about 3.1416. Now if 2, the radius, varies, y, the aréad,-will - 
vary; but 7 remains the same for all values ofzandy. In this, cane» and y 
are the variables, and z is a constant. 


n, if y is the distance a body falls in time 2, it is evident that the greater 

@ is, fhe greater is y, ¢. ¢,, that as & varies y varies. We learn from Physics that 

4 1fiy¢*, for comparatively small distances above the surface of the earth, 
td, a nee pasion |= = 16 yye*, wand y are’ the variables, and 16r5 is & constant, 

saan more, suppose we have y? = Qe? — . te? — 5, as an, expresned relation 

tebWween # andy, and that this is the only relation which*is required to exist 
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between them; it is evident that we may give values to 2 at pleaewre, and thus 
obtain corresponding values for y. Thus if @=1, y= +4717, if c=%y 
= + V183, etc, etc. In such a case @ and y are called variables. But we‘notice 
that if we give to z such a value as to make 8a* + 5> 25z* (as, for example, }, 
}, etc.), y will be imaginary. This is the kind of limitation referred to in our 
definition of variables,* 


138. Scu.—The pupil needs to guard against the notion that the terms 
constant and variable are synonyms for known and unknown, and the morg 80 
as the notation might lead him into this error. The quantities he has been 
accustomed to consider in Arithmetic and Elementary Algebra have all been 
constant. The distinction here made is a new one to him, and pertains to a 
new class of problems and discussions, 


139. A Function is a quantity, or a mathematical expression, 
conceived as depending for its value upon some other quantity or 
quantitics. 

Itu.—A man’s wages fur a given time is a function of the amount received per 
day, or, in general, his wages is a function of the time he works and the amount 
he receives per day. In the expression y = 16,2? (137), second illustration, 
y is a function of 2, f. ¢., the space fallen through is a function of the time. The 
expreasion 2ac* — 32 + 5b, or any expression containing z, may be spoken of as 
@ function of x. 


140. When we wish to indicate that one variable, as y, is a func- 
tion of another, as z, and do not care to be more specific, we write 
'y == f(a), and read “y equals (or is) a function of 2.” ‘his means 
 gothing more than that y is equal to some expression containing the 
variable @, and which may contain any constants. If we wish to 
Indicate several different expressions cach of which contains 2, we 
write f(z), p(x), or f(x), etc, and read “the f function of 7,” “the 
. g fanction of z,” or “the f’ function of 2.” 
ie Int.-The expression f(7) may stand for 7? — 22 + 5, or for Xa* — x*), or for 
\ any expression containing z combined in any way with itself or with constants. 
“But inthe same discussion f(x) will mean the same thing throughout. So again, 
i, #f in & particular discussion we have a certain expression containing « (e. 7., 
| Ba* » aw + Qab), it may be represented by f(x), while some other function of & 
- (¢. 9. Ka* ~ 2*) + 2a) might be represented by f’(z), or 9(2). 


_ L414. In equations expressing the relation between two variables, 

afin y* = 3073 — x, it is customary to speak of one of the variables, 
an 98 a function of the other z. Moreover, it is convenient to think 

| ; ; 

Phe limite of this volume do net permit the Interpredation of imaginagtes 58 ee 


| ponafble quantities, 4. 6., inconsistent with the restricted view taken of the puenciciiijepunaliitin 
. whieh may be under consideration, 
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of # as varying and “thus producing change in y. When s0 con- 
sidered, x is called the Jndependent and y the Dependent variable. 
Or we may speak of y as a function of the variable z. 


142. An Infilnitestmal is a quantity conceived under such 
a form, or law, as to be necessarily less than any assignable quantity. 


Infinitesimals are the increments by which continuous number, or 
quantity (8), may be conceived to change value, or grow. 


Inu.—TZime affords a good illustration of continuous quantity, or number. 
Thus a period of time, as § hours, increases, or grows, to another period, as 7 
hours, by infinitesimal increments, t. ¢., not by hours, minutes, or even seconds, 
but by elements which are less than any assignable quantity. In this way we 
may conceive any continuous, Wariable quantity to change value, or grow, by 
infinitesimal increments. 


143. Consecutive Values of a function, or variable, are 
values which differ from each other by less than any assignable 
quantity, ¢. e, by an infinitesimal part of either. 


144. A Differential of a function, or variable, is the differ- 
ence between two consecutive states of the function, or variable. It 
15 the same as an infinitesimal. 


Iu1.—Resuming the illustration y =16,42° (737), let « be thought of ap 
some particular period of time (as 5 seconds),and y as the distance through 
which the body falls in that time. Also, let 2’ represent a period of time infint- 
tesimally greater than x,and y’ the distance through which the body falls in time 
a’, Then r and 2’ are consecutive values of 7, andy and y' are consecutive 
values of y. Again, the difference between 7 and 2’, as 2' — 7, is a differential 


of the variable z, and y’— y is a differentiul of the function y. 


145. Notation.—A differential of 7 is expressed by writing the, 
letter @ before z, thus dz. Also, dy means, and is read “ difforans’ 
tial y.” 


CauTion.—Do not read dz by naming the letters as you do ar; but reid 
“ differential 2.” The d is not a factor, but an sbbreviation for the word dijfer: 
ential, 


146. To Differentiate o function is to find an expression 
the increment of the function due to an infinitesimal increment 
wiable; or it ia the process' of fading the xeation between 
jsnal increment of the variable and the garreaponding 
fF the function. 
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147. RULE 1—To DIFFERENTIATE A SINGLE VARIABLE, SIM- 
PLY WRITE THE LETTER d BEFORE IT. ‘ 


This is merely doing what the notation requires. Thus if ¢ and 2' are conse- 
cutive states of the variable 2, ¢.¢., if 2’ is what 2 becomes when it has taken an 
infinitesimal increment, 2'— z is the differential of 2, and is to be writtendz, In 
like manner, y’— y is to be written dy, y' and y being consecutive values, ® 


* 





148. RULE 2.—CONSTANT FACTORS OR DIVISORS APPEAR IN 
THE DIFFERENTIAL THE SAME AS IN THE FUNCTION. 


Dem.—Let us take the function y = ar, in which a is any constant, integral 
or fractional. Let z take an infinitesimal increment dz, becoming x + dr; and 
let dy be the corresponding * increment of y, so that when z becomes 2 + dz, y 
becomes y + dy. We then have 


Ist state of the function - - - - - - - = - ¥ = az; 
2d, or consecutive state - - - - - - - y+dy=a(e+ dr) = ar + adr. 
Subtracting the Ist from the2d  - - - - - - dy = adz, 


which result being the difference between two consecutive states of the function, 
is its differential (144), Now a@ appears in the differontia] just as it was in the 


function. This would evidently be the same if a were a fraction, as -. We 


should then have, in like manner, dy =~" dz as the differential of y=—. 
Q. ED. 


149. RULE 3.—ConstaNtT TERMS DISAPPEAR IN DIFFEREN- 
TIATING 5; OR THE DIFFERENTIAL OF A CONSTANT IS 0. 


o 

Dew.—Let us take the function y = az + b,in which a@ and b are constant. 
Let # take an infinitesimal increment and become # + dz; and let dy be the 
jncewiaent which y takes in consequence of this change in z, so that when 2 
becomes 2 + dz, y becomes y + dy. We then have 





tet wtate of the function - - - - - - - y=ar+d; 
2d,or consecutive state - - - - yt+dy= ae+ dr) +bmaz+ adr bd, 
Subtracting the ist fromthe 2d - - - - dy + ada, 


which being the difference between two consecutive states of the famenion, ts va its 
differential (140j, Now from this differential the constant } hes diganpente 
We may also > tat _ conmitutt retains the same bisagadurn py : Si ila nae 

i 


* The word ‘‘ cogtemporanesas ” is offen need tn thle consol !ong. 





a 


mer ¢ 
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t 
ence between id. consecutive states (properly it has no consecutive states). 
Hence the diff@rential of a constant may be spoken of (though with some lati- 
tade)as0. @, B, D. 





150. RULE 4.—To DIFFERENTIATE THE ALGEBRAIO SUM OF 
SEVERAL VARIABLES, DIFFERENTIATE EACH TERM SEPARATELY AND 
CONNECT THE DIFFERENTIALS WITH THE SAME SIGNS AS THE TERMS. 


Dum.—Let u=2-+y — 2, u representing the algebraic sum of the variables 
2,y,and —z. Then is du = dz + dy— dz. For let dz, dy,and dz be infinitesimal 
increments of 7, y, and z; and let du be the increment which wu takes in conse- 
quence of the infinitesimal changes in z,y,andz. We then have 


Ist state of the function - - - - - - - - Ux=e+y—ez; 

2d, or consecutive state - - - - - @+du=a+de+y+ dy— (e+ de), 
Or -- --- - - - + + 2 ee Ut dUs=aH+ det y+ dy—e— dk. 
Subtracting the ist state fromthe 2d - - - du=dzr+dy—dz. Q. BD. 





181. RULE 5.—THE DIFFERENTIAL OF THE PRODUCT OF TWO 
VARIABLES IS THE DIFFERENTIAL OF THE FIRST INTO THE SECOND, 
PLUS THE DIFFERENTIAL OF THE SECOND INTO THE FIRST. 


Drem.--Let u= zy be the first state of the function. The consecutive state Is 
u+ du = (e+ dz) (y + dy) = zy + ydr + edy + dz dy. Subtracting the 1st state 
from the consecutive state we have the differential, ¢. ¢., du = ydz + ady + dz dy. 
But, as de -dy is the product of two infinitesimals, it is infinitely less than the | 
other terms (ydz and ady), and hence, having no value as compared with them, is 
to be dropped.* Therefore du = ydr + 2ady. Q. E. D. 


162. RULE 6-—~THE DIFFERENTIAL OF THE PRODUCT OF SEY+ 
ERAL VARIABLES IS THE SUM OF THE PRODUCTS OF THE DIFFER- 
ENTIAL OF EACH INTO THE PRODUCT OF ALL THE OTITERS. 


Dem.— Let w= ayz; then du = gedz + xedy + aydz. For tho Ist state 
function is « = zyz, and the 2d, or consecutive state, u + du = (7 + oye 
(2 + de), or u + dw = aye + ysdes + asdy + wyde + adyde + ydogitis, sdhely 
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+ dzdydz. Subtracting, and dropping all infinitesimals fo gaara (see 
preceding rule and foot-note), we have du = yzdz + medy + ho 


In a similar manner the rule can be demonstrated for any number of varia- 
bles. Q E. D. 


. 183. RULE %-—THE DIFFERENTIAL OF A FRACTION HAVING 
A VARIABLE NUMERATOR AND DENOMINATOR IS THE DIFFEREN- 
TIAL OF THE NUMERATOR MULTIPLIED BY THE DENOMINATOR, 
MINUS THE DIFFERENTIAL OF THE DENOMINATOR MULTIPLIED BY 
THE NUMERATOR, DIVIDED BY THE SQUARE OF THE DENOMINATOR. 


Dem —Let uv = 2 ; then is du= em . For, clearing of fractions, 
yusa Differentiating this by Rule 5th, we have udy + ydu=dzr, Substi- 
tuting for w its value , this becomes ae + ydu=dz. Finding the value of 


du, we have du = Q ED. 


yar — rdy 
gn 
154. Cor—The differential of a fraction having a constant 
menerautor and a variable denominator is the product of the numera- 
tor with its sign changed into the difftrential of the denominator, di- 
wided by the square of the denominator, 


Let = : Differentiating this by the rule and calling the differential of 
the constant (a) 0, we have du = 4 = =. Q ED 


158, Scu.—If the numerator is variable and the denomizator constant, 
it falls under Rule 2. 


DIFFERENTIATION. 157 


— 
Now from y = @* we have y*-'= 7 * . Substituting this in the last it be- 


Mm ma 


cémes nz * dy = man—'dr; whence dy = —2' 





—m = my 
» dz=—2" dz. Q, ED. 
8d. When the exponent i¢ negative Let y= a", n being integral or 


fractional ; then dy = ~— #x-"~!dz, For y= a" = ED at which differentiated by 


~1 
Rule’, Cor., gives dy = — 1 = = —na-*-ldz7, Q. E. D. 





"EXAMPLES. 
1. Differentiate y = 3z* — 2x + 4. 


SoLuTION.—The result is dy = 6rdx — 2dz, Which is thus obtained: By 
Rule 1, the differential of y is dy To differentiate the second member we dif- 
ferentiate each term separately according to Rule 4. In differentiating 8z*, we 
observe that the factor 8 18 retained in the differentia], Rule 2, and the differen- 
tial of z* 1s, by Rule 8, 2rdz Hence, the differential of 83x* is 6rdz The differ- 
ential of — 2x is — 2dz, By Rule 3, the constant 4disappears from the differen- 


tial, or its diffteemtlal te 0. 


2. Differentiate gy = 2a2* + 4ax*— x +m, 
Result, dy = 4axdz +12ax'*ds — dx 


3. Differentiate y = 5b2* — 30x* + 42. 
4. Differentiate y = Ag + Bz’ + Crt 


187. Scu.—It ig desirable that the pupil not only become expert in writ- 
ing out the differentials of such expressions as the above, but that he know 
what the operation signifies, Thus, suppose we have the equation y = 52. 
This expresses a relation between z and y. Now, if z changes value, y must 
change also in order to keep the equation true. In this simple case it is easy 
to see that y must change 5 times as fast as 2 in order to keep the equation 
true. Thies is what differentiation shows. Thus, differentiating, we have ef 
=: 6ds. That is, if » takes an infinitesimal increment, y takes an i be 
mal increment equal to 5 times that which « takes; or, ixt other wosy 
increases 5 times as fast as 7, 
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5. Differentiate y == 2° — 2, and explain the significance of the 
result as above. Result, dy = (5x4 — ee 


6. In order to keep the relation ay = 82* true as « varies, how 
must y vary in relation toz? What is the relative rate of change 
whenz=4? Wheng=2? Wheng=1? (Whenz=4? When 
o=4 
' Anawers. When x = 4, y increases 12 times as fast asz. When 
o = 4, y increases at the same rate asx. In general y increases 32 
times as fast.as z. When z is leas than 4, y increases slower than 2. 


Rs ENN gt 
7% to 12. Differentiate the following: w= By? a Bre ge 
ys ale; wavy + 62; yor — 32+ 47°—2 +1; and 
Y x 4at — fe? + 2. 
18 to 1%. Differentiate y=(a* +2°)6 ; y=(a+e%)t; y=(30—2)¥; 
y (2 — at)-2; and y= (1+ a) 
Sva's.—Buch examples should be solved by considering the entire quantity 


within the parenthesis as the variable This is evidently admissible, since any 
expression which contains a variable is variable when taken asa whole, Thus 


to differentiate y = (a + x* i we take the continued product of the exponent (4), 
the variable (a + a*) with its exponent diminished by 1, [+. 6, (a + 2*)*], and 
| the differential of the variable (i ¢, the differential of a + e*, which is eda). 


Tht gives us dy = a + at) teede, or dy =: 4a(a + at) hay = i 
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SECTION II. 
INDETERMINATE COEFFICIENTS. 


158. Indeterminate Coefficients are coefficients assumed 
in the demonstration of a theorem or the solution of a problem,’ 
whose values are not known at the outset, but are to be determined 
by subsequent processes. 





159. Prop.—if A + Bx + Ox'+ Dx* + ete, = A’'+B'x + Cx" 
+ D's'+ etc, in which x is a variable* and the coefficients A, B, 
A’, B,, ete. are constants, the coefficients of the like powers of x are 
equal toeach other. That is, A = A’ (these being the coefficients of x°), 
B= B, C= (,, ete. 
Dew —Since the equation is true for any value of 2, it is true for z=-0. 
tuting this value, we have A=A’. Now as A and A’ are constant, they ha 
same values whatever the value assigned to z Hence for any value of z, A=# A’, 
Again, dropping A and A’, we have Br + Cr*+ Dz?+ etc, = B'z + C'2*+ D'x* 
+ etc, which is true for any value of ¢ Dividing by 2, we obtain B+ 02+ Da 
'+ ete=B + O'2 + D'z*+ etc, likewise true for any value of z. Making ¢ = 0, 
B = B',as before. In this manner we may proceed, and show that (= (, 
D=JD',etc. Q ED. 


160, Cor.—If A + Bx + Ox’ + Dx? + ec. = 0, ts true for all 
values of x, each of the coefficients A, B, O, etc, is 0, 


For we may write A + Be + Oet+ Do'+ He'+ Fe'+ ete.= 0 + Ox + Oe! 
+ Ou? + Ox‘ + Oa°-+ eto, Whence by the proposition 4=0, B= 0, C= 0, ets. 








+ 
DEveLoruEnr 69 ByNctions BY MEANS or INDETERWAge 
CORFFICIENTS. 
261. A Function is asid te be Developed when tho igdiinind 
operations are performed or, more ae when it is tranefotiaed 
into an equivalent series of terme following some general law. 


_ atnDivislon ilende A miaetl of, dowloping sonilltins of tonetione. 


Mg 
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Thus y =~ whien deveped by division becomes y = 1 +94 a8-+a%+ ete 


The binomial formula (ComPLere ScHoo. Arorara, 195, or 168 of this 
treatise) is a formula for developing a binomial. Thus y = (a + 2)* when devel- 
oped becomes y = a° + Sa4x+-10a'a* +10a%e* + 5an*+-@°. The subject is one 
of great importance in mathematics, and the method of Indeterminate Coefii- 
cients forms the basis of most that is valuablo upon it, 


EXAMPLES. 
l—z ° 
1, Develop ware into a series by the method of Indeterminate 
Coefficients. 
SoLvuTion.—Assume Pa A+ Bu + Ca*+ Dz®?+ Ho'+ etc. Clearing 


1+242? 
of fractions, 
1—¢@=A+B|a+C | 2°*+D | 29+ | 24+ ete. 
+41 +B] 4+C}] +D{| + ete. 
+A| +Bl +0] + etc. 














Hquating the coefficients of the corresponding powers of 2 by (159), we have 
the following equations from which to find the values ot A,B, C, D, etc.: 
Aml; A+B=—1; 44+B+C=0; B+0+D=0; C+D+H=0. Solving 
these, we have A=1, B=—2, C=1, D=1, and H= — 2, 

Peibetituting these in the assumed development, we have 


1—¢ 
1+2+2* 


This can readily be verified by actual division 


x1 — 27+? +75 —2744+ ete, 


2. Develop, or expand into a series (a’— 2)? by means of Inde- 
lerminate Coefficients. 


SoLurion.— Assume 
(at—at)t= A+ Bot Cot +D2?+ Ho! + Fo + Gat + ato, 


fignaring both members and expanding (a*—2*)*, we have 


Rikeo' st -+-80%e!—2'a: A+ ABir+ ACiat+ADio+ AB + AP o!+AGi2*+ete, 

yet +AB +2 +BO| +BD) +BE, +BF| +etc. 

ie +AC] +BC} +0% | +00 +8 +ete, 
+ + 








i + BD pats nse ete. 

he hth, 7 +ate, 
' ae ” AH + BBL -+ete. 
+AG} +ebe, 


Silla 
cy Rh. kaa 
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RAF+BE+CD)=0, whence F=0; tind in Tike matier @= 7, ete. (If the» 


expansion of the secantl member had been carried farther, each of the succeeding ¢o- 
effictesite would be equated with 0, aa there are no terms in the first member contain- 
ing higher powsss of peer ae rug hae values of A, B, C, D, ete, as 


Sat 
now found, we have (at—ant =P— 5 Saat + at +i + ete, 


3.eExpand, or Corer (1—2')t by means of ee Coefii-, 


ad M43 a ; 6) 1 
cients. Also ——-, ;——, and ~. 





Sua.—To expand the last, put the expression equal té the usual sericn,aquery : 
both members, and then clear of fractions. 


162. Scu.—In using the method of Indeterminate Coefficients, as the 
series A + Bs-+ Cx*+ etc., is merely hypothetical at the outset, we must 
carefully observe whether the subsequent processes develop any inconsist-— 
ency. For example, perhaps a particular expression will not develop ‘in, the ‘ 
form assumed. If so, some inconsistency will appear in the process. 


\, 


were we to attempt to develop ae > ; by assuming Te ss A + Bo tiGgh. 


+ Dr + etc., we should find, after tga of aes en the firet mem.” 
ber had only the term 2, which 5 is 2z°; and as there would be no correspond- . 
* ing term in the second member, we should have to write 2 = 0, which ia. 
absurd. In general, we observe that, when we equate the coeffigianta,. the” 
second, or assumed member, must have a term containing as low a power. of: = 
the variable as the lowest in the first member. This may be secured, eitear: 
by putting the expression to be developed into a proper form before RECUR 
ing the series, or by assuming a series of proper form. Thus, i in the abors., 
si ~5, “3 .., and then develop => by 


assuming — =A + Be + Czt +Dz* + etc., and finally multiplying. bys 





case, we may write for 








~ ; orit may be develaped by assuming eel 4 Ame mt. a fi 
+ Hz* + ote. 





DECOMPOSITION OF FRACTIONS SY MEANS OF INDETERMINATE 
CoEFFICIENTS. 


163. For certain purposes, especially in the Integral Calculus, 
it is often necessary to decompose a fraction into partial fractions. 
There are three principal cases. 


Case 1—H fraction which is a function of a single varia- 
ble, whose numerator is of lower dismensions than its denominator, 
and whose denominator is resolvable into n REAL and UNEQUAL fac- 
tore of the first degree, can be decomposed into n partial fractions of 


A B C 
Nef egy eae 8 Oe 


K+c, - - - - + x +n being the factors of the denominator. 
a)* A B 0 N 
Seem Ar err re Barrer ST een 
which f(a) is of lower dimensions} than g(z), and g(z) = (2 + a)(x + b)(2 + ¢) 
A B 
me ot 2 * + (@+n).t Reducing the partial fractions ~~~ , rere etc., to 
forms having ® common denominator, this denominator will be the product of all 
‘the denominators +a, 7+ 6, 2+ 0, etc., and hence will be (2), and each 
numerator will contain one less of these factors than the common denominator, 
and hence will be of the (n — 1)th degree, the denominator being of the nth de- 
gree.§ Then, as the denominators of both members will be equal, the numera- 
tors will also be equal. Placing them so, we can find the values of the indeter- 
minste coefficients A, B, C, etc., by the principle in (2&9). The necessity for 
having f(z) of lower dimensions than g() is the seme as is pointed out in (162), 
Thus, if f(z) contained a term like 52° while ¢(z) contained none higher than 
22", we should be required to write 5 = 0, ag there would be no term in the sec- 
ond member having an 2° in it. Finally, having obtained the values of A, B,C, 


ate, we can substitute them in ~.. ae, nae etc, and have the’ 
pagal fractions sought. 


,X+a,x+b, 





: * 268. CasE 2.—A fraction which is a function of a single varia- 
Ble; hove numerator ie of lower dimensions than its denominator, 
aud sham denominator is eesolvable into'n REAL and EQUAL factors 


DECOMPORTION OF FRACTIONS. «188 
af the fret degree, cm cmp int n partial too the 
B C 


A 
J (x + a)" re (apap * (x+ajp? ~~ 7 7° = 
K+a being one of the equal factors of the denominator. 





fy__ A, Bo ¥ 
Qe) (eta @w@t+ay'” w@+ap-3 °° °° eta’ 
in which j(z) is of Jower dimensions than ¢(z), and g{z) = (v7 + a)". Reducing 
the Jartial fractions to forms having the common denomunator (2 + a)* (4.6. g(2)), 
sud placing the numerators of the members equal, we fd that the second mem- 


Ler is rot of lower dimensions with respect to the vanable 2, tl.an the first mem- 


Dem —Assume 





ber, since the numerator of the fraction —. will contain the highest power of 
2 of any of the terms, and this will have no higher power than 2*—’, ag (2+ a)*-? 
ig the factor by which the terms of the fraction a will be multiplied in the re- 


duction Hence, we can find the values of A, B, C, etc., by (259), and thess 
substituted in the assumed scries will give the required partial fractions. 





— 166, Case 3—A fraction which is a function of a single varia 
ble, whose numerator is of lower dimensions than tts denominator, 
and whose denominator is resotvable into n REAL and equal QUAD» 
RATIC fuctors, can be decomposed into un vurtial fractions of the form 


Av+B Be ux +) = Ex + F 
[(x + a)’ + b*}? [(x + a)ér bP [(x + a)’ + b*}-* 
Mx +N 


a ee fees a, ee 9 2 
ba) eb? (x + a)? + b® bemg one of the equal 


Jactors of the denominator. 


Dem.—Assume 
fe) 2 Az+2B Cz +D Kr +F 


pe) =~ [erarrep * [erase * erated tt. 
Mr +N & 


(2 + a)? + GF" 
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LN 

» 
cases, the formé of the assumed partial fractaons must be made to correspond. 

23 — Ba? +5 
Thus were it required to decompose Henb\etayat tar the assumed par- 
A, B Cc D E Fe + 
tial fractions would be — + z—b*+@a+a'@ratarat @ + at 
Hz +I 





a+ a? 
EXAMPLES. 
1. Decompose — — ;3 ito partial fractions. 
v?—2 A B C 
SoLiurion —Assume i a + art x,1—2,and 1 + 2 being 


the unequal factors of z — 23 (215, 117) Bringing the terms of the second 
member to a common denominator, we have 


z?~-~2 A—Ar* + Be+ Br? + Cr — Cr* 
e—zi a(l — a\(1 + 2) 
Hence 2? — 2= A+ (B+ (Cr + (B— A —C)2", from which we get A = — 2, 
B+C=0, and B~A—C=1 Solving these equations we find A = — 2, 
B= —},and C=} These values inserted in the assumed forms give 
2-2 —2 + + 2 1 1 


g-e~ @  i-et Tee” ~ 27 4 —a tai 42) 











g+3 z+1 
2 to 6. Decompose the following Moe se deol 
ztl oo. 3r-5 og x? 
a— Tz +12’ a — 6z + 8’ a + 62% + llz + 6° 


Svea —In case the factors of the denominator are not readily discerned, place 
the denominator equal to 0 and resolve the equation Thus the last example 
gives 2? + 627 + liz+6=0 From which we have #=—1,—2, and —8 
{1.19), and the factors are z + 1,2 +2,and¢+8 


4 





ar — T2+6 2+3a+29 
%t011. Decompose the fractions ext) PE Oat Bia 4 BY? 


L : ee and i 
i—x)G +2)’ “—1? (7 — 3) +B)" 


8, at— at 15a’ + 27—8 
> 1) re: ; 





12 to 18, Theil 
v— z+] 


ss 
ta + 1)? gin i? 
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SECTION ILI. 
THE BINOMIAL FORMULA. 


168. Theorem.—Letting x und y represent any quantities 
whatever (i. e. be variables) and m any constant, 


(ct y)" = a" + may + mnt —1) ty? 4 m(m—1)(m —2) aty? 





on(m — 1) (m — 2) (mm —~ 3 
1 MOD OBO yg ta 
DeM.—We may write (7-+y)* = 2* (1 + y)". Now put t = 2 and assume 
(1+2~=A+ Be + C2? + De? + Het + Fe + ete, (1) 


in which A, B, C, ete., are indeterminate coefficients independent of z (i. e. con- 
stants), and are to be determined. To determine these coefficients we proceed 
as follows : 
Differentiating (1), we have 
m(1 +2)" dex Bdz+-2Ced2+8D2dz+4Hz'dz+5Fs'de+- etc. 


Dividing by dz, we have 

m1 +2)" = B+ 2C2 + 3D2? + 42° +5 Fo'+ ete. (2) 

Differentiating (2) and dividing by dz, we have 
m(m—1X1+2%=204+2-8N24+3 4#2'+ 4. 5Fe'+ ete, (8) 

Differentiating (8) and dividing by dz, we have 
m{m—1m—2X1+2)"7=2 -8D+2-3.48e+8.4-5FP + etc. (a) 
Differentiating (4) and dividing by dz, we have 
m(m—1\Km—2)\(n—3)(1+-e)"—+= 2-8 -4H4+2-8-4-5Fe+ ot. 


Differentiating (5) ged dividing by dz, we have 
m{m— 1K —2)(m —3)m —4\(1+-2)*-F=22 -8- 4-57 + ete, ‘é 
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’ 

cients A, B, C, etc., are constants, ¢. ¢:, have the same values for one valuetof s 
as for another, if we can determine their values for one value of s, thesegvill 
be their values in all cases. Now, making e=0, we have from (1) A=1; from 


(2), B= m; from (8), C= oa i (the factor 1 being introduced into the de- 








nominator for the sake of symmetry); from (4), D= pena ao) 


; from (5), 
m(m—1)(m—2)(m—8)(m—4) 


E= m(m— ern ken —9) from (8), /= 5 - e 


These values substituted in (1) give 
m(m — 1) 2 mim — 1m — 2), _ m(m—1Km—2hKm—8) , 
=a + ge Bap ee 
m(m —1)(m —2)(m —3)(m —4) 
es 


: 


(1 + 2)" = 1 + me + — 
a z*-+- etc, 


Finally, replacing ¢ by its value “, we have 





@+yr ea (14%) a Fatale m(m — 1) 9° , m(m —1)(m —2)¥" 


[2 2" (3 2 
4 mm — 1\(m — 2m — 3) 7 m(m — 1m — 2\m — 8)(m — 4) y ) 
fe ae ae se ge ais ete 
—1 —1\m—2 —1) (m—2)(m—? 
=a" ++ mae ty 4 AD) gm om By +e ee eee 
genty! +. ee by? + ete. 
169. Cor. 1—Zhe nth, or general term of the series ts 
an(me — 1) = 1) ( = 2)y-- sas Bement (m—n- = a + 2) gent lanl 
|z — 1 y 


For we observe that the last factor in the numerator of the coefficient of any 
particular term is m— the number of the term less 2,2. ¢., for the nth term, 
m —(n-~2),orm—2 +2, and the last factor in the denominator Is the number 
tof the term — 1,2. ¢., for the ath term,n—1. The exponent of 2 in any par- 

term is m— the number of the term less 1, ¢. 4, for the ath term, 
s--fn — 1), orm —n-+1; and the exponent of y in any term 4s one less than 
the pamber of the term, 7. ¢., for the nth term, n — 1. 


170, Drrv.—In a series the Scale of Relation ia the relation 
wHich exists between any term or set of terms and the next term or 
set, of terms. 


171, Con. RowThe seg 
(AF a) cig fe 


{n + 1)ch term, = 





mettipthed byte ‘pr 
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This is readily seen by inapecting the series, or by writing the (n + 1)th term 
and dividing it by the nth. Thus, substituting in the general term as given 


above, 2 +1 for n, we have ee y*, a8 the 


m—n+-1 v 
n @ 


a 


{n+1)th term. This divided by the uth, or preceding term,* gives 


m+1 y 
or ("I -1)5. 
%® Gesemoeree 
EXAMPLES. 
1 to 6. Expand the following: (a—0)*&; (x#—y)"; (a—2z)™; 
(i+2)*3 (—y)'s A—y)* 
Ytoll. Expand (7+ y)"*3; («—y)"*3 (a—2z)73 
1 \ 
a+y’ 


1 e 
(a+ ax)*’ 





or (7+ y)". 


® 


[Nots —For practical suggestions 1n the use of this theorem, see COMPLETE 
ScHOOL ALGEMRA, pages 148-154, or Part I of this volume, pages 58, 59.] 


12. Expand (a + 2z)® by using the acale of relation. 

SoLuTion —The scale of relation "et — 1)’ becomes in this case 
( 1)% . Now the first term 1s a*. To obtain the next n= 1, whence 
the scale of relation 5° Multiplymg a by this scale of relation, we find the 
pecond term 5a‘z. For the next the scale of relation is 2 =, Hence the 8d 
term is 10a%e*, For the next the scale of relation is = giving for the 4th 


term 10a*z*. For the 5th term the scale of relation is G _ 1)2 or = ‘ 
giving for this term Sax‘. For the 6th term the scale of relation eq) 
G _ 1)= or + , giving @°. For the 7th term the scale of relation is G @~ i : 


or0 Hence Ae series terminates 


18, Expand (m —#)“* by using the scale of relation, and teh 
by the general formula. 


— ae tin 0)? ; aa an 3 (=—¥) “t, (o+ayt 


. as at ‘A eae i ot mean & oe : batatan ali the factats of 
oJ) on rn ag ere ng a lactet'tn the (A+ preceding Mow AT 
eae ee , predhanhees omigator, 





? 
rool 
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18 to 20. Expand (a? — ar)? 3; (Ba—az*)*; (a*¥+ ofya. 

Svue’s —In cases in which the terms of the binomial are not single letters o) 
figures, it will be best to substitute single letters, expand and then replace the 
values Thus, to expand (2? —8a)"}, put z*= y, and 84 = b, and expand (y—d) + 
and in this expansion restore the values of y and 6 In hike manner the for 


mula may be applied to any polynomal Thus, to expand (1 — 2*-+ 8y)', put 
(1 — z*) = 2, and 8y = wu, expand (¢ + w)*, and then restore the values 


21. Expand Te into @ series. 
— C*2 


a —t , 
————-— = a(b*~—c*z*) *, Put b®'= 9, and c*z*=y, and expanc 
Vie ( ) y P 
{o— yy, etc The result is 

a are Oe, 1 8 eat 1 BOS eat 1 BST tet 
Ypt—ctct 0 eee 4 4246 & 2468 B 


Svua’s 


+ ete | 


tr 
22, What is the 4th term of the development of (a*+ z)*! 
(See 169.) 


. Sua—The general term is ™(™—1)_ ---(m—n+?2 ) 


oe 


case m=}, n=4, c=a*, y=e Whence the 4th term is ass 


zm—ethya-t In this 


23. What is the 7th term of (at—*)*? The 10th term? 


SECTION IV. 
LOGARITHMS 


272. A Logarithm is the exponent by which a fixed number 
is to be affected in order to produce any required number. The 
fixed number is called the Base of the System. 


Inu-~Let the Base be 3 then the logarithm of 9 is 2, of 27,8, of 81, 4; 
of 19688, 9; for 8*== 9, 8'= 27; Sige 81; aud 8° == 19000, 5 , if G4 in the 
pase, besigcaervety St iMhace 64, or brian td; bd, f, or S te the 
exponent by which sso tr bo bo athe nk eee Go peace Ah lames 
ber 8, So, also, 64 beleig the bane, ,or 883+ is the logarithm of 4, qtnne él, 
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or 64°78%+— 4; ¢, ¢., 4, or .888+ is the exponent by which 64, the base, is to be 
affected in order to produce the number 4. Once more, since 64}, or 64°5666+—-16, 


3, or .666-+ is the logarithm of 16, if the base is 64. Finally,647?, or 64-8 
= 4}, or .125; hence —4, or —.5 is the logarithm of 4, or .125, when the base is 
64, In like manner, with the same base, —4, or —.338+ is the logarithm of 4, 
or .25. 


LzZ3. Cor.—Since any number with 0 for its exponent is 1, the 
logarithm of 1 is 0, in all systems. Thus 10°=1, whence 0 ts the 
logarithm of 1, in a system in which the base is 10. 


174. A System of Logarithms is a scheme by which all 
numbers can be represented, either exactly or approximately, by 
exponents by which a fixed number (the base) can be affected. 


175. There are Two Systems of Logarithms in common use, 
called, respectively, the Briggean or Common System, and the Na- 
pierian or Hyperbolic System.* The base of the former is 10, and of 
the latter 2.718284. In the present treatise we shall confine our 
attention to systems whose bases are greater than 1. 


176. Cor. 1.—WMeither 1 nor any negative number can be used 
as the base of a system of logarithms. 

For ai numbers cannot be represented either exactly or approximately by ex- 
ponents of such numbers. Thus with 1 as a base we can represent no other 
number than 1 by ita exponents, for 1 with any exponent is 1. Moreover, witha 
negative base the logarithms which were odd numbers would represent negative 
numbers, and those which were even numbers would represent positive numbers, 
For example, with —2 as a base, 3 might be considered as the logarithm of —8, 
since (—2)'= — 8; but no number could be found as a logarithm to correspond 
to 8 (#. e. +8), since —2 cannot be affected with any exponent which will pro. 
duce 8. 


177. One of the most important uses of logarithms is to facilitate 
the multiplication, division, involution, and the extraction of rootg 
of large numbers. These processes are performed upon the following 
principles: 


178. Prop. 1.—The logarithm of the product of two er daa 
is the suin of their logarithme. 


Dem—Let a be the bage of the system. Let m and 2 be any two xn 
whsipe leensiihane artwamd y respectively. Then, br definition asm, and eins, 






yaweninacie) evatem t¢ the one weed for practical 1 wed the only one of which 
Males in comnon nee. Napterian logarithms are wenally implied in ghstrect mathe- 
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- a 
Multiplying the Suviindadag canes ‘of theee st tle tagether we hare 
atv=mn. Whence z+y is the logarith of mn. QE. dD. 


179. Prop. 2.—The logarithm of the quotient of two numbera 
ta the logarithm of the dividend minus the logarithm of the divisor. 


Drem.—Let a be the base of the system, and m and 7 any two numbers whose 
logarithms are, respectively, 7, and y. Then by definition we have a*=m, 
x 


and @=n. Dividing, we have a" = ~~ Whence z~—y is the logarithm 


of ~ Q. E. D 
nn e a 


180. Prop. 3.—The logarithm of a power of a number és the 
logarithm of the number multiplied by the index of the pover. 


++ DEM.—Let @ be the base, and z the logarithm of m. Then a*=m; and raising 
both to any power, as tho zth, we have a**=m*. Whence at is the logarithm of 
the sth power of m. Q. E.D 


181. Prop. 4.—The logarithm of'any root of a number ia the 
logarithm of ‘the number divided by the number expressing the degree 
of the root. 


Dem.—Let a be the base, and gz the logarithm of m. Then a*=m. Ex. 
tracting the zth root we have a*= 4/m. Whence : is the logarithm of /m. 
a z. D. 


182. It is evident that in any system, the logarithms of most 
numbers will note expressed in integers. Thus in the common 
system the logarithm of 100 is 2, and of 1000 3; hence the loga- 
rithm of any number between 100 and 1000 is between 2 and 3, t @ 
% and some fraction. This fraction is usually written as a.decimal 
"fraction, and, as we shall see more clearly hereafter, can in general be 
expressed only approximately. 


183. The Integral Part of a logarithm is called the Character- 
istic; and the decimal part the Mantissa. 


tha Prop.—The Mantissa of the logarithm of a decimal frac. 
0%, or of a mixed number, is the same as the mantissa of the num- 
ber considered. it fn Boe, . ee Een. ap 











: a partienlar ied fs’ ‘shamitoned, the awa 
me ia easatit, wepetially when poactiea oapineetat'g soe ses he 
_ Peterred to. et - Sonat - os . ; eh, 






dee 
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Demw.—It will be found hereafter that log 2845672=6.454185. Now this 
means that 105-4541 %5 — 2845672, Dividing by 10 successively we have 


105484185 — 994567.2, or log 284567.2 == §.454185, 
104-454196  29456.72, or log 28456,72 sz 4.454185, 
197-454135 ~- 9845.672, or log  2845.672 = 3.454185, 
107454185 — 284.5672, or log 284.5672 == 2.454185, 
191-454186 — 28.45072, or log 28.45672 = 1.454185, 
19°-454185 2.845672, or log 2.845672 = 0.454185. 


Now if we continue the operation of division, only writing 0.454165 — 1, 
1.454185, meaning by this that the characteristic is negative and the mantissa 
positive, and the subtraction not performed, we have 

107454186 — 9945672, or log .2845672 = 1.454185, 

10?-454185 — 02845672, or log .02845672 = 2 454185, 


10°:454185 — 002845672, or log .002845672 = 8.454185, 
etc., etc Q. EB. D. 


186. Cor. 1.—The characteristic of the logarithm of an integral 
number, or of a mixed integral and decimal fractional number, is one 
less than the nunber of integral places in the number. 


The characteristic of the logarithm of a number entirely decimul 
Jractional is negative and numerically one greater than the number 
af 0’s immediately following the decimal point. 


Thus the characteristic of the logarithm of any number between 1 and 10 
is 0, between 10 and 100 1, between 100 and 1000 2, ete. Or let it be asked, 
“ What is the characteristic of the logarithm of 5126?” Now this number lies 
between 1000 and 10000, hence its logarithm lies between 8 and 4, and is, there- 
fore, 8 and some fraction. 


Again, as to the numerical value of the characteristic of the logarithm of a 
number wholly decimal fractional, consider that 10-71 = Jy=.1; 10-2 =+4y=.01; 
10-38 = yun = 001. Thus it appears that any number between 1 and .1, 7.¢., any 
number expressed by a decimal fraction having a significant figure in tenth’s 
place, as .2564, .846, .1205, etc , will have its logarithm between 0 (the logarithm 
of 1) and —1 (the logarithm of .1). Hence such a logarithm will be —1 + some 
fraction (the mantissa). In like manner, any number between .1 and .01, ¢. ¢,, 
any decimal fraction whose first significant figure is in 100th’s place, as O230%, 
0956, .01208, etc., will have for its logarithm —2 + some fraction. 


186, Cor. 2.—The common logarithm of 0 is — ». y 


Since a number less than unity has a negative characteristic, and this char. 
actarivtic increases numerically as the number decreases, when the nus 
decreases to 0, the logarithth increases numeriogy to ~. Hence log 0=— 

hey Visa | Hence when the 







De , log Asel, log 01= 2, log .001 = Bigp 
we Ws Decomes infinite, and the number there 
ih or 
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CoMPUTATION OF LOGARITHMS. , 


187. The Modulus of a system of logarithms is.a constant 
factor which depends upon the base of the system and characterizes 
the system. 


188. Prop.—The differential of the logarithm of a number is 
the differential of the number multiplied by the modulus of the system, 
divided by the number ; 


Or, in the Napierian system, the modulus being 1, the differential 
of the logarithm of a number is the differential of the number divided 
by the number. 


Dem —Let 2 represent any number, tf e¢ be a variable, and nm be a constant 
such that y=2* Then log y=n logv(280) Dnfferentiating y=z', we have 
dy=nz"—'dz, whence 





dy 

d d d y 
"aide yg Vag WE a) 

Tde Yar OO 

Zz a a 


{ 
Again, whatever the differentials of log y and log 7 are, n being oa constant 
factor, we shall have the differential of log y equal to 7 times the differential of 
log 2, which may be written 


dlog y)=n d(log x), whence n = M108 4) (2) 


d(log 2) 
; Ulog y) 
Now equating the values of n as represented in (1) and (2), we have d\log 2) 
dy 
7 d dz 


le Py Whence d(log y) bears the same ratio to He as (log 2) does to 7 Let 


— 


2 
m be this ratio Then d(log y=, and d(log = 


‘We are now to show that m is constant and depends on the base of the 
eyatem. 
To do this, take y=-<’, from which we can find as above n'= 
dy 
=o Now as m is the ratio of dog 4) to it is also the ratio of d(log 2) to 


d(log y¥) 
Hlog 2) 





ibe 
& 






tween the atmtevoidht it Ze loghelthm of a namber eal the differenti de; ibe 
number divided by the number, Therefore m is a constant factor. b ail wee 
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That m depends upon the base of the system is evident, since in a system of 
logarithms the only quantities involved are the number, its logarithm, and the 
base. Of these the two former are variables; whence, as the base is the only 
constant involved in the scheme, 7 is a function of the base.* 





189. Prob.—T7o produce the logarithmic series, 


SoLuTion.—The logarithmic series, which is the foundation of the usual 
metho of computing logarithms, and of much of the theory of logarithma, is 
the development of log (1 + z). To develop log (1 + a), assume 


log (1 +2) = A+ Bo+ Co* + Dr + Het + Fe’ + ete, (1) 
in which xz is a variable, and A, B, C, etc., are constanta. 


Differentiating (1), we have 
mart _ Bar + 20rdz + BDxtde + 4x ide + 5Fletdz + ete. 


T+e 
Dividing by dr, 
3 = B+ 2Cr + 3Dz? + 48x? + 5Fx' + ete. (2) 
Differentiating (2), and dividing by dr, we have 
mag = 2042 BDz +8 4Hz* + 4.55? + etc. (8) 
Differentiating (8),and dividing by 2 and by dr, we have 
ma = 8D +8 4B +2 8 5Frt + ete, (4) 
Differentiating (4), and dividing by 3 and dr, we have 
are rm 
— | ca ae 40 +4 5F% + etc. (5) 


Differentiating (5), and dividing by 4 and dr, we have 
1 ,, 
m (ea 5F' + ete.t : (6) 
We have now gone far enough to enable us to determine the coefficients 4, 
B,C, D, #, and F, and these will probably reveal the law of the series. 


As all the above equations are to be true for all values of 2, and as the cont 
cients A, B, C, etc., are constant, i. ¢., have the same values for one value of 2 ag 
for another, if we can determine their values for one value of 2, these will be 
their values in all cases, Now, making 2 = 0, we have, from (1), A = log 1 = 0; 








* What the relation of the momnine to the bare is, we ae not now concerned to meee 
big vauncaenaieie 
! momiber ts 1 +a boson aeiisecentel tn m ngs Spe @ ie 1 tet 


7: Paliten ihe atndent wit! observe what forms the sucooeding tien 3h dhiby wad the other 
RMP GaAAS words bave. , Thus here wo chould have 674 6.660 + 9:8. Tiat & eq, 
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trot (2), B= m; from (8), O = — im; from (MD = 4m; from (5), H= — 4m; 
from (6), = bm. These values substituted in (1) give 
Fated a 
log (1+ 2) = me + 3 = + e — ete), 
the law of which isevident. This is the Logarithmic Series, and should be fixed 
in memory. 


Scu.—The N apierian system of logarithms is characterized by the modu- 
lus being 1 (m=1). Hence the Napierian logarithmic series is 
: + 23 at as 


log (1+2)=2-5 saa aan eas 5 ~ ete. 


e 


190. Cor. 1—The logarithms of the same number in different 
systems are to each other aa the moduli of those systems. 


This is evident from the general logarithmic series. Thus the logarithm of 
i + win a system whose modulus is m, is expressed 


2 3 4 
logs (1 + 2 * == me — = + = i + a etc.) ; 
and the logarithm of the same number in a system whose modulus is m’ is ex- 
pressed. 
logadh¢ ae) = mile ~ 2 4 2 ea @ ote) 
gi a 2°38 £76 i 
Now, as the number (1 + 2) is, by hypothesis, the same in both cases, 2 is the 
same. Hence, dividing one equation by the other, we have 
logm (1 + a) oS 
logm(1 + 7) ~~ 


191. Cor. 2.—Having the logarithm of a number in the Napierian 
eystem, we have but to multiply it by the modulus of any other system 
to obtain the logarithm of the same number in the latter system. 


Or, the logarithm of a number in any system divided by the loga- 
rithm of the same number in the Napierian system, gives the modulus 
of the former system. 


, 192. Prob.—To adapt the Napierian logarithmic series to nu- 
merical computation so that tt can be conveniently used for computing 
the logarithms of numbers, 

Sor.—That log (1 +a=a-F+8 + a - + a +, ete,, ian tie prises 
‘dle form for computing the logarithms of numbers will be evident if we make 
the attempt. Thi, arce we wish to. ovgppete cant ms at dak dna 


* The subsori ifn’ are nae te Mating ve ‘) 
. the ify Mead login +: 
whore modal mT ace rere gr 
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2* 9? 2 3 
t= 28, we have Jog (1 + 2) = log 8=2— + > 7 — etc, a series 
in which the terms are growing larger and larger (a diverging series). 


We wish a series in which the terms will grow smaller as we extend 
it (a convergiig series), Then the farther we extend the series, the more 
nearly shall we approximate the logarithm sought To obtain such a series, 
substitute —z for z in the Napierian logarithmic senes, and we have 


log (1 —2) = —-2—-—>-— 5 -U e etc. 
» 
Subtracting this from the former series, we have 


log (1+2) — log (1—2) = log (7 meal) Wa +r? +425 +4274 etc). 





1 1 2¢4+2 _ 
Now put t= a 7’ whence ite=l+s—45= 50x71? 1-@= 54: and 
itt : as Hence, as log (=+*) = log (1+2) — log z, substituting, and trans- 
posing, 


1 1 1 
log (1+) = log 24+ 2(5-7 + 3@2+ 1): + iene + F ier tte): (A) 


This series converges quite rapidly, especially for large values of z,and is 
convenient for use in computing logarithms. 


193, Prob.— To compute the Napierian logarithms of the natural 
numbers 1, 2, 3, 4, etc. ad libitum. 


So.ution —In the first place we remark that it is only necessary to compute 
the logarithms of prime numbers, since the logarithm of a composite number 
is equal to the sum of the loganthms of its factors (178). 


Therefore beginning with 1, we know that log 1= 0 (17.3). 
To compute the re of 2, make z=1, in series (A), and we have log (1+ 1) 


14.1 1 1 1 
~ log 1= log 2= a(5+ tomtey etre top tite tis gets jatete.), 


The numerical operations are conveniently performed as follows: 


3, 200000000 
9 | .66666067 | 1 | 66666667* 
9 | .07407407 | 3 | 02460136 
9 | .00823045 | 5 | .00164600 
9; .00001449 | 7 | .00018064 . 
9 | .00010161 | 9 | .00001129 
9 | .00001129 | 11 | .06000103 
9 | .00000125 | 18 | .00000000 
15 | 00000001 





00000014 
+ log 2 = 60st47i8* 


oumnenE 





peli ok atts spe aa 
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Second. To find log 3, make zg = 9, whence 


1 1 1 1 1 
1g Ps eg 248( state pte ete pt ote.) 


Computation. 5 | 2.00000000 


25 | .400000C0 | 1 | .40000000 

25 | .01600000 | 3 | .00583333 

25 | .00064000 | 5 | .00012800 

25 } .00002560 | 7 | .00000306 « 
00000102 | 9 





40546510 
log 2 = .69314718 \ 





“. log 8 = 1.09861228 


Third. Tofindlog 4. Log 4= 2 log 2=2 x .69314718 = 1.88620436 
Fourth. To find log 56. Let z= 4, whence 
1 1 1 1 
log 5 = log 4+ 2(5 + 3.98 + 5.9 + To + ete. ). 


Computation. 9 | 2.00000000 


B81 | 22222222 | 1 | = 22222222 
81 | .00274348 | 8 | .00091449 
81 | .00003387 | 5 | .00000677 
.00000042 | 7 | .00000006 
22314854 


log 4 = 1.38620436 
*. log 5 = 1.60048790 


In like manner we may proceed to compute the logarithms of the prime num. 
bers from the formula, and obtain those of the composite numbers on the prin- 
ciple that the logarithm of the product equals the sum of the logarithms of the 
factors. 


Thus, the Napierian logarithm of the base of the common system, 10, = log 5 
+ log 2 = 2,80258508. 





194. Prop.— The modulus of the common system ts 43429448 +. 


Deu.—Since the logarithm of & number,in any system, divided by the Na- 
pierian logarithm of the same number is equal t#@he modulus of that system 
{191), we have 


Com. log 10 
Rap Toe 16 7 Bodulus of common ‘eysten t, 


TABLES OF LOGARITHMS, 177 


But com. log 10 = 1, and Nap. log 10 = 2.30258508, as: found above. Hence, 


1 __ = 48490448, 





TABLES OF LOGARITHMS. 


195. As one of the most important uses of logarithms is to 
facilitate the performance of multiplication, division, involution, and 
evolution, when the numbers are large, according to (778-181), 
it is necessary to have at hand a table containing the logarithms 
of numbers. Such a table of common logarithms is usually found 
in treatises on trigonometry and on surveying, or in a separate 
volume of tables.* These tables usually contain the common loga- 
rithms of numbers from 1 to 10000, with provision for ascertaining 
therefrom the logarithms of other numbers with sufficient accuracy 
for practical purposes. Four pages of such a table will be found 
at the close of this volume. 


196. Prob.—To find the logarithm of a number from the table. 


SoLutrion.—The logarithm of any number from 1 to 100 inclusivo can be 
taken directly from the first page of the table. Thus log 2 = 0.301080, and 
log 21 = 1.322219.+ 


To find the logarithm of any number from 100 to 999 inclusive, look for the 
number in the column headed N, and opposite the number in the first column at 
the right is the mantissa of the logarithm, The characteristic is known by 
(188). Thus log 182 = 2.260071 ; log 185 = 2.130334. ; 


To find the logarithm of any number represented by 4 figures, find the first $ 
left-hand figures in column N, and opposite this at the right in the column which 
has the fourth figure at its head, will be found the last four figures of the man- 
tissa. The other two figures of the mantissa will be found in the 0 colunin, oppo. 








* Mathematicians and practical computers generally use more complete and extended tables: 
than those found in connection with anch elementary treatises. The common tables give five 
places of decimals in the mantissa, Those in connection with this series give six, Callet's 
tables edited by Hasler are standard eight-place Jogarithms. Vega’s tables are among the bert. 
Dr. Bremiker’s edition, translated by Prof. Fischer, is a favorite. K5hier's edition of Vega's 
contains Gauasian logarithms. Vega's tables are seven-place. Ten-place logarithms are neces 
sary for the moro accurate astronomical calculations, Prof. J. Mills Peirce, of Harvard, bas re- 
cently femmed an elegant little fdid edition of tables containing among other things a table of 
threeqyice logarithms which ie yery convenient for most uses. 

page is really unnetessary, elnce nothing can be found from it which cannot be found 


ange from the encoending part of the table. Thue, the mauiirea of log 2 is tha same 
#0 tb caantiess of log 200; and the mantissa of lug 41 fs the same as that of loz $10. 
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site the first three figures of the number or just above, unless heavy dota have 
been passed or reached in running across the page to the right, in which case the 
firat two figures of the mantissa will be found in the 0 column just delow the 
number. The places of the heavy dots must be supplied with 0’s. The charac. 
teristic is determined by (285). Thus log 1816=3.110256 ; log 2042==3.810056 ; 
log 1868 = 3.271877. 


To find the logarithm of a number represented by more than 4 figures. Let 
it be required to find the logarithm of 1934261. Finding the mantissa correspond- 
ing to the first four figures (1934) as before, we find it to be .286456. Now in the 
same horizontal line and in the column marked D, we find 225, which is called 
the Tabular Difference. This is the difference between the logarithms of two 
consecutive numbers at this point in the table. Thus 225 (millionths) is the 
differenco between the logarithms of 1984 and 1935, or, as we are using it, 
between the logarithms of 1934000 and 1935000, which differences are the same. 
Now, assuming that, if an increase of 1000 in the number makes an increase of 
225 (millionths) in the logarithm, an increase of 261 in the number will make an 
increase of j4fhn, or, .261, of 225 (millionths) in the logarithm,* we have .261 

x 226 (millionths) = 59 (millionths), omitting lower orders, as the amount to bo 

added to the logarithm of 1984000 to produce the logarithin of 1934261. Adding 
this and writing the characteristic (78) we have log 1934261 = 6.286515. In 
like manner the logarithm of any other number expressed by more than four 
figures may be found. 


197, Scn.—As the mantissa of a mixed integral and decimal fractional 
number, or of a number entirely decimal fractional, is the same as that of an 
integral number expressed by the same figures (184), we can find the man- 
tissa of the logarithm of such a number as if the number were wholly inte- 
grei, and determine the characteristic by (18.5). 


198. Prob.—To find the number corresponding to a given 


; degaritim. 


Boivrion.—Let it be required to find the number corresponding to the log- 
atithm 4.284567. Looking in the table for the next less mantissa, we find .234517, 
the number corresponding to which is 1716 (no account being taken as to 
whether it is integral, fractional, or mixed ; as in any case, the figures will be the 
same). Now, from the tabelar difference, in column D, we find that an increase 
of 258 (millionthe) upon this logarithm, would make an increase of 1 In the 
mumber, making it 1717. But the given logarithm is only 50 greater than the 
logarithm of 1716; hence, it is assumed (though only approximately correct) 
that the increase of the number is #f,; of 1, or 1076 +. This added (the figures 
annexed) to 1718, gives 17161976 +. The characteristic of the given logarithm 
being 4, the number lies between the 4th and 8th powers of 10, and hence has 5 
integral places. .°. 4.284567 = Jog 17161.976 +. In like manner the number 
corresponding to atiy logarithm can be found. ae 


emanate brane it cmtamamreeenaprson cnnomacetan lied eh Or 
“This acsumption, though not strictly correct, te sufficiently accurate for all andinacy 
parposes, 
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+ 


199. Prop.—The Napierian base is 2.718281828. ws 


Dru.—Let ¢ represent the base of the Napierian system. Then by 0) , 
com. log ¢ . Nap. log e .. .48429448 . 1. 
But the logarithm of the base of a system, taken in that system is 1, since 
a'=a. Tience, Nap. log e=1, and com log ¢= 43420448. Now finding from 
a table of common logarithms the number corresponding to the logarithm 
43420448, we have ¢ = 2.718281828. 





EXAMPLES. 


1. If 3 were the base of a system of logarithms, what would be the 
logarithm of 81? Of 729? If 5 were the base, of what number would 
3 be the logarithm? Of what 2? Of what 4? 


2. If 2 were the base, what would be the logarithm of 4? Of 4? 
Of ay? 

3. If 16 were the base, of what number would .5 be the logarithm ? 
Of whut .25 ? 


4, In the common system we find that log 156=2.193125. Show 
S185 
that this signifies that 10080085 _ 159, 


5. Log 1955=3.291147. To what power does this indicate that 
10 is to be raised, and what root extracted to make 1955 ? 


G. Find from the table at the close of the volume what root of 
what power of 10 equals 2598. 

% Multiply 1482 by 186 by means of logarithms, using the tality 
at the close of the volume. (Sce 778.) 


8. Perform the following operations by means of logarithme: 
1168 x 1879; 2769+ 187; 15.13 x 1.8476; 257.16 + 18.5134; 
126 + 6.1413; 11257 x .00126; (1278.6)*; {T4837)* 

9. Perform the following operations by means of logarithms: 2 
to 5 places of decimals; 4/5 to 3 places of decimals; «/2341568273 
to two places of decimals; +/3015618 to 4 places of decimals. 

10. Perform the following operationa by means of logarithms: 
A/ D184 to 4 places of decimals; +/.03125 to 5 places of decimals: 
4/TOORIST to 5 places of decimals. 


Ber’a—Log 1984=3.001815. Now to divide this by 8, we have to remember 
that the characteristic alone is negative, ¢. ¢. that 3.001815 = — %+.001818, of 
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— 1.908685, which is all negative. Dividing this by 8, we have —.686228, or 
0—.696829 = 1.863772. But a more convenient way to effect the division is to 
write $.091815 = 3 + 1.091815, and dividing the latter by three wo obtain 
1.888772, in which the characteristic alone is negative, thus conforming to the 
tables. 

To divide 18.341652 by 4, we write for 13,341652, —16+8,.841652, and dividing 
the latter obtain 4.885418. 


11. Divide as above 11.348256 by 3; 17.135421 by 5; 1.341263 
by 6 


12. Given the following to compute wv by logarithms: 


201.56 : 184.201 ::18.654: 7; 2350.64: .212 ::1.1123:2; 
z: 234.008 :: 15.738 : 200.56 ; 128 :2::2.01:.03. 


a? — x3 


ere to express the equivalent operations 





13. Having y = 


in logarithms. 


Sue's. y= Via—2z(at+a7)+(1+7) «. log y=} [log (a — 2) + log (a+7) 
—log (1+.2)]. 


' 
14. Given y=a!(1—22)? to express the equivalent operations in 


logarithms. Also y= Vit Also y= | / (8 — a) (8 — 8) (8 — 1) (@ ~ b) =) (s— a 


aes ~ 2 
Also y= vee Also y= {5 Also given oo 


a/m! —x*:y to express log y. 


15. Differentiate y = log(a* —z*). 


the 


ie 





es fom | 
oe 


ax 


Sve’s.—Write y = log (4 + 2) + log (a—7). Then differentiating, we have 





mar mar oe det — x) 
Ts aoe Or differentiating without factoring, we have dy =—-7-—,~ 
= When reduced the results are the same, but the former is usually 

the more elegant method. 
16. Differentiate the followimg: y=log(l—z); y =log az; 
a 4 
y= log 2*; y= log -; y= log V1 +2, a 





LY 


* This form signifies that of -a? is fo be differentiated. The operation is only indicated, wot 
‘performed. 
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Sve's.—Remember that log 2* = 8 log 2; and alse that log 4/1+z2= 
tiog (1 + 2). 

17%. Find from the table at the close of the volume that Nap. log 
1564=7.3550018. Find in like manner the Napierian logarithms of 
5, 120, and 2154372. 


18. Knowing that the Napierian logarithm of 22 is 3.0910425, how 
wguld you find the common logarithm of 23 from the logarithmic 
series (192)? 


19. The common logarithm of 25 is 1.39794. What is the modu- 
lus, and what the base of a system which makes the logarithm of 
25 2.14285? 


QuERy.—How do you see at a glance that the required base is a little leas 
than 5? 


SECTION V. 


SUCCESSIVE DIFFERENTIATION, AND DIFFERENTIAL 
COEFFICIENTS. 


200. Prop.—Differentials, though infinitesimals, are not never- 
sarily equal to each other. 

Drem.—Thus, let y=2r7. Then dy=6r'dr Now, for all finite values of 2, 
dy is an infinitesimal, since no finite number of times the infinitesimal da 


can make a finite quantity, and dy is Gr*® times dv. But for r=1, dy is 6 times 
dz; for z=2, dy is 24 times dz; for z=3, dy is 54 times dz. 


201, Cor.— When y=f(x), dy és generally a variable, and hanes 
can be differentiated as any other variable. 


202. Noration.—The differential of dy is written d*y, and read 
“second differential of y.” The differential of d*y is written dy, and 
read “third differential of y,” ete. The superiors 2 and 3 in aneh 
cases are not of the nature of exponents, as the d is not a symbol of 
number. 


202. In differentiating y=/(z) successively, it is castomary to 
dz as constant. This is conceiving 2 to change (grew) by 
nfinitesimal increments, and thence ascertaining how y varies. 
Tn “Yeneral, y will not vary by equal increments when 2 does, as 
wpyebre from the demonstration above. : 


& 
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204. A Second Differential is the differende between two 
consecutive stutes of a first differential—A Third Differential 
is the difference between two consecutive Btates of a second differ- 
ential, etc. 


ILtu.—In the function y=-22?, if z passes to the next state, we have dy=6r" dz. 
Now dy, though an infinitesimal, is still a variable, for it is equal to 6dz times 
z*, and z is a variable. Hence if z takes an infinitesimal increment, dy will pass 
to @ consecutive state. In other words, we can differentiate dy=6dz 2z*, just as 
we could u = mr*, dy being a variable function, 6dz a constant factor, and 2 the 
variable. Representing tho differential of dy by d*y, we have d*y = Gdz 2zdz, 
or d*y=122dz*, dz* being the square of dz, not the differential of z*. To indi- 
cate the latter we would write d(x*). 





EXAMPLES. 


1. Given y = 32° — 22° to find the third differential of y, or dy. 
So.vuTion.—Differentiating y=3r°—2r*, we have dy=16rtde—4rdr Now, 
regarding dr as constant, and differentiating again, we have d*y=60z?dr? 
—4dz*.* Differentiating again in like manner, we obtain d*y=180z’dz?, the 
second term disappearing, since 4dr? 1s constant. 
2. Given y = 22° — 3a + 5 to find the second differential of y, 
4. 6. a’y. 
8. Given y = (x — a)* to find the third differential of y. 
Sua@’s, dy=3(7—a)*dr, d*'y=6(e—a)dz*, dsy=6dr', 
4. Given y = Ac + Bz? + Cr’ + Dat, to find the 4th differential 
of y, A, B, C, and D, being constant. dy = 4°3+ 2 Ddz. 
5. Differentiate y= A + Br + Cr + Do + Et + Fae* + ete, 5 
times in succession. 
6. Differentiate y = (xz — 1)(x — 2)(x — 3)(a — 4) twice in suc- 
gession without expanding. 
Sva's. dy == (x—2) (~x—3) (w7—4) dz + (a@—1) (x8) (@—4) dz+(@—1) (2-2) (a@—4) 
az + (2—1) (a—2) (2 —B)dz. 
= [(e—2) (2-8) (74) + (@—1) (28) (@—~4) + (@—1) (2-2) (w—4) 
+(2—1) (e—2) (z7—B)]dz. ay 


d*y = [(@—8) (@—4) de-+-(2—2) (2—4) da + (ae) (e—8) dx + (w—8) (e@—4) dz +(e—1) 
(@—A) dn +(x—1) (e@—8) dz + (@—2) (e@—4) dr+(2—1) (w—4) dz-+(2—1) (2—2) 
de +-(2—2) (28) dx-+(2—1) (28) dx+(z—1) (2—2)dz]da. 








* To differentiate 18atde, calling dz constant, we may write lide ct. Now iSde is oom- 
woint. Honce differentiating 24, we have 42°%¢z, which multiplied by the orc ide, ave, in 
above, 602%dx*. The da is ‘the square of a2,” not ghe differential of 
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= {(v—-8) (@—4) + (w—2) (@—4) + (@—2) (@—8) + (v—8) (@—4) + (2@—1) (2-4) 
+ (@—~1) (w--8) + (@—2) (2 —4) + (@—1) (@—4) + (@—1) (29 —2) + (@—2) (2@—8) 
+ (@—1) (@-~8) + (a@—1) (e7—2)]dz*. 


%. As above, differentiate y = (z — a)(z — b)(z — c) twice in suc- 
cession without expanding. 





e DIFFERENTIAL COEFFICIENTS. 


2085. The First Differential Coefficient is the ratio of 
the differential of a function to the differential of its variable. Thus, 


if y=f(r), and dy=f'(z)dz, a = f'(z), and oe , or its equivalent 
f'(2), is the first differential coefficient of y, or f(x). 


ILt,.—The meaning of this is simple, Thus, if y = 2zr‘, es = 87°; that is, if 


a takes an infinitesimal incremcnt dr, y takes an ‘deeneatena increment dy, 
which is to dr, as 82? 18 to 1, or the ratio of #y to dz is Sr’. In still other words, 
y increases 8r* times as fast as 7. The reason for calling this a differential 
coefficient, is that it is the coeffictent by which the increment (dz) of the variable 
must be multiplied to give the increment (dy) of the function. 


206. The Second Differential Coefficient is the ratio of 
the second differential of a function to the square of the differential 
a the lees Thus, if y=f(«), dy=/'(x)dz, and d*y=/f'"(z) dz", 
dian Uf "(a), 5 or its equivalent (x), is the second differential coef- 
aac of y, or on In like manner Third, Fourth, etc., differential 
coefficients are the ratios respectively of the third, fourth, etc. dif- 
ferentials of a function, to the cube, fourth power, etc, of the dif- 
ferential of the variable. Thus, if y=f(z), dy=/'(r)dz, Py=f'"(z)d2*, 
Py=f'"(r)dx*, and d‘y=/f"(z)dz4, the successive differential aia 


dy ; UY oy 
cients are Lat (2), ody (zx), oe =s"(@), and davt (@) t, 
Inu.—Too much pains cannot be taken by the student in order to get pprien 
conception of the meaning of the vagious symbols /(r), f(t), f'(2), 1’ (a), ete 


fa, 
To illustrate, suppose we have y = 2r*—2*+6, whenco $4 = = 8n?—B2z%, of 





* To produce the successive differential coefficients we may produce the eg apeaies sur- 
oeeeive differentials as in the preceding examples, or we may proceed thus: cy ota —Be8 cat 
wea, that dy is variable and @2 constant, and it Pen oo a Mahn 


al wesats PY stat — Ca. - 
mY 
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= Phot or, TY — 480-6, and TY 48, Now in this caso y =ste), 1.6, y isa 


function of 2; 80 a is also a function of 7, being equal to 8z'—8z? ; but, as it 


is not the same function of z that y is, we call it the f prime function, and write 


dy iat (x). In like manner oY "(z) means that wy is some function of 2, 


but a different one from either y, or es . It may be observed that, in this exangpie, 


4 
ae is not a function of 2, and hence the inquiry arises as to the propriety of the 
4y 
notation ot =f" (r). It must be remembered that this form of notation is the 
general form, and it is the general fact that @ ca te a function of 2, though in 


special cascs it may not be. 





EXAMPLES. 


1. Produce the lst, 2d, 3d, and 4th differential coefficients of 
y=2—3r+z—10. 


OPERATION. dy = be'de — 92tde + dz, whonco Y = bat — 92" +1, Differ. 


ty 
entiating the latter * he = 2023d2 — 18rdz, whence & ¥ = 2073 — 182 Again 


dz? 
dy ; d‘y 
differentiating, 54 = (602° — 18)d7, whence a= = 600? —~ 18, Finally, rc 
= 1202. 
a If y==52°—3z, what is the ratio of the increase of ¥ to that of z, 
in general? Whatisit when z=1? Whenz=2? When z=3? 


Ans. In general, y increases 10,—3 times as fast as z When 
woz}, y is increasing 7 times as fast asz. When r=2, y is increas- 
ing 17 times as fast as z. 


' 8. If y= a5 +22‘—2+10, what is the ratio of the 3d differentia] of 
y to the cube of the differential of 7? What is it when z=1? 
When z=}? When z=}{? What is the name of this ratio? 


4. If y=(a+2z)", what is the 1st differential coefficient of the func: 
tion? What the 24? What the 3d? What the 5th? What 
the lith? 


sf = m(m—1)(m—2)(m—8)(m—4)(a tay 1 





* See foot-note on precoding page. . : ty? 


: 
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8. Produce the first 5 successive differential coefficients of 
y= A+ Bat Co+ De + B+ Ft Gc 


207. Scu.—The successive differential coefficients of a function of the 
form A+2Dr+Crt+Dei+ ete., or a8-+ Arn! + Bar-? + etc., are readily writ- 
ten by inspection. Thus, call #4 —27'+-52*+2—12, f(z). Let 7'(z) mean the 
first differential coefficient, f(z) the second, f (2) the third, etc. We have 

* S (x) = vt — 2x4 + Ge? + x — 12. 
S(2) = 405 — Gr? + 100 4+ 1. 
Sx) = 122* — 122 + 10. 
Sw) = 24x — 12, 
f'%(2) = 24. 
S(t) = 0. Here the processes terminate. 

Each of the above is produced from the preceding by multiplying the 
coefficient of 7 in each term by the exponent of z in that term and diminish- 
ing the exponent by 1. 


G. According to the method indicated in the last scholium. write 
out the successive differential coefficients of the function 22°+3a* 
—52°+10. Also of 2e°—3.c%+2" Also of 34+ 27—42° + 3.27". 


SECTION VI. 
TAYLOR'S FORMULA. 


208. Der.—Taylor’s Formuta is a formula for developing 
a function of the sum of two variables in terms of the ascending 
powers of one of the variables, and finite coefficients which depend 
upon the other variable, the form of the function, and ils constants, 


209. Der—If u = f(z + y), ¢.¢, if « is a function of the sum 
of the two variables z and y, and we differentiate as though one of 
the variables, as z or y, was constant, the differential coefficients thus 
formed are called Partial Differential Coefficients. The 
partial differential coefficients of #, when # is considered variable 
du du Pu ada 
az’ dr?’ ax’ x!” ete, 
w ia considered variable and 2 constant, we write the coeffi- 

4 du Pui du 
dy” dy” dy 


and y constant, are represented thus: 





» ete. 


186 ADVANCED COURSE IN ALGEBRA. 


210. Lemma.—Jf 1 = f(x + y), the partial differential coeffi- 
cients 2 and i are equal. 

Drem.—Having u=jf(z+y), if 2 take an increment, we have 1+ d,u* 
=fie+dr+y)=f[(et+y)+dr]; whence du= f[(e+y) + di] —f(e+y), 
since a differential is the difference between two consecutive states of the func- 
tion. Again, if y take an increment, we have u+dyu=/j(z+y + dy) 
=f{[(e+y)+ dy]; whence du = f[(x + y) + dy] — fie +y). Now the form of 
the values of d,u and du, as regards the way in which z and y are involved, is 
the same; hence, if it were not for dz and dy, they would be absolutely equal. 
Passing to the differential coefficients by dividing the first by dz and the second 
du _fity+ar]—fety) og H  flety+—Mety | 
dx dr ‘ dy dy 
But, in differentiating, the differential of the variable enters into every term; 
hence f[(z + y) + dr] — f(t + y), as it would appear in application, would have 
a dr in each is aes would be cancelled by the dz in the denominator in the 


by dy, we have 


du. , 
dy is independ 


ent of dy. ms finally, as these values of the partial differential coefficients 
are simply functions of (7 + y), of the same form, and not involving dz or dy, 
they are equal. q. E. D. 


coefficient, and © i = would be independent of dz. In like manner 


Inu.—To make this clear, let w=(z+y)*. Then dyu = 3(v+y)*dr, or 


os =3(2+y)*. Again, du =3(2 + y)*dy, or C = B(ve+- y)*, Hence we see that 
du du 1 du 1 

aa ay" So, again, if « = log win, = -—- = Ear and ~— dosage hence 
du _ du 

dx” dy’ 





#11. Prob.—To produce Tuylor’s Fornula. 


SoLution.—Let u = f(z + y) be the function to be developed. It is proposed 
to discover the law of the development when the function can be developed in 
tlie form 

u=fiz+y)=A+ By + Cy® + Dy? + Hy‘ + etc., (1) 
in which A, ‘8, 0, etc., are independent of y, and dependent on z, the form of the 
function, and its constants. 

Supposing # constant and differentiating with reference to y as variable, re- 
membering that, as A, B, C, etc,, are functions of x, and not ra y, they will be 
considered constant, we have 

5 B +20y + BDy* +4 Hy? + ete. 


(2) 
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Again, differentiating (1) with respect to 2, y being supposed constant, and re- 
membering that A, B, C, etc., are functions of 2, we have 


® d t 
ret Get Gre Bee Gere 
Hence by (2270) 


dA , 4B aC aD aH 
*4.4y?, ete. = [2 4+ Ty 4 Siyt 4 My + i yt+ ote, (4 
B+20y + 3Dy* + 4Hy?, etc a ae ae ae ee te OO 
Now, by the theory of indeterminate coefficients, the coefficients of the like 
powers of y are equal, and we have 


aA dB dC D 
=—, 20=-—, 8D= —, =—, et 
7 ahaa 7 a cor aes 
But as (1) is true for all values of y, we may make y=0; whence 
A=f(z)='; letting u' represent the value of the function vu, when y = 0. 
Now, as A is independent of y, it will have the same value for one value of y as 
for another; hence A = f(z) = w' is the general value of A. 


dA du’ 
Again, B= rm But as A = wv’, a function of z, dA = du’, and B= =. 


dB du’ du’ a? wy! 
In like manner 20=2~. But as B=S", aB=a(') =>, end 


gait 





2 dx 
: av’ d*y! 1 d*u' 1 dy’ 
—_ = —_— = — D= See 
Bo, also, as 83D = ©, and dC id ( ) Bae = 8 ae 
4 f 
Similarly we find # = a tae » and the law of tho series is apparent. 


Finally, substituting the values of A, B, C, etc, in (1), we obtain 


‘ du’ a*u' y? Say’ a3 4,,! 4 
wafer nowt iY, Oee one oe 


which is Taylor’s Formula. 


212, Scu.—Taylor’s Formula develops u =f (2+ y) into o series in 
which the jirst term is the value of the function when y= 0; the second 
term is the first differential coefficient of the function when y = 0, into y; 
the third term is the second differential coefficient of the function when 

# 
y == 0, into i 
dul 


Aa u' is f (z+y) when y = 0, we may write f(x) for uw’, and for >, J"(2) ; for 


; etc., etc. 


2,,¢ 34,’ 

i ws fe); for fie » f'"(@); etc.,as before explained. The formula theta jos 
r 

Coma 
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~ = iad eee” Bole y* 
H=SO+N =SO+SO T+ IOs +f" O 5 +I @ ig + ete © 
This is a very important method of writing Taylor's Formula, and should be 
clearly understood, and firmly fixed in memory. 





EXAMPLES. 
1, Develop (7+y)5 by Taylor’s Formula. . 
SoLUTION.—Putting wu = (r+y)*, we have wu' =", = = 32%, a = 202", 
a = 60-°, ms = 1207, and —— = 120. Here the coefficients terminate, as 


the differential of a constant is 0. 
Substituting these values in (5) (277), or (6) (212), we have 
u = (t+y)9 = 25+ Srty + 10r%y? + 102% y3 + Sryt+y’. 

The same as by the Binomial Formula. 

2. Develop (x—y)' by Taylor’s Formula, and compare the result 
with that obtained by means of the Binomial Formula. Also (2+ y)?. 
Also (z—y)~*. Also (z+ y) 3. 

3. Show that 


- y vi yy _ ¥ 
u = log (r+) = log x ta aes ge ete. 
4. Develop (x+y)*" by Taylor’s Formula, thus deducing the Bi- 


nomial Formula. 





21.3, Taylor's Formula is much used for developing a function 
of a single variable ufter the variable has taken au increment. When 
so used the increment may be conceived as finite or infinitesimal, 
only so that it be regarded ag a variable. 


Ex. 1. Given y = 23 — z? + 5¢ — 11, to find y’, which represents 
the value of the function after 2 has taken the increment h. 


SotuTion.—In the function as given, we have y = f(@), and are to develop 
y=f(2+h). By Taylor's Formula we have 
dy dty ht +98 

yzyr+s an? + “it 2 ‘ Reyes 


dy a 
From y = 24°—~ a4 + 5a — ll, we have 7 = ae ee 
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oe = 12, and subsequent differential coefficients 0, Substituting these values 
in the formula, we obtain 


hi h® 
y' = (22" —2? + 5e—11)+-(62°—22+ cadena aloe 


== 22° —2°+-52—11 + (62°—227+5)h+(62 —1)K?+2h*. 
This result is easily verified by substituting 2+ for 2 in the value of y, as 
given in,the example. Thus, 
y =2A(a-+h)*—(@+hP+5(e@+hj—11; 
a result which will ae to the same form as the other. 


2. Given y=375 —2z%, to develop y’, the value of y when 2 takes 
the increment h. 





SECTION VII. 
INDETERMINATE EQUATIONS. 


214. An Indeterminate Equation between two quan- 
tities, as z and y, is an equation which expresses the only relation 
which is required to exist between the two quantities. 


ILL.—Suppose we have 21+3y=7, and that this is the only relation which is 
required to exist between z and y. Then is 27+ 3y=7 an indeterminate cqua- 


tion. §o also, if = —b=cy is the only relation required to exist between z and y, 


this is an indeterminate equation. In like manner y* = 2zv* — 87 is an in- 
determinate equation if it expresses the only relation which is fequired to exist 
between z and y. 


The propriety of the term indeterminate is scen if we observe that such an 
equation does not fix the values of z and y, but only their relation. Thus, in the 
equation 27 + 38y = 7,2 may be 2, and y 1, and the equation be satisfied. Soa 
may be 8, and y 4, and the equation be satisfied. In fact, any value may he. 
assigned to one of the quantities and a corresponding value found for the other. 
Hence the equation does not determine the values of the quantities. , 


215, An equation between three quantities is indeterminate if it 
expresses’ the only required relation between the quantities, or : . 
there is but one other relation required to exist. 


‘BA.~Thue, if Sr + 8y~—5e=10 is the only relation which is required to “an 
beteveen.¢,g, and 2, it is evident that the equation does not determine particular, 
“4 wfora,y,and2. Soalso if, in addition to the relation expressed 
fen, it is ge as that 20 shall equal Gy, or cmd shee two 


wt ® ee med 






b 
ae 
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equations will not fix the values of 2, y, and «. For if 2r=6y, the forme! 
equation becomes 9y—5z2=10, which may be satisfied for any valu@of ¢, and 
a corresponding value of y, as shown above. 


216. In general, if there are 2 quantities involved in any 
number of equations less than 7, and these are the only relations 
required to exist between the auevuaee the equations are in- 
determinate. 


217. In indeterminate equations the quantities between which 
the relation or relations are expressed are. properly variables, 1. @., 
they are capable of having any and all values.* 


Itt.—Thus in the indeterminate equation 5y — 3r = 12, any value may be 
assigned to 2, and a corresponding value found for y; or any value may be 
assigned to 7, and a corresponding value found for 7. 


‘ 

218. There are, however, many classes of problems which give 
rise to equations which are called indeterminate, although they are 
not absolutely so: in such problems there is some other condition 
imposed than the one expressed by the equation, but which con- 
dition is not of such a character as to give rise to an independent. 
simultaneous equation. Such an equation may have a number of 
values for the variables, or unknown quantities, involved, but not an 
unlimited number. 


Iuz.-—-Let it be required to find the positive, integral values of 2 and y whicl 
will satisfy the equation 2z +3y = 85. Now, if 2z + 3y = 35 were the only rela 
tion required to exist between 2 and y, there would be an infinite number o! 
values of each which would satisfy the equation, as shown above. But there ic 
the added condition that 2 and y shall be positive integers. This greatly re. 
stricts the number of values, but does not furnish another equation between a 
and y. We may usually solve such a problem by simple inspection. Thus, in 
: 35 — 2a 

—s* 
comes greater than 35, 7. ¢. till «== 18, we can determine what integral values: 
of 2 give positive integral values for y. For e=1, y=1i. For 7=2 
y= 104; hence z= 2 is to be rejected. For c= 8, y = 93, and ¢=3 is to be 
rejected. Fora=4,y=9; hence z= 4 and y = 9 are admissible, etc. 


[Nors.—-This subject is not of sufficient importance to justify our going into 
a general discussion of it. We shall content ourselves with a few practical 
examples concerning simple indeterminate equations between two or three 
quantities, and these restricted to positive integra/ solutions. Zhe chief thing of 
tmportance te and ~ student i aac the nature of an tenia digs 
ton.) os aby ig! 


thia case, we have y = Now, trying the integral values of 2 till 2z be 








| © Phts statement requires us to tncindetinaginary-valnes, 
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EXAMPLES. 


1. What positive, integral values of z and y will satisfy the equa- 
tion 52+ Vy=k 





ae 2 me 
SOLUTION.—We may write ¢ = et = Bayt ad = sy + ow) . Now 
to make 2 positive we must have 7y<29; and as y is to be an integer it can 


only have values less than 5. Again, to render z integral poe | must be Integral, 


or 0. Finally, as no value for y less than 5 will render a integral or 0, ex- 


cept y=2, this is the only value of y which fulfills the conditions. Hence the 
answer is y==2, 7=3. 


2. What positive, integral values of z and y will satisfy the equa- 
tion ll~—17%7y=5? 


SOLUTION.—We have z = 





. 
sats + WS, From this we see that any pos- 


itive value of y which will render a i aii integral, will meet the conditions. Put 
ou + — =m (an integer); whence 7 = sel i m+5 oe . To make this value 


6 6 


ee must be integral. Put a) == @ (an integer); whence m 


6 
=68+1. S any positive integral value for 8 will fulfill the conditions. Thus, 
put s=0;* whence m=1, y=1,and¢a=2. Again, put ¢=1; whence m= 7, 
y=—12,and7=19. For «= 2, m=18, y=23, and r=386, etc. Hence there is an 
infinite number of positive, integral values of z and y which satisfy the equation. 








of y integral — 


8. What positive, integral values of z and y will eu the equa- 
tion 217+17y=2000? 

















S8ua’s. = pon . . yis < 118, - Again 7 = uae =95+ Soe , 
5— Uy _ : = 5—4m 5— an = 

me 31 m ©. mis ae and y= —m+ 7 Whence i7 = 8, 

and m™ ae = 1—~ 40+ = = . .. @is +, and any value of 8 which renders 


“Ft, 0 or integral, and gives y < 118, will meet the conditions. 


@¢= l,givesm=— 8, y= 4anda = 92. 

a= 5, 8 ma — 20, y= Wondae= 75. 

s=x 9, “ m=a=—87, y= 46 and z= 58. 

e=18, “ m=—54, y= 67 and a= 4i.: 
Path e217, “ m=—71, y= SBandame’  — 
cnele g81l, © m= 88, y=1Bandt= % 





#0 is considered an integer. 
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Since any greater value of s makes y > 118, these are all the values of z and y 
which fulfill the conditions. : 


_ 4, Find the positive, integral values of @ and y which satisfy the 
following: 


(2) be + Aly = 254; (0) % + 18y = 71; 

(c) 92+ 18y = 2000; (d) [te = 542 — I1y; 

(e) lla+ 35y = 500; (f) 192 — 11%y = 11: 

(g) 11% — 128y = 95; (h) 39% + 29y = 650; 

(i) bet Sy= 40; (k) ba + 9y = 37. 
APPLICATIONS, 


1, In how many ways can I pay a debt of $2 with 3-cent and 
5-cent pieces ? 
Sue’s.—Let z= the number of 3-cent picces and y= the number of 5-cent 


pieces required. Then we are to determine in how many ways the equation 
82-+5y=200 can be satiefied for positive, integral values of 2 and y. 


We find it to be in 18 ways, as follows: 
19 22] 235 | 28 | 31 87 
60 55 80 | 25 1 201 15 


This means that 1 5-cent piece and 65 3-cent pieces will pay the debt, or 4 
§-cent and 60 3-cent, or 7 5-cent and 55 8-cent, etc. 


2. A man hands his grocer 85 and tells him to put up the worth 
of it in 11-cent and 3-cent sugars. Can the grocer do it in even 
pounds? If so,in how many ways? What is the greatest number 
of pounds of the poorer sugar that he can use? What the least ? 


3. In how many ways can a debt of £50 be discharged with guineas 
and 3-shilling pieces ? Ans. Not at all, 


4, If my creditor has only 3-shilling pieces and I only guineas, can 
he so make change with me that Ican pay him £50? Can I pay him 
£201? In how many different ways? What is the least number of 
guineas and 3-shilling pieces? How is it if I have crowns instead of 
guineas? How if 1 have guineas and my creditor crowns? How if 
I have crowns and my creditor pounds ? 


: §. In how many Ways can & v debt of £1000 be paid 1 in crowns and 
guineas ? i 


ive.—Having obtained a few,of the —: melee of. @ and Me he ey vil 
“become evident, 
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- 219. ANDETERMINATE Raviecome BETWEEN THREE QUANTITIES. 


1. Whit ane..the positive integral values of z, y, and z which 
satisfy Ba++ Sy + Y2== 100 ? 





SoLvTION.—We have ¢ = re ; whence as 1 is the least value that y 
or ¢ can have, a cannot be greater than 29. Also y= O= 97, whence y 
cannot be srrentor than 18, Also e= a ; whence # cannot be greater 
than 14.* 

Write z= a ak =88—y—22-+- ea ap Hence y= —* must be an 

1-—-2y—e¢ 1—a—m 


From this we see 





integer. Put — BM; whence y = ~m + 


that m is negative. 


2 


Let us now proceed to examine in succession for e=1, z=2, e==8, etc. 


For z=1.—For this value of z, e=81—y— , and y= — m — = From the 


latter we see that m must be an even negative number; and from the former,, 
that y must be a multiple of 83. Hence the following computation : 


Form= 0, y= 0, which is inadmissible. 
For m= — 2, y= 8, and z= 26. 
For m=— 4, y= 6, and e=2t1. 
Form=—~ 6, y= 9, and z= 16, 
For m=— 8, y=12, and «=11. 
For m=-—10, y=15, and@a= 6, 
For m= — 12, y=18, andz= 1, 


Since the values of z decrease as m increases numerically, and 1 is the least 
admissible value of z, we have a the values of y and 2 which correspond to. 
g=1. 





For 2-2 2-—-For this value of 2, = Bmy + OX y) | and y = ~~." 


_ its . From the latter we see that m must be a negative odd number ;: 
and from the former, that y must be i, or a unit more than a multiple of. 2%. 
Hence thie following computation : 

Form=—~— 1, y= 1, and z= 27. 

ae wos: 8, y= 4, and 2 = 22, 

For m=— 5, y= 7, anda=17%. 7 

Form=— 7, y= 10, and «= 12. ae 

_+* For m= — 9, y= 18, ande= 7. 3 
coe Kor m=a—11, y= 16, and a= 2. | A 

Henoe, Shem ace the values of ” and @ which correspond to t= 2, . 





: as oe i oe * Of conres ‘the quantities need:not come up to these limits. 
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' The other values are as follows: 


gba de | gal ot em rolulel 4 : 
e=3 {P00 151101 ‘5/3 etal ail 6 | 1 
area] 2 | set ELE |: 
no {Y=2 5], 104 328 | 

ran t=] 4], uf 


2. What positive, integral values of z, y, and z satisfy 17x + 194 
+ 21z = 400? 


Svua.—There are 10 sets of values. 


3. What positive, integral values of 2, y, and z satisfy 52+ 7 
+ l1z = 224? 


4. What positive, integral values of 2, y, and z satisfy Gz + 8, 
+5212? Also 2¢ + 3y+ 52= 41? 





220. If the conditions of a problem furnish less equations than 
unknown quantities, the problem is indeterminate, and in genera. 
can have an infinite number of solutions. But if the solution be 
limited to positive, integral values, it can be effected as above. ‘Thus, 
if there are two equations and three unknown quantities, one of 
the unknown quantities can be eliminated and the resulting equation 
solved as heretofore. Jn like manner if there are three equations 
and four unknown quantities, a single equation between two may be 
found and solved; or if four unknown quantities and but two equa. 
tions, a single equation between three unknown quantities may be 
found and solved. 


EXAMPLES. 
1. Given 22 + 5y + 32= 51, and 10z + 38y + 2¢ = 120, to find all 
the positive, integral values of 2, y, and z. 
2 Given 32 + Sy + %z = 560, and Oz + 25y + 492 = 2920, to find 
all the positive, integral values of z, y and z, 


.. B.. Givert 2x + lly — 82 = 10, and 82 —2y + 82 = 30, to, and all 
the positive, integral values of 2, y, and £.. . ae 
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2: APPLICATIONS. 


1. I wish to expend $100 in the purchase of three grades of sheep, 
worth respectively $3, $7, and $17 per head. How many of each kind 
can I buy? In how many different ways can I make the purchase ? 
How many of the first two kinds must I take in order to get the least 
possible number of the third kind ? 


2, A merchant has three kinds of goods. The value of 20 yards 
of the first, less the value of 21 yards of the second, is $38; while 
the value of 3 yards of the second and 4 yards of the third is $34. 
What is the price per yard of cach kind, the question being restricted 
to even dollars? What if the latter restriction be removed ? 


3. In how many ways can I pay a debt of $171 with $20, $15, and 
$6 notes? What is the least number of $20 notes that I can use? 
Of $15 notes? What the greatest number of &6 notes ? 


4. A farmer has calves worth $10, $11, and $13 per head. What 
relative number of each must he take and sell them at the uniform 
rate of $12, without gain or loss? If he is to sell only 15 animals, 
how must he select them ? 


5. A man bought 124 head of cattle, viz., pigs, goats, and sheep, 
for $400. Each pig cost $4}, each goat &34, und each sheep 61}. 
How many were there of each kind ? 


6. A grocer has an order for 150 pounds of tea at 90 cents per pound, 
but having none at that price, he would mix some at 75 cents, some 
at 874 cents, and some at &1.00 per pound. How mutch of each sort 
must he take? 


Svua’s.—The nature of the 4th aig 5th problems restricts their solutions to ° 
positive integers. The 6th is, however, only restricted by its nature to positive 
numbers; they may be fractional as well as integral. : 


[See CoMPLETE SCHOOL ALGEBRA, subject Aiigation.] 


Y. What quantity of raisins, at 10 cents, 16 cents, and 20 cents per 
pound, must be mixed together to fill a cusk containing 150 pounds, 
aud to-be worth 19 cents a pound ? 


8. A-wheel in 36 revolutions passes over 29 yards ; and in of 
these. revolutions it describes « a y ft, and 5 in, we are aaa 
values of ‘ty, and 2? : 
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CHAPTER IL 
LOCI OF EQUATIONS. 


[Nors.—This subject, though properly geometrical, is introduced here for the 
purpose of the elegant and clear illustrations which it affords of the abstract 
principles of the subject of Higher Equations. It is thought that the aid which 
it will afford the pupil in comprehending thé principles of the succeeding chapter 
will more than compensate for the time required to master this, Moreover, the 
subject of Loci of Equations is of prime importance in a mathematical course, 
and is always pursued with pleasure by the pupil. No geometrical knowledge 
is required in reading this chapter, farther than the ability to draw and measure 
straight lines. } 


221. Prop.—very equation between two variables,* having 
real roots,t may be interpreted as representing some line either 
straight or curved. 

This proposition will be made sufficiently evident for our present purpose, if 
we show how such equations can be made to represent lines. This we shall do 
by means of particular examples. 


EXAMPLES, 


1. Draw the line represented by the equa- 
tion y = 2z + 6. 


SoLuTion.—First, in all cases, draw two straight 
lines, as X'’X and YY’, at right apgles to each other, 
as in the figure. Then,in the equation y = 22 + 6, 
assign values (arbitrarily) to 2, and find the corre- 
sponding values of y. Thus, 


If x=0, y= 6, Also, if @==-—1, y= 4, 
“gal, y= 8, a a=~—2, y= 2, 
ie | — y=10, “ g=-—8, y= O, 
“ 28, == 12, « gw 4, y=—2, 
« x4, y=14, « ge G, yoo, 
etc., etc. etc., etc, 





. Having computed a few corresponding values 
of g and y in this way, we proceed with the figure, 
Fie. 1. as follows: Measure off a distance Al to the right 





* This means aimply, “ having two variables, and only two, in it.” 
+The geometrical interpretation of imaginary Jock does: not oome within out present 
purpose. 
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of A, of some convenient length, and cali it the unit of distances. Draw 61, 
at 1, perpendicular to AX, and make it 8 units long (¢. ¢., 8 times as long as A1). 
Now, d is at a distance 1 to the right of the line YY’, and 8 above the line X’X, 
and is hence 8 point in the line which our equation represents. In like manner, 
find the point c, 2 to the right of YY’, and 10 above 
X’X ; and cis another point in the line represented 
by our equation, Again, when z= 3, y = 12, 
Hence, lay off three units to the right, as to 3 in the 
figuresgand draw d3 perpendicular to X’X and 12 in 
length. Then is d another point in the line we 
seek. Whenz=4,y=14. Hence e is a point in | 
the line ; since it is 4 from YY’, and 14 from X’X 
When t=0,y=6; whence a is a point in the 
line, as it is 0 distance from YY’, and 6 from X’X. 

For negative values of z,we have, when 2 = — 1, 
y= 4. Now, laying off negative values of z to the 
left from A, since we laid off positive values to the 
right, we measure from A to —1, the unit’s distance, 
take f1 equal to 4 units, and thus find the point 7. 
When z = — 2,y=2, and g is the corresponding 
point. When 2 = — 8,y=0; whenceh is a point 
in the line, as it is 8 to the left of YY’ and 0 above 
X’X. When w= — 4, y= —2. As this value of y 
is negative, we lay it off below X'X. Thus, taking 
from Ato —4, a distance of 4 units, and from —4 to ¢, a distance of 2 units, ¢ is 
a point in the line. Thus also k is a point in the line, since when 2 = — 5, 
y = — 4, and & is taken 5 to the left of YY’ and 4 
below X’X, ; Y 

This process might be continued indefinitely, 
both for positive and negative values of 7. We 
might ‘also use fractional values of z, as x=}, 
a=: 4, ¢ = 24, etc.,and, finding the corresponding 
values of y, locate points between those found by 
taking integral values. 

Finally, joining the points ¢, d,¢, b, a, f,g,h,t, 
k, we have the line MN, which is represented by 
the equation y = 22+ 6. This line does not stop 
at Mand N, of course, since we might produce 
it indefinitely either way, by continuing to take 
larger and larger values of # (numerically). In 

this case it is easy tosee that the line is an indefi- 
nite straight line. 


2. What line is represented by the equa- 
tion y = 382-6? (See Fig. 3.) 


Bue’ a.—Kirst. compute a table of corresponding values of z and y, as in the 
preceding example; and then locate the points thus designated. 
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3. What line is represented by the equation y= —2z7+4? (See 

Y Fig. 4.) 

222. DEFINITIONS.—The assumed fixed 
lines x’X and YY’ are called the Axves of 
Reference, or simply the Ages. A is 
called the Origin. xX’xX is the Axis of Ab- 
scissas, aud YY’ the Axis of Ordinates. 
The distance of a point from the axis bf ab- 
acissas is called the Ordinate of the point; 
and the distance of a point from the axis of 
ordinates is called its Abscissa. The ordi- 
nate and abscissa of a point taken together 





aie are called its Co-ordinates. 


Abscissas measured to the right from the axis of ordinates are +, 
and those to the left —. Ordinates measured above the axis of 
abscissas are +, and those below —. 


4 to 13. Draw as above the lines represented by the following equa- 
tions: y=w7+53; y=a—55 ye —24+53 y= —7—-5;3 y=d4e+6; 
y= 4e7—6; yo —44+6; y= —42—6; Q0—By=— 5p tee a2, 


Sua.—Put such equations as the last two into the same form as the others 
before proceeding with the solution as above. 








- 223. Der—The line which is represented by an equation is 
called the Docws of the equation; and drawing the line in the 
manner indicated, is called Constructing the Locus of the equation. 


14, Construct the locus of the equation y = aa 





Fie. & 
SoLUTION.—For z=0, y= 0, Forz=—%, y= —4, 
“@e=t, y=, “¢@¢=—-l, y=-bh 
“ a=, y = 3, “ g= —2, y= — f, 
“e=1, y=}, “2=—8, goto © 
“ @e=2, y=, “em —4, yt 


“ @=8 y=, > ete, ‘ee &. | ae 
“o=md your, . 988 7 
ebm" 


abn 
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Now, laying off on the axis of abscissas to the right distances equal to 4, }, 
1,2, 8, Mud 4, on some convenient scale, and at these points erecting ordinates 
equal respectively to +4, 3, 4, #, Au, and 747 of the same scale, we find the points a, 
b,c, d, e, and f of the locus. We also see that if we continued to give » greater 
and greater values, y would continually grow less, but would only become 0 when 

‘ co oe jij 1 
t= o, for then we should have y = ——- wre fag aa — =0. 

In like manner laying off the negative tities of z, and the corresponding 
valueg of y, we find the points a’, 2’, c’, d’, e’, and f’’, and also find that y dimin- 
ishes numerically as @ increases numerically, and that for « negative y is 
always negative, and only becomes 0 when z= —o. Hence, the curve ap- 
proaches the axis of abscissas to the left from below, as it does to the right 
from above, reaching it in either direction only at an infinite distance from the 
origin. 


A line sketched through the points found represents the locus sought. 





Fre. 7, 

15 to 18. Construct the loci of the following equations: yma 
+z—G6t (see Fig.6); y=3+2—42°* (see Fig. 23) y= —4a0 Hd: 
(see Mig. 8); y= 2°—3z+5 (see Fig. 9). 





* > Deopii the finite quantity 1, as producing no effect when added to the infinite a, 
| ie En Sater ining ‘polite in the locus, it is often necessary to attribute fractional yalnes to.2. 
hint, ‘te thin case, to. ekvtch the ourve from a to ¢’, we need an intermediate point, 1f there te 
any: Aonbt about the character of the curve between two points, resolve the dozbt in this way. - 
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19 to 23, Construct the loai of the following equations: y=z" 

—9x'+2xr+2 (see Fig. 10); y= — 62" 
+18z—10 (see Fig. 11); y=a*—~2r—5 (see 

Fig. 12); y=a*(5—z) (see Fig. 13); and 
=a —6z'+11lz—6 (see Mig. 14). 








OF 


» 24 to 28. Construct the loci of the following equations: y=<* 

~5at+4 (see Fig. 15); y=at+22'—32'—42+4 (see Fig. 16); 

yar a —9a'+4¢+12 (see Fig. 17); y=2t—22°+72°—824+16 (see 
ig. 18); and y=at+2°+2°+2+1 (see Fig. 19). 





Y’ 
Fra. 1%. Fie. 18. : Fie. 19. 


™~ 29. Construct the locus of the equation y=2' + 42*—14z7°—17%72—6. 


Svua’s.—In attempting to construct this 
locus, it is necessary to give z values from 
—8 to +2, including these values, and also 
to observe the character of the locus beyond 
these limits. But it will be found that for 
some values of x between these limits, y is in- 
conveniently large. In sketching the figure, 
we may use one acale for laying off values of 
z, and another for laying off values of y. 
Thus in the figure given, the unit used for @ 
is 6 times as great as that used fory. This 
is equivalent to constructing the locus 6y=2" 
+ 4n1— 142° — 17a — 6, or y = ba° + $2*—f2* 
—itzg—1. This locus has all the peculiar- 
ities of the one required (that is, all the turns, | 
flexures, or bends), but is not of the same pro- 
portions. The portion represented is 6 times 
as wide in relation to its length as the re- 

. qatred locus would have been. 


30. to. “41. Construct the loci of ‘the 


_fRowing equations, using a smaller 
‘scale for.y than for z, 2s explained in 
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the suggestions above, when more convenient: y = 2*— 2¢ — 153 
ys t+ 224+250 yore —-10r+ 25; yma — dr’ — 8e—- 10; 
y = Q2a'— 122° + 1827-15; y= e—at—8e4+ 123; y= a’ — 22 
—25¢ +50; yo at—2z'+ 82—16; yo=at+ 22° — B2'— 42 + 4; 
y = t— 6a? + bat+ 24 —10; y= a + Batt 2 162*— 2r— 16; 
and = y = 5a’ — 42 + 3a°— 32°+ 42 — 5. 





@ 
224. Prob.—To construct the real roots of an equation contain- 
ing only one unknown quantity. 


SOLUTION.—Put the equation in the form f(r) =0, then write y= (2). 
Construct this equation, and the abscissas of the points where the locus cuts the 
axis of abacissas are the roots of the equation f(r) = 0. This is evident, since 
for these points, and for these only, y = 0, and we have f(z) = 0. 


EXAMPLES. 


1. Construct the real roots of the equation z2’— 3% —2= 0. 


SoLuTion.— We will first write 7 = 2?— 31 —2. Now, forz=0, y= — 2; 
forgt=1, y= —4; forr=2, y= —4; 
for 7=3, y== — 2; and for z= 4, y=2., 
Hence we sec that the locus of the equa- 
tion y = x*— 8r — 2, cuts the axis of ab- 
Scissas between z = 8, and x = 4, since it 
passes from below the axis of abscissas 
(where y is —) to above this axis (where 
yis +). There is therefore a root of 2* 
— 381 —2=0 between 8 and 4. To con- 
struct this root, we sketch the curve be- 
tween 7=8 and «= 4, by finding the 
values of y for a few intermediate values 
of z, and then sketching the curve. Thus 
for z= 8}, y= —4; for e=3], y=t%. Sketching the curve mn through 
these points, we find by measurement Aa = 3.56, as an approximate value of x 
in the equation 7*— 37 —2= 0. (Verify by solving the equation.) To construct 
the other root, we notice that for z= 0, y = — 2, and the curve cuts the axis of 
abscissas again at the left of the origin (probably, as it certainly doca not cut it 
again at the right). Now, for z= —1, y=2; whence we see that the locus 
cuts the axis between 7=0, and a=—1, Forz=: —}, y= — 4; and for 
e=—3, y=4§. Sketching the curve through these points, we have m'n’; 
and measuring Aa’, we find the other value of z to be —.56. 





Fig. 91. 


Svuc.—For constructing the approximate roots in this manner, as we only 
need to sketch a small portion of the locus, in the vicinity of its Intersection with 
the axis, we can use a much larger scale than would otherwise be praaticabte, 
and thus obtaina nearer approximation. With good inatraments and sages dere, 
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we can usually construct the root with tolerable accuracy tohundredths. When 
the locas cuts the axie quite obliquely, the approximation cannot be made as 
accurate. 


2 to 7. As above, construct the real roots of the following: 
w— S8r=14; 22— 122° 4+ 3862—7=0; 2#&—2—10r+6=0; 
P—~te+%=0; a’ — 122° + 502° — 84x + 49 = 0; and 
22° — Ve + 10x = 9. 

225, Scu.—This method of approximating the roots of equations geo- 
metrically is not given as a good practical method; but simply to assist the 
learncr in comprehending some subsequent processes, and for its geometrical 
importance, 


CHAPTER III. 
HIGHER EQUATIONS. 


SECTION J. 


SOLUTION OF NUMERICAL HIGHER EQUATIONS HAVING COMMEN. 
SURABLE (OR RATIONAL) ROOTS.* 


226. Equations of higher degrees than the second are called 
Higher Equations (6-10, or same in CoMPLETE ScHOOL ALGEBRA). 
No general, practicable method of resolving such equations is known. 
Theoretical solations of equations of the third and fourth degrees 
(cubics and biquadratics) are known; but these solutions are 
attended with practical difficulties in many cases, which render 
them nearly or quite useless. We ure, however, able to obtain the. 
real roots of Numerical Higher Equations, in ad] cases, either exactly, 
or to any required degree of approximate accuracy. 


227. The Real, Commensurable Roots of numerical equations are 
usually found with little difficulty by the methods given in this 
eon: 





id 4 spotmensurablo root (or number) ia one which can be exactly exyremeet in the decimal 
i on, wither in an uatearet, fractional, or mixed form. Thue, 4, 1Z, V 25 » ett., are con 
ae 731, a1, Vit » etc,, are incommensturable. 
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228. Prop. — Every equation with one unknown quantity 
having real and rational coefficients, cun be tranaformed into ar 
equation of the form 


x™} Ax 4 Bx2-?4 Cxm? - - - | L=0, 


in which the exponents are all positive integers, the coefficient of x” i 
1, and the coefficients of the other terme, A, B, C, ete, and also th 
absolute term Li, are integers. ‘ 


Dew.—ist. If the unknown quantity occurs in any of the denominators in the 
given equation, remove it to the numerator by clearing of fractions. If there 
are then any negative exponents, multiply each term by the unknown quantity 
with a positive exponent equal to the numerically largest negative exponent 
Then unite the terms with reference to the unknown quantity, and write ther 
in order with the term containing the highest exponent, at the left, and so thai 
the exponents shall diminish toward the right, transposing all the terms to the 
first member. The most complicated form which can then occur is 


an~ e¢. ¢ 
+ at + 7y! ~ - - - I= 9, (1) 
in which any or all of the exponents may be fractions; and = > a > t, ete 
n 8 


is supposed. 


2d. To free the equation of fractional exponents, substitute for the unknowr 
quantity a new unknown quantity with an exponent equal to the least commor 
multiple of the denominators of the exponents in the equation. Thus, in (1 


put y = 2", whence y*=2™, y'=2",and y= 2". These values substituted 
in the equation, will evidently give an equation of the form 


a on Cg a eat Se hee A ete ih aaa 
if sae + 7m i= 0, (2) 


in which all that is essential concerning the exponents is that they should be 
all positive integers, decreasing in value from left to right, since in (1; 


m ? 
ce > bac > t; etc. 
n 868 
8a. Now divide by the coefficient of 2", and let the resulting equation be 


represented by 


e+ Getta - - - - U=0. (3) 


Finally, put ¢ = = , and substitute in (8), thus obtaining 


a cl ant og’ an? —e 
wt eet pea TO ®) 
Multiplying (4) by &, and — the absolute term by Z, we have 


ay SF gat ae ia - es se £=0. ar 
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Tf now & be ao taken that these numerators will be divisible by the denomina- 
tors, and the quotients represented by A, B, C, etc., we have 

a+ Aaa-14. Bar-84.Cyn-8 . . - - L=0, 
the form required. 





EXAMPLES. 


1.-Transform x + §27° + gat = 22% + ya? + 4 — 2, into a form 


having positive integral exponents and coefficients, and having the 
coefficient of the highest power 1. 


SoLUTION.—Multiplying by 2?, we have 


r+ §a-84he! orl +4et 4+8—208, (1) 
Multiplying (1) by 2’, we have 
44g ha Dees pel 432 —en!, (2) 


Putting r=y®, there results 
yy" + 4 + by? == 2y** +4" +8y"%—2y*. 
Arranging with reference to the highest power of y, 
234 4? —2y?° —y" +3y+ 47*—3=0, or 
y*4—- Hhyy*? —u? —hy™* + By + by? —4=0. (8) r 


Finally, put y = 7 whence 


g 24 §233 2 30 git Be'*® gl 1 
1 BB — p88 — Be > gem + ge ~ y= O OF 
ble h 410 83k'* he é ky 


aa 88 74,30 tt _ 9B cae ae 
2 {2” h*z gett mg eh te g = 0. 
Now, if % be made 12, this equation will be of the required form.* 
Notice that as 2 = 7°, and y = i ex aay ; 80 that, if the value of ¢ could 


be found, the value of 2 would be known by implication. 
2. Show as above how to transform the following: 
(a) ay P+ ay ts 2 ye BY Fare ay — Wy 
(2) = — 82 + 40% -1=1; 


1—at an +3 , 
i-ei ata? 





@@ai-e;  @ Te 
1+2 


‘t) Vi-e =1- act; (f) Vie—3a — 2 = /T—7. 


* atibatitation wonld be tedions, and as it is our present purpore simply to chow the 
of the transformation, and the method of making it, the substitution is annecesrary. 
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229.—Sinco every equation with one unknown quantity, and real 
and rational coefficients, can be transformed into one of the form 


a+ dar + Bat 2+ Ca" ~-- - L=0, (1) 


this will be taken as the typical numerical equation whose solution 
we shall seek in this and the succeeding sections; and we shal] 
frequently represent it by /(2)=0, read “ function # equals 0.” The 
notation /(x) signifies in gencral, as has been before explained, simply 
any expression involving z. Ilere we use it for this particular form 
of expression. We shall also use f'(z) as the symbol for the first 
differential coefficient pf this function. 





230. Prop.— When an equation is reduced to the form x' 
+ Ax®! + Bx®-* + Cx®? - -- - L=0, the roots, with their signs 
changed, are fuctors of the ubsolute (known) term, Li. 


DeM.—1st. The equation being in this form, if is a root, the function is 
divisible by z~a. For, suppose upon tnal a—a goes into the polynomial 2 
+ 1-14, etc, Q times with a remainder R. (Q represents any series of terme 
«hich may arise from such a division, and # any remainder.) Now, since the 
quotient multiplied by the divisor + the remainder, equals the dividend, we 
have (c—~@) Q+ R=a*+ Ar + Bre? + Crv8-e -- LZ. But this polynomial = 0. 
Hence (t—«¢) Q+ R=0. Now, by hypothesis @ isa root, and consequently 2—a 
=0. Whence &=0, or there is no remainder. 


2d. If now r—a exactly divides 2° + Aat—-14 Brr-2 4 Cyr3 .-.-, a must 
exactly divide Z,as readily appeara from considering the process of division, 
Hence —a is a factor of L, a being a root of the equation. Q. Lk. D. 


231. Cor. 1—Zf'a is a root of f(.)=0, f(x) is dinfsible by x—a; 
and, conversely, if £(x) ts divisible by x—a, a 78 & root of f{(x)=0. 


Deu.—The first statement is demonstrated in the proposition, and the second 
is evident, since as 7(?) is divisible by c—a, let the quotient be g(7); whence 
(t~a) p{z)=0. Now r=a will satisfy this equation, since it renders t~a==0, 
and does not render g(r) infinity, since by hypothesis 2 does not occur in the 
denominator.* 





232. Prop.—T/ the coefficients and absolute term in x Axt-? 
+ Bxo*4Cxt?- - - - L=0, are all integers, the agencies can hans 
no fractional root. ¥ 









be 0 x oo, which is indetermiaate, since 0 xe 0x janf. 
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Dew m.—-Suppose in this equation 7 = rn > being a simple fraction in its lowest 
terms, Substituting this value of 7, we co 
: & anni 
aw tags +B + 085.... 120 
Multiplying by ¢*-) we obtain 
| T+ As! + Biot Cig-3 .. - - Lim'=0, 


Now, by hypothesis, all the terms except the first are integral, and the first is a 
simple fraction ii its lowest terms, as by hypothesis sand ¢ are prime to each 
other. But the sum of a simple fraction in its lowest terms and a series of in- 


8 gy 
tegers cannot be 0. Therefore z cannot equal rake fraction. 


233. Sc.—This proposition does not preclude the possibility of surd 
roots in this form of equation, These are possible. 





234, Prop.—An equation f(x) = 0 (229) of the nth degree, 
has n roots (if it has any *), and no more. 


Dem.—Let a bea root of f(r) = 0, which is of the nth degree. Dividing 
F(a) by « — a (231), we have g(z) = 0, an equation of the (n—1)th degree, 

Let 6 be a root of g(r) = 0,and divide (xv) by r—b (231). Call the quotient 
g’ (x), whence g' (rv) = 0, an equation of the (n—2)th degree. In this way the 
degree of the equation can be diminished by division until, after n—1 divisions, 
there results g"(z)+ of the first degree, and the equation is z— /=0. Therefore, 

f(z) = (@ —.4) 92) = (e—a) («@ — 1) p — = (v — a) (x ~ b) . — PRE 

a(t —aj(e—b)(@—e) - - - - - @~M=0 
4.6, f(a) feresolvable into n factors, of the form z — m. 


Serres eee She TERROR VRE 











* Wo ahall aasume that every equation has a rood real or imaginary; fi, ¢.. that there ie wore 
ferm.of expression which enbetituged for the unknown quantity will satisfy the equation, It 
is shown in worke treating more largely upon the theory of equations, that the general form of 


aroot is v+8 4/—1. When f= 0, the root is real. The gencral demonstration of. thir prapor 
aition Je too abstruse for an elementary treatise. That every cquation of the form x4 Aget 

+ Buen? 4 Coan’ - - + + L=0 (929) has a real root when n is an odd number, and alao. 

when n Ja an even numbor {f Z be negative. ia very simple. Thue, if » {8 odd, and L +, when wy, 
Js made — © the value of the firat member {fs —; and when z ia 0, the valne is +. Henge white: 
‘ pasees from — a to 0, the function changes rign, and hence met pars through 0; § ¢y for 

some value of 2 betwecn — © and 0, the equation is satisfied. In like manner, if L fs my when. 
aw» 0, the function is —, and when 2 = 4 © the function is +. Hence some value ote between, 
=O and + o, satisfies the oquation, It follows from this that in an equation of an odd degree, 

ifthe hite term is +, there is at least one real, megative root; and if the eine term is me 

thera £3 at lnant ona real. nnalAne root. 
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Now, as r=a, or 2 =), or t= any one of the quantities a,b,c --- - J, 
will render f(z) equal to 0, each one of these will satisfy the eqdation f(r)=0. 
Therefore this equation has 7 roots. 


Again, since it is evident that we have resolved f(r) into its prime factors 
with respect to 2, there can be no other factor of the form 2—m in f(r), hence 
no other root of f(2)=0, and this whether m is equal to one or more of the roots 
a,b,e ---- 2,ornot. Therefore f(:) = 0 has only 2 rovts. 


235. Cor. 1.—~The polynomial »°+ Ax®~'+ Bat-?+ Cx*-?+--- 
L, or f(x), = (x —a)(x—b)(x—c¢) - - - - (x— 1), in which 
a b,c - - -- | are the roots of f(x) =0. 


236. Cor. 2.—The equation f(x) =0 may have 2, 3, or even n 
equal roots, as there is no inconsistency in supposing a= )b,a=b 
=Cc,ora=b=c= --- - |, in the above demonstration. 


237. Con. 3.—IJmaginary roots enter into equations huving only 
real coefficients, in conjugute pairs (225, Part 1.) ; that is, if f(x) =0 
has only real coefficients, if it has one root of the form a+ BY — 1, 
it has another of the form a — Bi — 1; or, tf it has one of the form 


BY — 1, it has another of the form —BV/— 1. 


This is evident, since only thus can f(xz)=(%—«a) (a—b) (t—c) - - - - (z—n); 
that is, if one root, a for example, is a—f Y—1, there must be another of the 
form a+/i 7 —1, in order that the product of these two factors shall not involve 
animaginary Thus, (r—(~+ V—1)] x [e—(a—f VW —1))=2* —2ar+(a?+ A), 
a real quantity. Soalso (r — 8 Y—1) (2 +8 V—1) = 28+ f*,a real quantity. 
But if the assumed imaginary roots be not in conjugate pairs, the product of the 
factors (2 — a) (tc —b) (@ —¢) - - - -"(¢ — 2) will involve imaginaries. 


238. Cor. 4.—Hence an equation of an odd degree must have at 
least one real root ; but an equation of an even degree does not neces- 
sarily have any real root. 


239. Cor. 5—f an equation has a pair of imaginary roots, the 
known quantities entering into the equation may be so varied that the 
two imaginary roots shall first give place to two equal roots, and then 
these to two real and unequal roots 


As shown above, imaginary roots arise from real quadratic factors in /(z). 
Let 2*—2az +0 be such a quadratic factor, whence 7*—~ 2av + b= 0 gatiafios 
S(t) =0, and a+ Va*—+ are the corresponding roots of f(z)=0. Maw, if 
o> a*, these roots are imaginary. If, however, d diminishes or a i 


Lod 
both change thue together), when 5 = a* the two imaginary roots = 
we have in their place two real roots, each a. If the same change 18 4 atk 
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continues, so that a* becomes greater than b, the two real, equal roots in turn 
sive place to two real, unequal roots. Now as a and 0 are functions of the known 
juantities of the equation f(r) = 0, such changes are evidently possible. 


240, Sen. 1.--That an equation has a number of roots equal to its 
legree, is illustrated geometrically by the fact, that, if we write y = f(z) and 
construct the locus, we shall always find that a straight line can be drawn 
io as to cut the locus in 1 point and only 1, if f(2) is of the 1st degree 
Ex’s. 1-18, Coap. IL); in 2 and only 2 points, if f(z) is of the 2d degree 
Ex’s. 15-18, Cuap. IT.); in 3 and only 3 points, if f(z) is of the 3d degree 
Ex’s. 19-23, Cap. II.); in 4 and only 4 points, if f(r) is of the 4th degree 
Ex’s, 24-28, Cap. IT.), and specially illustrated by the line X,’ X,, (Fig. 20), 
‘tc, 


241. Scu. 2.--The fact that imaginary roots enter real cquations in 
airs is also beautifully illustrated by the loci of equations. Thus the equa- 
ion a?—3r +5=0 has two imaginary roots, and no real roots. Now, by ref- 
‘rence to Fig. 9 of the preceding chapter, we sce that the locus of y=z?~&zr 
+5 does not cut the axis of abscissns at all; é. ¢., that no real value of 2 will 
rive 7(a)=0. But, if the equation were so modified as to make each ordinate 
mly 4 less than it now is, 7. e., if y=22—3r+i, we should Y 
1ave the same locus, but changed in position so as just to 
ouch the axis of z, as in ¢, thus giving f(7)=90 two real and 
qual roots, If, again, we wrote y=2*'—32—8, we should have 
he locus referred to the axis A”X”, and f(z)=0 would have 
wo real and unequal roots. Thus we see, conversely, how 
wo real, unequal roots can pass into two real and equal roots 
xy & proper change in the equation, and how by a further 
thange two equal real roots disappear at a time, passing into two 
maginary roots as the equation changes form. All that is 
recessary in this change in the form of the equation is a pio- 
yer change in the absolute term. 





Fia. 2%. 


Again, consider Fig. 14, and the corresponding equation 
=2*—62°?+112—6. First we observe that as this locus cuts the axis of 2 
Ahree times, there are three real roots. Now change the absolute term —6 
ry allowing it to increase gradually, becoming —5}, —53, —5, etc. Weshall | 
ind that the axis of z moves down, and the two roots Ad and A/ approach 
quality, first becoming equal when the axis just touches the lowest point ¢ 
of the curve, and then both becoming imaginary together. 


Or, in conclusion, this matter is illustrated by the fact that whatever the 
legree.of the equation /(7)=0, if we construct the locus of y=/(z), we shall 
ind that we can draw a straight line which will cut the curve in a number 
of gobite equal to the degree of the equation, and that if the line gradually 
waves depin this position so as to cut the curve in any less number of points, 
# wilt abwikys be found first to run two intersections together, corresponding 
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to a change of two unequal roots into two equal roots, and then drop out 
both these intersections, corresponding to the introduction of ‘two imaginary 
roots at a time. 


242, Prop.—ZTf the equation f{(x)=0 has equal roots, the highest 
common divisor of f(x) and its differential coefficient,* f(x), being 
put equal to 0, constitutes an equation which has for its roots these 
equal roots, and no other roots.t 


Diem.—Let a be one of the m equal roots of fo=0, and let the other roots be 


b,c---- 0; then f(2)=(z—a)™ (2—b) (a@—c) - - - - (@—1)(238). Differentiating 
(1852) and dividing by dz, we have 
P'(2)=m(r—a)"— (2D) (r—e) - - - - (t—2)+(e—a)™ (w@—0) - - - - (@— 1) 4+ -- 
- - - + + (v—a)” (e—b) (v—c) - - -- + ete. 


Now (z—a)*—! is evidently the highest common divisor of f(z) and /’(7), and 
(2—a)*~! =0 is an equation having a for its root, and having no other. 


In a similar manner, if f(z)=0 has two sets of equal roots, so that 
SF (e)=(r—a)™ (a>—b) (x—c) (z—d) - - - - (w—1), 
differentiuting and dividing by dr, we have 


F (e)=mla—ayr—*(2—Dy (ee) (@—d) - - - -(@— D+ ayn r(e—By-a—e) (@ a) 
wee - (tl 
(ea) (aby (2d) - ~~ - (2—n) +(e a)" (DY (a—0) ~~ = = @— + - 
2+ - ~+(2—a)” (x7—bd) (a@—c) (v—d) - - - - + ete. 


Now the highest common divisor of f(z) and f(z) is evidently (z—a)"—! (x—b)"-!, 
Putting this equal to 0, we have (2—a)"~—! (¢—by'—1=0, an equation which is sat- 
isfied by z=a and r=), and by no other values. 

Thus we may proceed in the case of any number of sets of equal roots. 


243. Scxu.—In searching for the equal roots of equations of high degree, 
it may be convenient to apply the process of the proposition several times. 
Thus, suppose that f(z)=0 has m roots each equal to a, and r roots each 
equal to. Then the highest common divisor of f(z) and '(z) is of the form 
(a—ay"~*(2—d)-'; whence (2—a)*~'(z—b)’-'=0 is an equation having the 
equal roots sought. Therefore we can find the highest common divisor of 
(2—a)"~! (a—b)'-', and its differential coefficient which will be of the form 
(2—a)"*(e—b)-*, and write (¢—a)"~* (e—d)'-*=0, as an equation containing 
the roots sought. This process continued will cause one of the factors (r—a) 
or (z—) to disappear and leave (z—-a)"-’=0, when m>v7; (e—b)""=0, 
when r> m ; or (r—a)(z—b)=0, when m=r. From any one ‘of these forms 
we can readily determine a root. 





* The differential coefficient of a fanction 1s sometimes called its abet derived palin, 


+ The student must not suppose that the roots of ftz)=0, and ite first: differenttst ‘caattbbeni 
{(2)=0, are necessarily alike. "(z)=a series of terme some of witch may be + atid eahes —; and 
which toay destroy each other, so as to render /”(z)==0, for other values of # thas.) peas ad gepter 
Jie) =0, and not necesvarily for any which do render /(x)==0, except the eqnal roots ahape Maittor. 
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244,+Prop.—In an equation f(x)=0, f(x) will change sign when 
x passes through any real root, if there ts but one such root, or if there 
is an odd number of such roots ; but if there is an EVEN number of 
such roots, f(x) will not change sign. 


Let a, b, ¢---- 6 be the roots of f(z)=0, so that f(.c)=(c¢—a) (e—0) (z—c) 
--- + (r—e)=0 (235). Conceive z to start with some value less than the least 
root, and continuously increase till it becomes greater than the greatest root. 
As long as z is less than the least root, all the factors z—a, r—b, etc., are nega- 
tives but when 2 passes the value of the least root, the sign of the factor con- 
taining that root will become +,* and if there is no other equal root, thia factor 
will be the only one which will change sign. Hence the product of the factors 
will change sign. But if there is an even number of roots, each equal te thia, 
an even number of factors will change sign; whence there will be no change in 
the sign of the function. If, however, there is an odd number of equal roots, 
the passage of z through the value of this root will cause a change of sign in an 
odd number of factors, and hence will change the sign of the function. 


Finally, as it is evident that the signs of the factors, and hence of the function, 
wil] remain the same while z2 passes from one root to another, and in all cases 
changes or does not change as above when z passes through a root, the proposi- 
tion is established. 


2465, Scn.—This proposition is illustrated by putting y=/(a) and con- 
structing the locus, as in the preceding chapter. Thus, Ex. 15, Hig. 6. In 
this case y=/f(r)=2*+2—6. The least root is —3. When z is less than —8, 
as —4, or —8} (anything less than —8), y, or f(z), is +. Whenz is —3, y, 
or f(z)=0, and the equation /(z)=0 is satisfied, and —3 is a root of the equa- 
tion. When 2x becomes greater than —3, as —2, y, or f(z), becomes nega- 
tive, changing sign when z passes through the value of the root —8. Asz 
increases, y, or f(z), remains —, till 2 reaches +2, at which value of 2, 
y= (z)=0, and the equation f/(z)=0 is satisfied. When 7 passes this value, 
becoming anything greater than 2, y, or f(z), becomes +, 7. ¢., changes sign 
as @ passes through the root 2. The same thing is illustrated by the loci 
in Figs. 7, 11, 12, 14, 13, and 18, with their corresponding equations. 


That f(z) does not change sign upon 2’s passing through the value of one 
of two equal roots of f(xz)=0, is illustrated in Fig. 8 and its corresponding 
equation, Ex. 17.- In this case y=/(z)=¢*—4r+4, and the equation 
af —dr+-4=0 has two roots cach equal to 2, Now when 2 is anything leas 
than 2, y, t.¢. f(z), is +; when r=2, y, or F (2), is 0, and the equation S(a)=0 
is satisfied. But when @ passes the value 2, f(x) does not change sign ; it 
remains +. The same truth is illustrated by the loci in Figs. 10, 18, 16, 
and’ 13, and their corresponding equations. Fig. 16 illustrates the ‘case in 
™ there are Hee pe of ous roots. : ; 






: : ie a teaat toot, end that c’ le the next state of a greater than ¢; then-c—ci#n 
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Ex, 29 will be found very instructive. The locus in Fig.'20 illustrates the . 
case of 8 equal roots. Here y =f (x) = 2°+ 4z*~— 14e*— 17z— 6. The least 
root is — 8. When z < — 8, f(z) is —; whena = — 3, f(z) = 0; whenz passes 
— 3, increasing, f(x) changes from — to +, and remains +- till « = ~ 1, when it 
becomes 0, and changes sign as 7 passes — 1, notwithatanding there are equal 
roots, But there is an odd number of such roots, viz., three. 


Thus, if X,'X, were to revolve about c¢’ until it took the position X' X, the 
intersections 3’ and @’ would run into c’, the éhree intersections becoming one. 


246. Prop.— Changing the signs of the terms of an equation 
containing the odd powers of the unknown quantity changes the signs 
of the roots. 


Dem.—If 2 = a satisfies the equation 7°— Azt+ Bzi— Cr + D =0, we have 
a®—Aa‘+ Ba'*— Ca+ D=0. Nowchanging the signs of the terms containing 
the odd powers of #, we have 2°— Ax‘— Bzri+ Cr+ D=0. This is satisfied 
by z= —@,if the former is by a=a. For, substituting —a@ for 2, we have 

— Aat+ Bai — Ca + D = 0, the same as in the first instance. 


247. Cor.— Changing the signa of the terms containing the even 
powers will answer equally well, since it amounts to the same thing; 
and if we are careful to put the equation in the complete form, 
changing the signs of the alternate terms will accomplish the purpose. 

Inu.—The negative roots of t°— 77+ 6=0, are the positive roots of — 2? 
+%+6=0,orof 2*— 7x — 6 =0 (0 being considered an even exponent); or, 
writing the equation 2°+ 0z*— 77 -+6=0, changing the signs of alternate 
terms, and then dropping the term with its coefficient 0, we obtain the same 
result. 

_ Again, the negative roots of 2°— 72° — 524+ 82?— 132277 + 5082 — 240 = 0, 
ate the positive roots of 2°+ 72" ~— 521— 82*?— 132¢*— 508% — 240 = 0, or of 
—~ @— I25 + 5a++ 8x74 132e%+ 508x + 240 = 0, 


248. Prob.— To evaluate * f (x) for any particular value of x, 
as x =a, more expeditiously than by direct substitution. 


SoLuTION.—As f(z) is of the form 2* + Az®-] 4 Brr-? + Cg-8 ..- - LZ, 
let it be required to evaluate x*+ Az'+ Br*+Cze+ Dforz=a. Write the 
detached coefficients as below, with a at the right in the form of a divisor: thus 


* This means to find the value of. Thus, suppose we want to find: the, value gf eS teh, 
Srt— 8x3 + brt~ 2-19 forr=5. We might substitute 5 for 2, oteanive dt 
id. Bat there is a more expeditions way, as the solution of hts problem will mow,” 
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Having written the detached coefficients, and the quantity a for which /(z) is 
to be evaluated as directed, multiply the first coefficient 1 by a, write the 
result under the second, and add, giving 7+ A. Multiply this sum by a, write 
the product under the third coefficient B, and add, giving a?+ Aa+ B. Inlike 
manner continue till all the coefficients (including the absolute term, which is 
the coefficient of z°) have been used, and we obtain a‘+ Aa*+ Ba?+ Ca+ D, 
which is the value of f(z) for 7 = a. 


ILLUSTRATION.—To evaluate as — ao +. Qe4— Br3+ 6x? — we —12, fora=—Bh: 


1-5 48 -8 46 -1 1815 
5 0 10 8 205 1020 
eee) 7 41 204 1008 


Now 1008 is the value of 26 — 52x°+ 274~— 3273+ 62? — v7 — 12, for 2 = 5; and it 
is easy to see that much labor is saved by this process. 


We are now prepared for the solution of the following important 
practical problem : 


249. Prob.—To jind the commensurable roots of numerical 
higher equations. 


The solution of this problem we will illustrate by practical examples. 


EXAMPLES. 


1. Find the commensurable roots of a°—~ 2a*— 1i52*+ 82°+ 682 
+ 48 = 0, if it has any. 


So_ution.—By (232), if this equation has any commensurable roots they 
are integral :—it can have no fractional roots. 


Again, by (230), the roots of this equation with their signs changed are fac- 
tors of 48. Now, the integral factors of 48 are 1, 2, 3, 4, 6, 8, 12, 16, 24, 48. 
Hence, if the equation has commensurable roots, they are some of these num. 
bers, with either the + or — sign. We will, therefore, proceed to evaluate 
ST (#) (é. e., in this case #7 — 2x4 — 1523+ 822+ 682 + 48), for c= +1, e= — 1, 
2=+2,e= — 2, etc, by (248), as follows: 


1-2 —-15 +8 +68 +48| +4 
1 -1 -4 +8 60 
-—1 -1  —8 60 108 


Hence we see that for c= +1, f(z) = 108, and +1 is not a root of f(z)= = 
Trying « = — 1, we have 


1 —2 —15 +8 +68 +48|—1 
-1 8 12 —20 48 
—8 -22 20 48 0 


Tha wets Sat for a= —, (2) =0, and hence that — 1 is a root of our equa. 
thon.” 
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We might now divide f(z) by 2+1 (232) and reduce'the degree of, the equa. 
tion by unity. But it will be more expeditious to proceed with our trial. Let 
us therefore evaluate f(z) for z==+-2. Thus: 


1-2 -15 +8 +68 448/49 
2 0 —30 —44 +48 
0 —15 —22 24 96 
Hence for r= +2, f(z)=96, and +2 is not a root. Trying 7=—2, we have 
t —2 —15 + 8 +68 +48 | —2 
—2 8 14 —44 —48 
—4 — 7% 22 24 0 
Hence for z= —2, f(z7)=0, and —2 isaroot. Trying z=-+-3, we have : 
1 —2 15 + 8 +68 +48 | +3 
3 8 —36 —84 —48 
1 —12 —28 —16 0 
Hence for r= +3, f(7)=0, and +8 isa root. Trying 7z=—3, we have 
1 —2 —~15 + 8 +68 + 48 | —8 
—3 15 0 —24 — 132 
—5 0 8 44 — 84 
Hence for z=: --8, f(r)=—84, and —3 is not a root. Trying z=4, we have 
1 —2 —15 + 8 +68 +48 | 4* 
4 8 —28 —80 —48 
“2 =—7  =20 —12 0 


Henoce for 7=4, f(z)=0, and 4 is a root. 


We have now found four of the roots, viz., —1, —2,8,and 4. Their product 
with heir signs changed is 24. Hence, by (230) 48+-24=2 is the other root 
changed, t. e. there are two roots —2, 





“TA our equation had equal roots coyld have been ascertained by the princi- 
ple in-(@42) ; but as the process of finding the H.C. D. is tedious, it is generally 
‘pest to avoid it in practice. 


2 to 12. Find the roots of the following : 


(2.) #— 2 — 392° + 24a +180=0; “A aed +E 
(3.) a + Ba* — 92 — 45 = 0; 3. wy wan S 
(4.) 224+ 2a — 232 —60=0;  -34. yi o +S 
(5.) a — Sat — 14a? + 482 —32=0;, ’ oe 
(8.) xt — 82" + 182—-6=03 +. g. ,’ 





* Of course ft is not necensary to retain the + sign, as we have done tu So pretiag oo 
tlans: it has been done simply for emphasis. 
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(2) = Ua! + 182 B=0;* fi hy wm EE 
‘ (&) 2% — ver. eee fs of) cS =e 
(9.) 2° — 1324 + 67H B17 1a? + 2162 — 108 = 0; 
(10.) 2* — 452° — 402 + B= 0; 
(11.) 2° — 324 — 92° + 21z*— 10z + 24=0; 
(12.) 2° — Ya' + 1lat — 72° + 142° — 282 + 40=0. 


13 to 20. Apply the process for finding equal roots (242, 24.3) to 
the following: 
(13.) 2° + 82? + 202 + 16 =0; 
(14.) ot ~at— 82 +12=0; 
(15.) a? — 52? ~— 82 + 48 = 0; 
(16.) 2* — liz? + 182 —-8=0; 
(17.) af + 1823 + 332° + 31a +10 =0; 
(18.) 2° — 1824 + 672% — 171e* + 2162 — 108 = 0; 
(19.) z*° + 327 — 62 — 6274+ 94° + 82 —4=0; 
(20.) 27+ 52°+ 62°— O4'— 15a°— 327+ 82 +4=0. (See 243.) 


21 to 2%. Having found all but two of the roots of each of the fol- 
lowing by (248), reduce the equation to a quadratic by (232), and 
from this quadratic find the remaining roots: 

(21.) 2 — 62 + 102 —~8 = 0; 
(22.) af — 42? — Br + 32 =0; 
(23.) & — 3a°+e2+2=0; 
(24.) a4 — 6a + 247 —16=0; 
25.) a! — 120° + Ont — 84x + 49 = 0; t 
(26.) xt — 92 + 1%2? + 2%x — 60 = 0; 
(27.) 2° — 4a* — 162 + 1122” — 2082 + 128 = 0, 





28 to 34. Apply the processes of (228) to reduce the follo itd 
the form 2* + Ag*-'! + Bat? + Cz - - - - L=0, before seit 
for roots: 

(28.) 22° — 82° + 224—3 = 0;f 








* In order to apply the process of evaluation, the coefficients of the missing powers misst be. 
supplicd, Thus we have 1+0 —11 +18 —8, 

+ Apply the method for finding equal roote. The nrethod of trial based upon (93@) as apptied 
by (248) is likely to lead to much unnecessary work when there are several equal roota, and all 
the others Incommensurable. 


at 
$ ae nave Ee ares ~3 20, Put wat, whence 7 sg? + by g=0,0r y?— git kty 


3 27 
“ae: #. new k=2, we have y3 —3y? + 4y—12=0, which can be solved as before, for one value 
xi Pad ttieeguation then reduced 10 a quadratic and solved for the other Yaluee. Finalty, 


= av we ‘have the values of & required. — 
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(29.) 32° —2a? — 62 + 4= 05 

(30.). 822 — 262" + 11a + 10 = 0; 

(31.) 2* — 42 + gy = 0; (Look@ut for equal roots) 
(32.) of — 62? + 94a" — B82 + 44 = 0; 


(33.) 2 == 19271 + 1— iG 4032-25 
z 
24 


250. By means of the property exhibited in (2.38) produce the 
equations whose roots are given in the following examples: 


1. Roots 1, ~3, 4. 8. Roots 14, 2, V3, —V/3. 
2. Roots +/2, —+/2, —1, 3. 9. Roots /—2,; —/—2, 5, 
3. Roots 1, 2, 2, —3, 4. » —A/5, 
4, Roots —3, 2++/—1, 2—~—1./10. Roots 10, —13, 4, 1 
5. Roots 3, —2, —2, —2, 1. 11. Roots 3-273, 3427/3, 
6. Roots $; 4 — i. 2—34/—1, 24+34/—1, 1, 
% Roots 1lz/—2, 2+/—3. —1. 

errr -O nm 


SECTION I. 


SOLUTION OF NUMERICAL HIGHER EQUATIONS HAVING REAL, 
_ INCOMMENSURABLE, OR IRRATIONAL ROOTS. 





254: he all equations having real roots have real coefficients* 
(237), and as all such can be reduced to the form 2" + Az*! 
+ Bot 4 Cys? - - - - L=0, which we represent by f(z) =0 
(229), we shall consider this as the typical form. Moreover, since, 
if an equation of this character hus equal roots, they can be deter- 
mined by (242, 24.3), and the degree of the equation depressed 
by (2.3.1), we need only to consider the case in which f Ore hy hag 
no equal roots. ee tae 


f 
ie 5 £ 
ms 
¥y r 
get Lee 
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en 


* This is evident from the fact that S(x)=(4—a) (@—b) (z—e) - 4 - + (2 ~a)=0, in which ‘it 
a,b, ¢, +--+ are real, no imaginary quantity will be found in the product of the binomlata, 
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252. The beat gencral method of approximating the real, incom- 
mensurable roots of such equations, is: 


Ist. To find the number and situation of such roots by StuRM’s 
THEOREM and the method based on it. 


2d. Having found the first figure or figures of such a root by 
Sturm’s method, to carry forward the approximation to any re- 
quired degree of accuracy by TlornEr’s method of approxima- 
tion. 


These methods we will now proceed to develop. 





Sturyw’s THEOREM AND METHOD. 


253. Sturnv’s Theorem isa theorem by means of which we 
are enabled to find the w2méber and situation of the real roots of any 
numerical equation with a single unknown quantity, real and 
rational coefficients, and without equal roots,* 


Inu.—Thus, if we have the equation 7>— 72+ 7=0, Sturm’s Theorem 
enables us to determine that it has three real roots, 7. ¢., that all its roots are 
real. It also enables us to ascertain that one root lies between 1.8 and 1.4, 
another between 1.6 and 1.7, and the third between —3 and —4, Hence it shows 
us that the roots are 1.3+, 1.6+, and —3. with a decimal fraction. 


254, Scu.—Of course it follows from the above that if the equation has 
commensurable (227) roots, Sturm’s Theorem will enable us to find them, 
or even when the roots are not commensurable, it will enable us to find any 
number of initial figures. Thus in the equation z'—T7r+7=0, we might 
by Sturm’s Theorem find that the first root is 1.35689+; but it would be 
too tedious an operation to be of any practical utility, as will appear hereaf- 
ter. We only use this theorem to find one or two of the initial figurég, dr, 
enough of the figures to enable us to distinguish between (separate) the roots, 
Thus, if we had an equation f(r) = 0, of which two roots were 2.356878+ and 
2.8569564, we might use Sturm’s Theorem to find the first five figures of each 
root, ¢. ¢., to distinguish between (separate) the roots; but this is not the 
best practical method, as will appear hereafter. 


255. The Sturmtan Functions of f(z) = 0 (which has 
no eqnal rvots) are functions obtained by treating f(z) and its firet 
differential coefficient /f’(x), as in the process of finding their H. C. 
pacept that in the process we must not multiply or divide by a 
Wedive quantity, and the signs of the several remainders must be 


mo the eggation which we wish to solve has equal roots, they can be discovered by 





#aB), and the degrees of the equation reduced by division. 


% 
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changed before they are used as divisors. Zhese remainders with 
their signs changed are the Sturmian Functions.* 


Itu.—Let the equation f(r1) = 0 be z?— 4r*~—2+4=0. The first differential 
coefficient of 2'—4r?— w+ 4is 3¢¢—8e—1. Dividing r4—4z*—2+4 by 
8r* — Bz — J, first multiplying the former by 3 to avoid fractions,+ exactly as in 
the process of finding the H.C. D., we find the first remainder of lower degree 
than our divisor to be — 192 +16. Hence 192 — 16 is the first Sturmian Func- 
tion of w'— 4r*—2 +4, Again, dividing 3c?—8¢+1 by 19z — 16 (introducing 
such constant factors as necessary), we find the next remainder to be — 2025. 
Hence 2025 is the second Sturmian Function of 2? — 4z*— 2+ 4, 


256. Notation.—As the function which constitutes the first 
member of our equation is represented by f(x), and its first differ- 
ential coefficient by f’(z), we shall represent the Sturmian Func- 
tions by f(x), fi(7), fa(7), ete., read “f sub 1 function of 2,” “f sub 
2 function of 2,” etc. or simply “function sub 1,” “function sub 2,” 
ete. 


26%. In any scrics of quantities distinguished as + and —, a 
succession of two like signs is called a Permanence of signs, and a 
succession of two unlike signs a J’ariation. 


Inu.—In the function 2° — 32° — 2r4+ 7'+ 2*-+ 52 — 4, the signs of the terms 
are 
+--+ + + - 
The first and second constitute a variation; the second and third a perma- 
nence ; the third and fourth a variation, the fourth and fifth a permanence; the 
fifth and sixth a permanence; and the sixth and seventh a vanation, Thus, in 
this case, there are three permanences and three variations of signs. 


So also if we have 


SF (a) = 25 — Trt + 1873+ 7? — 162 + 4, 
S'(a) = 5x4 — 2897+ 80x? + Ar — 16, 
Si(z) = 112? — 4827 + 51z + 2, 

Se(2) = 827 ~— Sz + 4, 

J3(z) = 7 — 2, 

S (x) = 0. 

For t=0, f(t) = +4, or f@) is+; f(z) is—; fi(zlis+; fe(x) is +; 
Ss(z) is —; and f,(z) being 0, its sign is not considered. Hence the series of 
signs of theae functions, for z=0, is + — + + —; and has three variations 
and one permanence. : 





There acems to be no propriety in including them, inasmuch as they are not 
Starm’s mc thod; and by excluding them an importa@t distinction is marked. 
+ We introduce or reject congtant factors, just as in finding the %. . D., onty we taj wet 
introduce o1 reject negative factors since the signs are an cesential thing tn there func 
to multiply or divide by a negative number would change the signs of the fanctions. r 


* Thave thonghtit best not to include #(z) and /’(x) under the term Starmian os 
ap 
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For 2 = 1, wa find f(@), —; J'(@), +3 Siz), +3 Se(2), —3 and f(z), —; the 
serice of signs being — + + ——. This gives two variations and two per- 
manences, 


Ld 


258. Prop.—ZIn the series of functions f(x), £'(x), f(x), r(x), 
f(x), f.(x), fs(x) - - - - f,(x), when f(x) = 0 has no equal roots, if 
x be conceived to pass through ull possible real values, that is, to vary 
continuously, from —x to +a, there will be no chunge in the number 
of variations and permanences in the signs of the functions, except 
when x passes through a root of f(x) =0; and when it does puss 
through such a root, there will be a loss of one variation, and only 
one.* 


Dem.—ist. Any change in z which does not cause some one of the functions 
to vanish, cannot cause any change in the signs of the functions; for no function 
can change its sign without passing through 0 or ©, and from the form of the 
functions which we are considering, they cannot be o for any finite value of 2. 
(These functions are all of the form a + Aaz*-'+ Bor-* .--- L.) 


2d. No two consecutive functions can vanish, i.e, become 0, for the same value 
of x. For, in the process of producing the Sturmian geneuone from f(r) and 
S’(e), let the several quotients be represented by g, 9’, ¢", ¢'’, g', etc.; whenee, 
by the principles of division, we have 


SM=fH(og —SHil), (1) 

SO) =fils)y’ — felt), (2) 

Si(z) =felry”’ —f2), (3) 

Felt) =f ilryyg “— fF), (4) 

Fla) = fis(0)g? — fs(2), (5) 
etc., etc., etc, 


Now, if possible, suppose that some valuc of 7, as 7 = a, renders two consecutive 
functions, as f,(c) and f3(z7) each 0; that is, that they vanish simultaneonsly, 
Then, since from (4) we have f,(©) = f(r’ — S2(2), Ja(2) = 0. So, also, from 
(5), Solr) =Si(rg’— f(z), and f,(z)= 0. Thus,as a consequence of the simul. 
taneous vanishing of any two consecutive functions, we could show that all the 
functions would vanish. But as, by hypothesis, f(4) and /(2) have no common 
divisor containing 7, the last remainder found by the process of finding the 
H.C. D. cannot contain 2,and hence cannot vanish for any value of 2 It ts 
therefore impossible that any two consecutive functions of the series should 
vanish for the same value of x (¢. ¢., simultaneously). 


8d. When any one of the functions, except f(x), vanishes for a particular value 











the substance, though not the exact form, of the celebrated theorem discovered by 

bea: al 1620, and for which he received the mathematical prize of the French Academy of 
RE é si es It ia certainly ue of tl mort elegant discoveries in ulgebraic analysis made 
ae an ethaes. It is @ masterpicce of logic, and a monument to the sagacity of jts discoverer, 
" ee Wil Inepiglr containing this theorem is found in the ‘Mémoires présentés par divers 
# PAacadénile des Sciences,” Tom. VI., 1835. 
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of x, the adjacent functions have opposite signs for thie value. Thus, if f(z) ia 0 
for x = b, we have, from (4), f(z) = — J,(2), t-¢., the adjacent functions, neither 
of which can vanish for this value (2d), have opposite signa. 


4th. When any value of x, as x = ¢, curiscs any function except 1(x) to vanish, 
the number of vartationa and permanences of the signs of the functione ta the same 
Sor the preceding and the succeeding values of x, i.e., for x= e—handx=e+h, 
h being an infinitesimal, Thua, let r =o render f(r) = 0; then, since the adja- 
cent functions have opposite sigus for this vulue of 2, we have either + j¢(z), 0, 
—fis(r), or — fo(r), 0, + f,(z), te. +,0, —, or —, 0, + (8d). Again, as neither 
of these adjacent functions vanishes for z= c (2d), neither of them can change 
sign as z passes through c (ist). But f(z) may or may not change sign as r 
passes through c (244); hence its signs may be +, =, +, or ¥, the upper sign 
representing the sign of f,(z) just before z reaches ¢, and the lower its sign just 
after it passes, i.c., for z=¢e¢—h, and z=¢6+h, respectively. Hence all the 
changes in sigus which can occur are represented thus: + $ —, + = —, 
++ —-, +F—-—¢4+, —-=+, —+ +, and — F +. These taken in 
any way give simply one permanence and one variation. IJZence there can be no 
change in the number of variations and permanenecs of the signs of the functions, 
consequent upon the vanishing of any INTURMLDIATE fection, 


Sth. We are now to examine what changes, if any, are produced in the num- 
ber of variatioug and p-rmanences by th: vanishiny of an extreme function, 
And in the first place we repeat that the last function cannot vanish for any 
value of 7, a8 it does not contain 7. We have then to examine only the case in 
which f(r) vanishes, i.¢e., when 7 passes through any root of f(r) = 0. For this 
purpose let us develop f(z + 1) by Taylor's Formula, considering 2 an infinitesi- 
mal. Thus, 


, as ht vet al 
Se +h=Hfl(y tf (eh + f(r Y + f(r) iF + etc, 


Now let r be any root of f(r) = 0, and substitute in this development r for 2; 
whence 


FOAM ALO FES OMAL YS + IO) + ete. 


Asrisaroot of f(r) =0, f(r) =0; and asd is an infinitesimal, the terms con- 
taining its higher powers may be dropped (252, and foot-note). Thur we have 
Sr +a) = fir. Hence, as h is +, we see that f(r +X), that is the function 
just after 7 passes a root, has the same sign as f’(r), fe. f(z) when 7 is at a 
root. But as f'(z) docs not vanish when z=, (2d), f’(r—h), f(r), and 
S'(r +) have the same signs.* Again, since, by hypothesis. f(7) = 0 has no 
equal roota, i¢ changes sign when z passes through a root (244), t.¢., f(r — h) 
and f(r +h) have different signs, Thus, as f(z) and '(c) have like signs just 
after 2 has passed 2 root, and f(r) changes sign in passing, while 7’(7) does not, 
these functions have unlike signs just before 7 reaches a root,t and what was a 
wariation In signs becomes a permanence ; that is, a variation is lost. 











* That is, the first differential coefficient of (7) Mes not change sign when @ pas ? a; ; did 
+ Fram this wo see that the roots of f/(x)<0 are Intermediate hetweett three of 
sinde If g, 5, and c are roots of /(z)=9, in the order of their mignitudes, Just hefore a 
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Finally, ad we have before shown that os z passes through all vaiucs fiom 
~~ to 4, there can be no change in any of the functions except f(z) which 
Will affect the number of variations aud permanences in the signs of the fune- 
tiona, is only one variation lost when 1 passes through any root of 7'(:)=0. 


259. Oor. 1—To ascertain the number of real roots of the equu- 
tion f(x) = 0, ewe substitute in f(x), f'(x), f(x), f(x) - - - - f,(x°),* 
—o for x, and note the number of variations of signs. Then sub- 
stitute +0 for x, and note the number of variations. The excrss 
of the number af variations in the former case over that in the latter 
indicates the number of real roots of the equation. 

This is a direct consequence of the proposition, since as 2 increases from +o, 
there 15 no change in the number of vanations of the signs of the functions ex- 
cept when zr passes through a root, and every time that it does pasa through a 
rodét one variation is lost, and only one. But in passing from —o to + 2», 2 
passes through all real values ence the excess of the number of variations 


for x= —o over the number for 1=-+©@ is equal to the total numbt. of 
real roots. 


26O. Cor. 2.—To ascertain how many real roots af f(x) =0 lie 
betinecn any two numbers as a and b, substitute the less of the twn 
nuinbers in f(x), f'(s), fils), 14), ete, and note the number of vari- 
ations of siyns. Then substitute the greater and note the number uf 
variations, The ercess of the number of variations in the forner 
case over that in the latter indicatcs the number of reat roots between 
the numbers a and b. . 

This appears from the proposition in the same manner as Cor, 1. 

261, Scu.—Since the total number of roots of an cquation corresponds 
to the degree of the equation (2.34), if we ascertain as above the number of 
vet] roots in any given equation, the number of imaginary roots is known by 
implication. 


262. Prob.—To compute the numerical values of f(x), f£’(x), 
f,(x), £,(\), ete, Le, Qf any function of x for any particular value 
of x, when the function és of the form Ax® + Bx? + Cx** 
+ Dx? - « aca ae P, 

So.tTion.—Of course this can be done by merely substituting the proposed 


value of z in the function. But there isa more elegant and expeditious way, 
which we proceed to exhibit. 











Mn RTE Ie an eee a ee EN ee ae ee 


oat. a, f(r) and f(r) have different signs, and just qfler, they have like eigns. Bat just before 
iehee-®, f(x) and 7’(r) have unlike signs, and as (x) « umot heve changed sign, the sign 
Meehan have changed; {.¢.,¢ must have passed through a root of /(x)=0, in pacsing 
¥n like manner it may be shown that a root of /’(r) lies between each two con- 
ninte of f(z)e0. This makes /’(r)=0 have one root lea- than (z)=0. aa it should. 
Ry this notation is meant the nth or last of the Sturmian functions, In which 2 does mot 


a Cbs censen 0 wm pela Ba bbe a meeee Ohta ao) at Ee aehtnk tha namnatamt af m iL fi 











233 ADVANCED COURSE IN ALGEBRA. 


Thus, let it be required to evaluate Av®+ Brt+ Oe*+ Det+ He + F for 
z=. Multiply A by @ and add the product to B. Maltiply this sum by a 
and add the product to C. Multiply this sum by @ and add the product to D, 
Continue this operation till all the coefficients have been involved ore abso- 
lute term added. The last sum is the value of the function when substi- 
tuted for z, as will appear from considering the following : 


A 
a 


Aa+bD 
(t 


Aa + Ba+ 
a 
Aad'+ Bat +ta+D 
a 


Aat+ Bai + (a? + Da+ # 
a 


Ad + Bat +003 + Da? + ha+ F 


This is evidently the value of the function when a is substituted for 2, 


N, B.—1. If the function is not complete, 7 ¢, if it lacks any of the succes- 
sive powers of v, care must be taken to supply the lacking cor ficients with Vs. 
Thus the cocfficients of a+ — 2r? + 5 are to be considered as 1,0, — 2,0, and 
5 (which may be called the coefficient of .r"), 


2. When the numbers involved are small the operation can be performed 
mentally. 


Ex. 1. Evaluate 2572? — 312.c° + 15532 — 5247865 for a = 342. 


OPERATION. 


Qh7 
34 
: 514 
1028 
771 
87804 
— 312 
87582 
175164 
850328 
262746 
20958044, 
1558 
99054507 
843 
59000104 
119818388 
89863791 
10044472174 ; 
~ _ 5247605 
10236224300 The yalue required, 
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Ex. 2. Evaluate at — 3827 + 5¢ — 20 for 2=2, performing the 
operation mentally. 





# EXAMPLES OF THE Use or Sturm’s METHOD. 


1. Find the number and situation of the real roots of 2* — 42' 
—6%+8=> 0. 


, Sva’s.—If the student has attended carefully to what precedes, he will have 
no difficulty in determining that 
S (2) = zc! — 4a* — 62 + 8; 
S'(@) = 32* — 8x — 6; 
f(z) = ltr — 12; 
and Se(2°) = 1467. 


Now, for 2 = — @, we have f(z) —, f'(z7) +, fi: (@)—, and f,(2°) +; ¢¢., the 
signs of the functions are — + — +. There are therefore three variations. 


Again, when « = + 0, the signs are + + + +, giving no variations. Hence 
the number of real roots is 3 —~ 0 = 3; ¢.¢., they are all real. 


To find the situation of these roots we observe that for z= 0, the signa of the 
functions are + — — +, giving two variations, or one less than — ~ gives, 
Hence there is one root between —o and 0; 7.¢., one negative root. The other 
two must of course be positive. We will first seek the situation of this negative 
root. Evaluate by (262), 


For z= 0, the signs of the functions are + — — +. 
« t= — 1, « ty as 66 ee af oe me oe, 
“se ‘= — 2, «s “e Ms “ —_—+- — + ,* 


Hence, as one variation is lost when z passes from — 2 to — 1, there is one root 
between — 1 and — 2; f£.¢., the negative root is — 1 and a fraction. 


In like manner seeking the situation of the positive roots, evaluating the 
functions by (262), we have 


For «=0, the signs 2 variations. 


+ 
| 
- 


“ @=1, 6 “ — + +, 1 “ 
“ @ = 2, se és —_—— + +, 1 « 
6¢ a = 8, “ “a ——+ +, 1 ry 
@ == 4, 6c “ — ++ + +, 1 “a 
“ @ = 5, ‘e “ + + + +, 0 “ 





eer 





* The evaluation of these functions is most elegantly and expeditionsly effected by GF@2). 
Thus for a= ~—2 we have 


t -4 -6 +8] -9 8 -8 -6| -2 
~2 2 #-12 ~ — 6 28 
J ~6 6 ~4=/ (2) ~14 92 = (a) 


value of x for which we are evaluating ie small, and the cocfiicients aleo small, this 
be carried on mentally without writing, and should be go done, 
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Thercfor>, 2s one variation is lost when 2 passes ‘from, 0 to 1, there is one root 
between 0 and 1, #.¢., an incommensurable decimal. Again, one variation is lost 
when z passes from 4 to 5; hence the other root lies between 4 and 5, or is 4 
and an incommensurable decimal. 


beth 
263. Sct. 2.—It is usually unnecessary to find f,(2°) (the last of the 
Sturminn functions), since its sign, which is all that is important, can be 
determined by inspection from the next to the last function and the pre- 
ceding divisor. Thus, if we were to divide 3z*%+ 227 — 102 by 1222 — 393, 
first multiplying the former by 122, it would be clear that the remainder 


a be —, without going through the operation. Hence 7, (2°) would 
e€ +. 


2 to 7. Find the number and situation of the real roots of the 
following : 


(2.) 2+ 627+1027—1=0; (5.) &—2at+27—824+6=0; 
(3.) a —6e°+ 82 +40=0; (6.) et—4¢° 42? 4+67r+2= 
(4.) af ~ 4a? —32+23=0; (7.) af + 227 + 17x? — 207 + 100=0. 


264. Scu. 3.—In case the equation has equal roots, we shall detect them 
in the process of producing the Sturmian functions, since in such a case the 
division will become exact at some stage of the process, and the last Stur- 
mian function will be 0. Having thus discovered that the equation has 
equal roots, we might divide out the factors containing them, and then ope- 
rate on the depressed equation as above for the unequal roots. But it is 
not necessary to depress the degree of the equation, since the several Stur- 
mian functions will have the same variations of signs in either case for any 
particular value of z. This arises from the fact that the common divisor of 
f(z) and f’(z), which contains the equal roots, is a factor of each of the 
Sturmian functions, and hence its presence or absence will not affect their 
signs for any particular value of 2 if the common factor is + for this value, 
and will change the signs of alW if it is —; but in either case the variations 
of signs will not be affected. 


8. Find the number and situation of the wnequal real roots of 
x — 624 + 72? + 2227 — 60x + 40 = 0, without depressing the equa- 
tion. 

Sve's.—Forming the required functions, we have 

ld Nala MAAS es tea 


S'@= — 24x73 + Bint + 447 — 60; 

Ii(z) = a — 2282? + 4682 — 820; 

f(z) = at — 40 op 43 ee 
Salt) = | : ae ae 


Now f2(z) is a factor of cee S'(z), and 7;(2), and eee ee it toi te 
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shall have the following functions, which may be used instead of the Sturmian 
functions derived from the depressed equation: , 
S (@) = 2 — 2x* — Sr + 10; 
ST '(@) = Se* — 42 — 15; 
Si@) = Bia — 80; 
Hence, since the signe of these two sets of functions evaluated for any particular 
value of z will be the same, either set may be used at pleasure. 
Thus either set gives 
For t=—o, — + — +; 
and for @=+0, +++ +. 


Therefore there are two unequal real roots of f(z) = 0; and from the existence 
of the factor (vx —2)* in f(z) and f'(”), we know that there are three equal roots, 
each 2. 


The situation of the unequal roots can now be found as before. 


9 to 12. Find the number and situation of the real roots of the 
following: 


(9.) 2 — Vat + 1327 + lla — 667 + 72 = 0; 
(10.) 2° — 182? — 282° + 24a + 48 = 0; 

(11.) af — 42° + 2° + 2072 +13 = 0; 

(12.) a — 1027+ 62 +1=0. 


265. Scun. 4.—Elegant as the method of Sturm is, and perfectly as it 
accomplishes its object, the labor of producing the functions required and 
evaluating them, especially when the roots are large and widcly separated, 
is so great as to deter us from its use when less laborious methods will serve 
the purpose. Ina great majority of practical cases in which there are no equal 
roots, the principle that {(x) changes sign when x passes through a root of {(x) = 0 
will enable us to determine the situation of the roots with far less labor than Sturm’s 
Theorem. Often a simple inspection of the equation will determine the near 
value of a root. Methods arc usually given for ascertaining the limits (as 
they are improperly called) of the roots of an equation, from the coefficients. 
But these are of little practical value.* 





* For oxample, the two following, which are moat frequently given: 


1. In any equation the greatest negative coefficient +lfh de sign changed and increased by undty 
ix @ SUPERIOR LiMiT Of the roots. 

2. In any equation unity added to that root of the greatest negative coefficient with ite eign 
changed, whoee index is equal to the difference Of the exponents of the fret term, and the first nega- 
tive term is G4 BUPERIOR LIMIT. 

Now consider the equation x* + 29-—500=0. By the first rule the superior limit of a root Is 
S80, aed dy the second /500+1, or 93+. Now the fact is, the greatest root fs 7.64. Again, by 
1, the sqperior limit of the roots of x? - 32 - 467-780 is 13; and by 2 it is the same, But the 
Sragtagt. root ts 9. 
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13. Find by inspection, and also by Sturm’s method, the situation 
of the roots of the equation 2° + 2° — 500 = 0. 

Sca's.—Let the student apply Sturm’s method. The following is a solution 
by inspection : 


Since z = V 500 — a*, there is a + root lesa than V 500, or less than 8. Now, 
trying 7, we have 


1 +1 0 —B00]7 
7 56 892 

8 56 108, ie, f(2) s—, 
8 7% 576 

“9 %8 78, te, f(a) is +. 


There is therefore a root between 7 and 8. 


Also from the relation z= V 500—z*, or from the operations above, we see 
that there is no other positive root; since f(r) evaluated for any positive quan- 
tity less than 7 would certainly be —, and for anything greater than 8, +-. 


Finally, that there can be no negative root is evident, since Vv 500—2z? cannot 
be negative until 2* > 500, but then 5002" < VW—xt, and V—2 is always 


3, —______. 
<a. Hence for z negative we can never have z = 7500—2!. Therefore 
our equation has one real and two imaginary roots. 


Notrre.—The advantage of this method of inspection over Sturm’s method, in 
this case, will not be fully seen unless the student observes that all this can be 
done mentally, without writing a single figure. 


14. Find by inspection, and also by Sturm’s method, the number 
and situation of the real roots of 2° + 7° + 2—100=0. 

Svce’s.—A mere glance should show that there can be but one positive root, 
and that that is less than 5. In like manner writing x? ~ ¢* + @ + 100 = 0, or 
a -+a2-+ 100 = *, we see that no positive valuc of a can satisfy the equation; 
for when z is less than 1, of course the first member is greater than the second, 
and when 2 is greater than 1, z* itself is greater than 2°. 


15. Find, by inspecting the changes of sign of f(x) for varying 
values of 2, the situation of the roots of z*?~ 87 — 1 = 0, and also 
by Sturm’s method. 


16. Find by inspection the situation of the roots of 2° ~ 22z 
— 24 = 0. 
' Sua’'s.—Writing o(e*.— 22) = 24, we see that any positive value of | 


satisfies this must make «* > 22, that is, must be greater than 4, But Siakes, 
o(a* — 22) = 15, and 6 makes it 84. Moreover, it is evident that no numimer’ 
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greater than 6 will satisfy the equation. Seeking for negative roots, we write 
w*— 22a + 24 =; and then 2(z*— 22) = — 24. To satisfy this, 2* must be less 
than 23,orz7<5. For «=0, f(z) is +; for e=1, f(z) is +; for 2=2, F(z) 
is —. Hence a root of the given equation between —1 and —2. Finally, for 
a= 8, f(z)is —-; but for a= 4, f(r) = 0. Hence a root of the given equation 
is —4, 


1%. Determine the situation of the roots of 2°— 1027+ 6z + 1= 0, 
by examining the changes of sign of /(z). 


Sva’s.—For z= 0, f(z)is +; forz=1, f(z)is —; forz=2, f(z) is —; for 
#=8, f(z)is —; for = 4, f(z) is +; and will evidently remain +, an a ad- 
vances beyond 4, This is seen from the following : 


1 0 -10 0 +6 4114 
4 16 2% +96 408 


4 6 2 102 409 
Now any positive number greater than 4 would destroy the —10 in this pro- 
cess, and give the sum at that point greater than 6, and hence the aggregate 
would rapidly increase. Thus notice, when 8 is substituted, we have 


1 0 -10 0 +6 +118 
8 9 -3 -9. -9 


Now 8 is not large enough to destroy the —10; but every number larger than 
4 will destroy it. 


To examine for negative roots we write 7°— 1075+ 62—1=0. In this, for 
e=0, f(z) is ~; for c=1, f(z) is —; for r= 2, f(z) is ~; for r= 8, f(z) ia 
—; but forz= 4, and all numbers greater than 4, f(x) is +. 


We have now found that there are certainly three roots between — 4 and 
+ 4, and none beyond these limits either way. But it ts not safe to conclude thas 
the other two roots are imaginary. The fact is, they are not. How, then, are we 
to find them? Sturm’s method is thought to possess particular advantage in 
saving us from such erroneous conclusions, and enabling us to find the situation 
of all the real] roots with infallible certainty. And certainly it does do this; but 
let us see if we cannot do it, in this instance at least, as readily without that 
method. It will be observed that we know only that — 8 is the initial figure 
of one root, and +8 of another. The initial digit of the, root between 
0 and + 1 we have not found. Let us seek it. For z= 0, f(z) is +; and 
by trying 2 = .1, « = .2, we should at once dee that f(7) changes very slowly, 
and as when 2= 1, j(7) is only — 2, we should be led to try numbers near 1. 
Trying « =.8, we would find that f(z) is +, and fora =.9, f(@)is —. Hence 8 
is the initial figure.of the root lying between 0 and + 1. 


We now know the initial figures of three of the roots. But where are the 
other two. roots? If they are real we know that they lie between — 4 and + 4, 
det shave ween above that no root can lie beyond these limits. Moreover, a8 

fon changes value rapidly beyond 1, and slowly between — 1 and 1, it. 
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wonld naturally be suggested that there may be twe changes of sign. between 9. 
apd +1,orQand —1. Evaluating f(z) = 2° — 10z* + 62+ 1 for .1, .2, .8, ete, 
we soon see that t¢ will not change sign for values of 2 between 0 and + 1. 
Evaluating f(z) = 2 — 102? + 62 — 1. for .1, .2, .8, etc., we find that the other 
roots are between 0 and — 1, and that their initial digits are —.1 and —.6. 


18 to 23. Find by inspection, by the change in sign of /(z), or by 
Sturm’s method, the number and situation of the real roots of the 
following : 

(18) 2 — 327 — 427 +11=0; 

(19.) 2 — 2a —5 = 0; 

(20.) a4 — 42° — 382 + 23. = 0; 

(21.) 2? + 11a? — 1027 + 181 = 0; 
(22.) 2? —172° + 542 = 350; 

(28.) 2° + 22° + 8x — 18089030 = 0.* 


266. Scu, 5.—If we have an equation in which, when cleared of frac- 
tions, the coefficient of the highest power of ¢ is not unity, it may be trans- 
formed by (228) into one having such coefficient. But this ia not necessary 
én order to the application of Sturm’s method, as it is not required by anything in 
the demonstration of that theorem that the coefficients should be integral. 


24 to 31. Find by Sturm’s method the number and situation of 
the real roots of the following: 
(24.) 22°+ 32°— 42 —10= 0; (28.) 32*— 42°+ 22 — 1000 = 0; 
(25.) 2— 18p,a + 29553, = 0; +t (29.) %a°— 8327 + 187 = 0; 
(26.) 8a? — 362°+ 462 -—15=0; 30.) a'— 142°— 1§x = 440; 
(27) 428 — 1209+ la —3=0; = (31.) 2*— Fr*— $2 = 312. 


HorNEr’s MeEtTHop oF Sotvtion.{ 


Horner’s method of solving numerical equations is a method 
of finding the incommensurable roots of such equations to any re- 





* Observe that neglecting the terms 2277 + 32, which, since 2 is large, are small as compared 
with 2, we have a= 13080080, or x lice between 200 and 800 probably. 


+ Clear of fractions frst. 


+ Among the many methods discovered, and doubtless to be discovered, for this purpose, it 
is scarcely possible that Horner's should be superseded, since the solution of such an equation. 
will certainly require the extraction of a root corresponding to the degree of the equation ; and 
the labor required by Horner's method is not greater than that required to extract this root, 
Nor is this merely a method of approximation, except as any method for incommmensuradle roots 
fe pecessarily a method of approximation. If the root can be expressed exactly in the decimal 
notation, or by means of a repeating decimal, this process effects it. The method was @rst 

| published by W. G. Horner, ee nee 3619, abget fifteen years alias ed 
Theorem was published. 
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quired degree of approximate accuracy. It is based upon the two 
following problems and proposition : 


268. Prob.— To transform an equation, as f(x) = 0, into another 
whose roots shall be a leas than those of the given equation. 


SoLuTION.—Let e=a-+2,, whence 2,=x—a, and we have f(2)=f(a+2,)=0, 
or 0=/f(@+2,). Developing the settee by Taylor's her we have 


zi 
O= Sat a)= fla) + fom +7" + Fa) 7 + Prag coe 


2 2? 
O=f(a)+f'(a)n, +f'"(a) Zs +h"a)ig + f(a) . , ete., as the required equa- 
tion. ° 
269. Scu.—The meaning of this may be stated thus : The absolute term 
of the transformed equation is the value of (7) when a is substituted for 
z; the coefficient of the first power of the unknown quantity, z,, in the 
new equation is the first differential coefficient of f(z), when a is substituted for 


# in this coefficient ; the coefficient of the second power of 2 is ; the second dif- 
ferential coefficient of f(z), when @ is substituted for 7; etc. 


Ex.—From 5x* — 1227 + 32° + 42 + 5 = 0 deduce a new equation 
whose roots shall be each less by 2 than the roots of this. 


SOLUTION. 
S (x) = Sat — 1203 + Br? + Mr + 6 = 9 = f(a). 
2=a=Q* 
Sz) = 2x? — 86x* + Or + 4 gee a Ae 
c= 
S''(@) == 60z* — 72x + 6 : =102=f"a. «.4f'(a) = 61. 
r= 
Se) = 1202 — 72 ; = 168 = f''"(a). Uk Pa) = 28. 
' t= “se 
Fra) = ay ot = 120 =f'(a). “ aa) = 6. 
Hence 0 = 9 + 82x, + Siz? + 2877+ Sr, or 52,4+ 287,)+512,?+822,4+ 9 = 0, 
is an equerion whose roots are 2 less than the roots of the given equation, 
since 2, = 2 — 2. 


270. Prob.—To compute the numerical values of f(a), f'la), 
zf"(a), $-f°"(a), t-f""(a), etc., from €(x), when f(x) has the form 
Ax®+ Br + Cx®-*+4 Dee? . . . . KP, 


_ Sovution.—Let lz) = Azt+ Bo+ Ce?+De+H; whenee, sie: S'(@) 
f “(a), (a), and. f(z), and substituting @ for z, we have 





* The meaning of this notation fs that 2 is made equal to 3 in the function, whence results 
the. decries vaiue, 3 


44a+B; 


AF ?*(@) az A. 


=. 
—s 
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F(a) = Aa + Ba® + Ca* + Da + EZ; 
J'(a) = 4Aa? + 8Ba* + 20a+D; 


f(a) = 6Aa*t + 8Ba + C; 


ib T'"(a) 


Now, we may compute these as follows 
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0 into another equation 


each of whose roots shall be 3 less than the roots of this. 


~sonmee 


EXAMPLES. 


1. Transform 32‘—4a° + Y%a* + 8%—12 
SoLuTion.—Arranging the coefficients and proceeding as in the above solu 


tian. we ha -s the following : 
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OPERATION. 
8 —4 +7 +8 —12 | 8) 
9 15 66 aa 
5 22 74 210 = f(8) 

9 4 198 
14 64 266 = 7’(3) 

9 68 

23 188 = $f''(8) 

2 

$2 = 14 F"'"(8). 


Hence the transformed equation is 
3a ,* + 822z,3 + 13832 ,* + 2662, +210 = 0. 
2. Transform 32‘ — 132*°+'%2* — 8% — 9 = 0 into another equation 
whose roots shall be less by 3 than the roots of this. 
The new equation is 32‘ + 232° + 52a° + 7xa—78=0.* 


3. Transform z* + 227 — 62° — 10z + 8 = O into another equation 
whose roots shall be 2 less than the roots of this. 


PROCESS. 

1 0 +2 -6  -10 +8 |8 . 
2 4 2 1 4 
2 6 6 2 12 
2 _8 8 _68 
4 14 34 70 
2 12 
6 26 86 
2 16 
8 42 

2 
10 


“. The equation is 2° + 1024 + 4225 + 862? +707 + 12=—0. 

4, Transform 2° — 624 + 742° + 7.9227 — 17.8722—.79232 = 0 into 
another equation whose roots shall be each less by 1.2 than the roo 
of this. 

5. Transform 2°—2z*+32+4=0 into another equation whose roots 
shall be 1.7 less than the roots of this. 


6. Transform 2*+112*—102z+181=0 into another equation whose 
roots shall be 3 less than the roots of this equation: transform the 
* For convenience in reading and writing, it is cuetomary to omit the enbscripis which dix 


finguish the unknown quantity in the traneformed equation from that in the given equation. 
But it should be borne in mind that the unknown quantities are different, 
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resulting equation into another ‘whose roots shall be .2 less than the 
roots of the last: transform this equation into-another whose roots 
shall be .01 less than those of the last: transform this into another 
whose roots shall be .003 less than its roots. 











OPERATION. 
1 +11 . —102 +181 [3 
8 # —180 
14 —60 a | 2 
2 51 2M 
17 — H* .008+ | .01 
_8 4.04 — 006730 
20* —4.96 001261 | .003 
_2 4.08 — .001217403 
20.2 — 88+ .000043597§ 
_ 2 .2061 
20.4 — 6739 EXPLANATION. 

2 ~ * These, together with the fi 
nee _— 4e77 ese, together with the first, 
met ee are the coefficients of the equation 
—— ; whose roots ‘are 8 less than those 
20.61 — 405801 of the given equation. The equa- 

O1 .061908 tion written out is x2? + 20r*—9z 
20.62 — 8438088 +1=0.(A). But, instead of re- 

Ol writing these coefficients for the 


20.63} second transformation, we operate upon them just as 
003 ~~ they stand. 
20.633 + These, together with the first, are the coefficients 
008 of the equation whose roots are .2 less than those of 
—— (A), and consequently 3.2 less than those of the given 
20.636 equation. This equation written out is 2° +20.62%— 
0038 =. 88r+.008=0. (2). But instead of rewriting these co- 
20.639§ efficients we effect the next transformation upon them 
just as they stand. 

'¢ These, together with the first (which remains the same in all), are the co- 
efficients of the equation whose roots are .01 less than the roots of (B), .21 less 
than the roots of (A), and 3.21 less than the roots of the given equation. This 
equation is 2° + 20.682? — .4677z + .001261=0. (C). 

& ‘These are the coefficients of the equation whose roots are .003 less than 
those of (C), .018 less than those of (8), .218 less than those of (A), and 3.218 
leas than those of the given equation. The last transformed equation is 
w* + 20.6802? — 8438982 + .000048597=0. 


”, Transform, as above, the equation 2— 12¢°+12¢—3= 0, sue- 
cessively, into equations whose roots shall be 2 less, 2.8 less, and 2.85 
less than the roots of thefiven equation. 
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OPERATION. 
1 Oo —12 +12 —8 [_2.85 
2 4 =16 =3 
“2 —8 —4 —11* 
_ 2 _8 _0 8.9856 
4 0 —4* —2.0144+ 
2 2 15.282 1.71040025 
6 12% 11.282 — 29499875 
2 7.04 21.876 
ge 19.04 B2.608+ 
_3 768 1.790125 
8.8 26.72 $4.888125 
_8 882 _1,808375 
9.6 85.04+ 36.196500t 
_8 5625 
10.4 85.6025 
_8 5650 
11.24 36.1675 
05 _3675 
11.25 36.7250 
.05 
11.30 
__5 
11.35 
_0 
11.40} 
Hence the successive equations are, 
The Primitive, o*—122? +127—3=0 ; (A). 
One whose roots are 2 less than those of (A), 
2+ 4873 +122?—4r—11=0; (B). 


One whose roots are 8 less than those of (2), or 2.8 than those of (A), 
a* + 11.227 + 35.042" + 32.008¢—2.0144==0; (C). 
One whose roots are .05 less than those of (C ), 83 less than those of (B), or 
2.85 less than those of (4), 
xt +11.42 + 86,7852* + 86.19652— 29499375 =0. 


8. Transform, as above, the equation at—tx+7=0, successively, 
into equations whose roots 'shall be 1 less, 1.3 less, 1.35 leas, and 1.356 
less than the roots of the given equation. 


271. Prop.—f[f a+2, is a root of f{#)=0, and 2, 14 sufficiently 


smell iwith reference to a, t= — ray approximately. 
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Dem.—If a+, isa root of f(z)=0, fla+e, )=0. Developing this by Taylor’s 
Formula, we have 


S (a+%, =f (a) + f'(a)a, + f(a) Bray etc. ==0. 


Now, to determine 2, approximately, which is all the proposition proposes, when 
2, is quite small with reference to a, all the terms in the development involving 
higher powers of 2, than the first may be neglected ; whence we have f(a) + 
F(a) 
Say 

Ex.—Knowing that 4.+ some decimal fraction which we will call 
x, is a root of 2°+2°+z7—100=0, required the approximate value of 
the decimal fraction 2. 


J'(a@) a, =D, or 2, = — 


SoLUTION.—Finding f (a), t. ¢., in this case f (4)* in the ordinary way, we have 


1 +1 +1 —100 | oe, 
24 _20 _84 
5 21 —16 = f(a), or f (4)* 
2a _36 
9 57 = f(a), or f’(4)* 
_4 
13 
Hence — F(a) = 18 ==.28+ is approximately the decimal part of the root. 
S (a) aaa 57 ppr y Pp © 


In fact, 2 %s the tenths figure of the decimal pare of the root, the root being 
(as we shall find Beret) 4.26444. 

We thus have 2,°+ 1827,7+ 577, —16—0, an equation whose roots are 4 less 
than the roots of the given equation. We will now transform this into another 
equation whose roots shall be .2 less than the roots of this equation, or 4.2 less 
than the roots of the given equation. Thus 








1 +18 +57 —16 | 2 
_ 2 2.64 11.928 
18.2 50.64 —4.072 = f (4.2) 
oe Bi 
18.4 62.82 = (4.2) 
soe 
18.6 


and the transformed equation is 
e* + 13.629" + 62,822—2—4.072=0, 





* This notation meana, the value of f(z) when 4 is substituted for a therein. 


+ That these are the values of / (x) (the first member ofthe given equation) and /’(2), when 
4.2 is snbstituted for a, will be evident if it is considered that they are the same results as 
wonld have been obtained by transforming the given equation immediately (by ene process) 
into another whose roots are 4.2 less. 
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which is an equation whose roots are 4.2 less than those of the given equation, 
i. €., T=4.242¢. 


Hence by the proposition 7, = — = 005 approximately. In fact, it will 


be seen that 6 ts the hundredths figure of the root. 





Writing both portions of the above work together, it stands thus: 





1 +1 +1 —100 | 4.2 
Se mt 2% 
5 21 —16* #* », —16=f (a), or f (4) 
_4 _86 11.928 
9 57* —4.072+ *.. &7=f'(a), or f’'(4) 
_4 2.64 
13* 59.64 ¢ ©. ~4.072=/ (4.2) 
2 2.68 
13.2 62.32+ to. 62.32='(4.2) 
2 
13.4 
_2 
13.6+ 


Horner’s Rute. 


272, RULE.—1. Put THE EQUATION IN THE FORM 
Ax" + Bat + Ca? ~~ - - Mz+L=0, 


IN WHICH TIE COEFFICIENTS A, B, C - - - - Z, IF NOT INTEGRAL, 
ARE EXPRESSED EXACTLY IN DECIMAL FRACTIONS. 


2. FIND THE NUMBER AND SITUATION OF THE POSITIVE REAL 
ROOTS BY StuRM’S THEOREM, DETERMINING ONE OR MORE (USUALLY 
TWO) OF THE INITIAL FIGURES. (See Scu. 1.) 


3. WRITE THE COEFFICIENTS IN ORDER WITH THEIR PROPER 
SIGNS, BEING CAREFUL TO SUPPLY WITH 0’S THE PLACES OF CO- 
EFFICIENTS OF MISSING TERMS, IF THE EQUATION IS NOT COMPLETE, 
TAKING THE INITIAL FIGURES OF ONE OF THESE ROOTS AS THUS 
FOUND, OPERATE ON THESE COEFFICIENTS 8O AS TO OBTAIN THE CO- 
EFFICIENTS OF THE TRANSFORMED EQUATION WHOSE ROOTS SHALL 
BE LESS BY THE PORTION OF THIS ROOT ALREADY FOUND. 


* 


4, HAVING FOUND THESE COEFFICIENTS, IF THE COEFFICIENT OF 
THE FIRST POWER OF THE UNKNOWN QUANTITY IN THIS TRANS- 
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FORMED EQUATION AND THE ABSOLUTE TERM, f'(a) AND f(a), HAVE 
UNLIKE SIGNS, DIVIDE THE LATTER BY THE FORMER, AND THE FIRST 
FIGURE OF THIS QUOTIENT WILL BE (APPROXIMATELY) THE NEXT 
FIGURE OF THE ROOT. (See Scu. 2.) IF THESH FUNCTIONS HAVE 
LIKE SIGNS, MORE FIGURES OF THE ROOT MUST BE FOUND BY STURM’S 
THEOREM OR BY TRIAL, BEFORE PROCEEDING TO APPLY THIS PHO- 
CESS OF TRANSFORMATION. 


5. HAVING FOUND A FIGURE OF THE ROOT BY DIVIDING f(a) BY 
f(a), ANNEX IT TO THE ROOT AND OPERATE ON THE COEFFICIENTS 
OF THE LAST (TRANSFORMED) EQUATION AS THEY STAND, TO PRO- 
DUCE THE COEFFICIENTS OF THE NEXT TRANSFORMED EQUATION, 1. 6. 
THE ONE WHOSE ROOTS SHALL BE LESS TIAN THOSE OF THE LAST, 
BY THE LAST FIGURE OF THE ROOT, AND LESS THAN THOSE OF THE 
GIVEN EQUATION BY THE ENTIRE PORTION OF THE ROOT NOW FOUND. 
HAVING FOUND THESE COEFFICIENTS, DIVIDE THE ABSOLUTE TERM 
BY THE COEFFICIENT OF THE FIRST POWER OF THE UNKNOWN 
QUANTITY, IF THEIR SIGNS ARE UNLIKE, AND THE FIRST FIGURE 
OF THIS QUOTIENT WILL BE (APPROXIMATELY) THE NEXT FIGURE 
OF THE ROOT. IF THESE SIGNS ARE ALIKE, TIE LAST ASSUMED 
FIGURE OF THE ROOT IS TOO LARGE AND MUST BE DIMINISHED. 
(See Scu. 3.) 


6. PROCEED IN THIS MANNER UNTIL THE ROOT IS OBTAINED; 
OR, IF THE ROOT IS INCOMMENSURABLE, UNTIL AS MANY FIGURES 
OF THE DECIMAL FRACTION ARE OBTAINED AS ARE DESIRED. (See 
Scu. 4.) 


7. IN LIKE MANNER ALL THE POSITIVE REAL ROOTS, OR THEIR AP- 
PROXIMATE VALUES, MAY BE FOUND. To OBTAIN THE NEGATIVE 
ROOTS, CHANGE THE SIGNS OF ALL THE TERMS CONTAINING ODD POW- 
ERS OF THE UNKNOWN QUANTITY, OR ALL OF THOSE CONTAINING THE 
EVEN POWERS; OR, 1F THE EQUATION IS COMPLETE, EACH ALTERNATE 
SIGN, AND PROCEED TO FIND THE POSITIVE ROOTS OF THIS EQUATION 
AS BEFORE. THE VALUES THUS FOUND WILL BE THE NUMERICAL 
VALUES OF THE NEGATIVE ROOTS (246). 


This rale is based upon: previenely demonstrated principles, and needs no 
special demonstration. ‘ 


‘278. Scu. 1.—By means of (244, 945) we can usually find the initial 
figure or figures ‘of the roots with less labor than by Sturin’s Theorem, 
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274, Bou. 2.—Since by (271) ¢,= — ao if both f(a) and 7’(a) have 
the same sign at any time, this quotient will be —, and hence the value 
thus found for z, will not be the amount to be added (annexed) to the por- 
tion of the root already found, for the assumption is that this portion is less 
than the root of the equation which we are seeking. 


278. Scx. 8.—That the figure of the root found by dividing f(a) by f(a 
is liable to be too large is readily seen when we consider that instead of 
SF '(a)2;== —f(a) (in Dem. of 271), we should have, if no terms were 
omitted, 


S (ay +3 Sf" (e272 +h" (a2, * +ete.=— f(a). 


Now a valuc of 2, which satisfies the former may evidently be quite too 
large to satisfy the latter. Thus consider 2? + 10z* + 5r—2600=0. Neglect- 
ing z* and 10r%, we have Sz=2600, or7=520. But this will by no means 
satisfy the equation when 2 and 102? are not neglected. 

Again, the figure found by dividing f(a) by f’(a) may be toosmall. Thus, 
if we have z*—12z* +127—-3=0, and neglect 7‘, and —12z*, we have 12¢—8 
=0, or z=}. But this is too small a value to satisfy the equation, since for 
a==4, —12r* will be numerically much larger than x‘, and hence retaining 
these terms will diminish the function, thus making ‘ too amen to satisfy 
the equation. 


276. Sc. 4.—From Sc. 2 it appears that f(a) cannot change sign in 
the process unless f'(a) also changes sign. But when f(«) changes sign, we 
know by (244) that we have passed a root of the equation; if, however, f'(a) 
also changes at the same time, our work may still be right. In such a-case 
there are two roots having their initial figure or figures alike, e. g., one may 
be 23.864, and the other, 23.59+. To obtain the less of the two roots, take 
the largest figure which will not cause either f(a) or f'(a) to change sign; 
and for the larger of the two roots take the smallest figure which will cause 
both f(a) and f(a) to change sign. 


[Norr.—These scholiums, as also the rule, will be better understood in con- 
nection with their applications in the following examples, But in review, after 
the solution of the examples, they should be carefully learned.] 


EXAMPLES, 
1. Required the roots of o— 42? — 6% -+8=0. 


So.urron.—By Sturm’s method we find that there are 8 real roots, one nega- 
tive, and two positive (see Ex. 1, page 228), and also that the negative root is 
71. and an incommensurable decimal, that one positive root is an incommen- 
surable decimal, and that the other positive root is 4. + an PencnapeS rate 
decimal, We will seok the latter firat, 
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OPERATION, 
1 =—4 —6 + 8 | 4892+ 
= ae sacl 
0 —6 —16.+«> 
_4 16 18,682 
4 10 ee —2.868e » « 
Ao _7.04 2.309760 
8.8 17.04 — .058281+  « 
3 7.88 oss270288 
6 24.726 0 — .004955712 
8 __ 9441 
10.49 25,6641 
09 _982 
10.58 23.6163- » 
09 .021344 
10.672 ~3.037644 
.002 021348 
10.67 26.658992 
_.002 
10.676 


REMARKSs.—The general features of the process, being the same as heretofore 
given (270, Example’, need no further explanation than they have already re- 
ceived. Each decimal figure of the root is added the first time in the first 
column simply by annexing it. 

F(a) _ _ 16 
Fw i0 "io = 18. But 
this cannot be the proper addition, since we know that the root lies betwean 4 
and 5; hence this trial fails to give the second figure in the root. (See 2735.) 
But as we know that this figure cannot be greater than 9, we try 9, and find 
that it makes the absolute term change sign so that f(a) and f'(a) have the 
same sign, and consequently .9 is too much to add. (See 276, and also consider 
that f(z) would thus be shown to change sign as 2 passed from 4 to 4.9, and 
hence that a root lies between 4 and 4.9, 244.) We therefore try .8, and find 
that it is the correct addition. We know that 8 is right, since we know that 


as x passes from 4.8 to 4.9, f(z) changes sign. 
In finding the third figure we have for trial — 23 of — oa das = 09. Try- 
ing 9 as the third figure of the root, we find that the absolute term does not 


change sign, and hence we know that 9 is the next figure, i. e., we know that a 
root lies between 4.89 and 4.9. 

The process may be thus continued ncetnlvely, and as many figures found as 
we may desire, 


277. N. B.—It will be observed that this process is simply one of substitu- 
tion in f(#) of values for a which come nearer and nearer to making f(g) = 0. 


In finding the second figure of the root, we have —-~., 
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Thus in this example 4, substituted in 2? — 42° — 6 +. 8, gives 2* — 42* — 62 
+8 = — 16; 48 substituted for z, gives 2°? — 4? — 67 + 8 = — 2.368; 4.89 
gives 2° — 47° — 67+4-8= —.058281; 4.892 gives 2°—42*—624+8= —.004955712. 
Thus we are coming nearer and nearer to the number which substituted for z 
would make 2? — 47* — 67 + 8 = 0, or would satisfy the equation. 


2. TO FIND THE ROOT WHICH LIES BETWEEN —1 AND —2, we take the equa- 
tion 2? + 47° — 62 — 8 = 0 (changing the signs of the terms containing the even 
powers of 2), and find the root of this equation which lies between 1 and 2 
(246). 

















OPERATION. 
1 +4 —6 —8 | 1.8004+ 
oe _5 -1 =. 
5 ~1 —Q eee 
fe! _ 6 8.992 
6 5,00 — O08: cccccvee 
1 6.24 007249504064 
718 11.24 — 000750495986 
8 6.88 
8.6 18.12-seeee 
8 00376016 
9.4004 18.12876016 
0004 00376082 
9.4008 18.12752048 
0004 
9.4012 


8. To FIND THE ROOT WHICH LIES BETWEEN 0 AND 1. We first find the 
initial figure either by evaluating f(r) successively for .1, .2, .8, etc., and no- 
ticing when it changes sign (244); or by Sturm’s method. The former is much 
the leas laborious, and is to be preferred (265). In fact, to use Sturm’s method 
involves cractly the same work as the former met:od, with considerable additional 
work. Moreover, the former method can be applied mentally till the proper 
initial figure is determined, and no other writing will need to be involved than 
just what Horner’s method requires. No figures will need to be written but 
those in the following 











OPERATION. 
1 —4,s —G§ oe +8, ee | .8082 + 

9 — 2.79 —7911 

—3.1 —8.79 . .089 cooseoce 
a] —1.98 — .086242688 

—2.2 —10.77 ee 002757813 
9 .010886 

—1.3+6 ~ 10.780836 
.008 





L 
$ 
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It is so evident that the last figure is 2, that the operation for verifying it in 
‘annecessary. 


2 Find the roots of z —132* + 532% — 492° — 1102 + 150 = 0, 
extending the decimals to the 5th place. 


Sue.—Apply Sturm’ s method. If there are equal roots, depress the equa- 
tion, 


3 to 5. Find all the real roots of the following, extending the 
decimals to 4 or 5 places: 


(3.) 2 + 1027 + 5x2 — 260=0; 
(4.) 2+ 32° + bce =178; 
(5.) A+ 2r* = 23x + 70. 


The cubic equations on pages 223, 224, 226, 228, will afford further 
exercise. 


6. Find the roots of the equation a* — 802* + 19982* — 14937%z 
+5000 = 0. 


Sue’s.—Of course we may always find the number and situation of the real 
roots by Sturm’s method. But as the labor of substituting in al/ the functions 
used in this method is frequently great, we avoid it when we can. However, it 
ts generally best to free the equation from equal roots, and find the NUMBER of 
positive, and the NUMBER of negative roots by Sturm'’s method. But the situation 
of the roots is almost always more readily found by inspection based mainly on 
the change in sign of f(z) (@44). We will solve this example in this way. 


1. By Sturm’s method we find that our equation has no equal roots, and that 
it has 4 positive roots, and no negative root (see 264). 


2. WE NOW PROCEED TO FIND THE LEAST ROOT. Observing that for z=0, 
S (x) is +, and for z=1, f(z) is —, we know that at least one real root lies 
between these limits. To find it we have the following (see next page) : 
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1958.18 


15.84 


1942.34 


15.80 


1926.54. -+ 


1.5756 


1924.9644 


1.5752 


1923. 8892 


1.5748 


1931.8144+ 


1.5740 


1920.2404 


1918.6668 
. 1.5782 


1917.0886§ 


7868 


1916.8078 


7862 


1915.5211 


7861 


1914. 78509 
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FIRST OPERATION, 


— 14987 
199.001 


—14787.999 
198.208 


— 14589. 796* 
391.686 


—14148.160 
888.468 


—18759.692 > «+f 
88.499288 


—18721.192712 
88.467784 


~ 18682. 724928} 
88.404808 


— 18644, 320120 
88.878836 

—18605.946784§ 
19.168078 

—18586.783711 
19.155211 


—13567.628500F 


+5000 
— 1478. 7999 


8526.2001* 
— 2829.6820 


696.5681¢0eet 


— 274,42885424 
42214424576} 

— 272.88640240 
149.25784886§ 

— 185.86788711 
18.89000625Y 


| 
Ey 
8 
| 02 
.08 


ot 
.85 


4 
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REMARKES,—This work is given to show how we may proceed to find the first 
two figures of the root by successive simple approximations. If the stadent is 
familiar with the principles heretofore developed and applied, he wil] have no 
difficulty in seeing the reasons for the operations above. We are simply adding 
to the value of 2 substituted in /(z), so as steadily to diminish the absolute 
term, being careful not to add so great an amount tow as to make this term 
change its sign; and when we can add no more of one order (as of tenths), we 
pass to the nett lower order (hundreths) and proceed in the same manner. On 
this process we make two remarks, vis.: 


(a.) Zt te not eure to succeed. Thus, if there were teo roots between .84 and 
.85, for example, the absolute term would not change sign when we passed from 
.84 to .35, although we would have passed both roots; and it might occur that 
no root lay beyond .85, in which case our method would be fruitless, But such 
cases are rare. It is in such cases, and in such only, that Sturm’s method is 
well-nigh indispensable for finding the situation of foots. 


(0.) In most cases the ezacé figure of any order can be told without such an 
approximation as the above; or, what is equivalent, without trying a figure, and 
when it is found incorrect, erasing the work and trying another, and so on till 
the right figure is found. In this particular cage, the firet figure in the root being 
@ small fraction, the higher powers of x might be neglected (and more especially 
as they differ in signs), and — 140872 + 5000 = 0 would give the first figure 


in the root at once. Thus 7#= oo =.8+. So, in this case, for the second 


14987 
_ A ee vuv.uwvue. =, 
figure F(a) =13756.¢603 05 +, which gives the next figure of the 


8. To FIND THE NEXT GREATER ROOT. By substituting 1, we find, as on the 
next page, f(z) = — 8018; and when 1 is added to this, f(z) = —17506. Now it 
is evident that any slight addition, as of 2, 3, or 4, to the value of @, will only 
make f(z) increase negatively. This is seen by inspecting the coefficients 1, 
—72, +1542, —7878, —17506. We therefore make a considerably larger addi- 
tion to z,as10. From this explanation the student should be able to see the 
significance of the following (see next page :) 
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SECOND OPERATION... 

t —8 +1998 —14987 + 3000 1 
_i - 70 1919 —18018 1 
—79 1919 —18018 — 8018 10_ 
1 — % 1841 — 9488 Ox 
—78 1841 —11177 — 17506 
i ~— 77 1680 18470 
nll 1764 — 9488 — 4086 »+0e 
1 — ; 1615 8787.8441 
—76 1689 — 7878 — 208.6559 - 
a ous 9220 
75 1615 1847 
1 Pe 4020 
—4 1542 5867 «ee 
_} ~—_620 ~—_ 27.987 
—73 922 5889.068 

Py 1 a - 520 — 423.981 
—72 402 5296.183 
_10 ~~_420 
—63 — 1B 
_10 — _ 21,91 
—52 — 89.91 

10 — 21.43 
—43 — 61.88 
10 — 20.98 
733 « — 82.26 
_t 
—31.8 
al 
—80.6 
2 
—29.9 
at 
—29.3 


As now f(a) and f(a) have opposite signs, and the remainder of the root is 
quite small as compared with that already found, the approximation can be 


carried on in the ordinary way. Thus we have — 5 a eee owe 
and the next figure of the root is 5, 





_ 4. To FIND THE NEXT GREATER ROOT we resumé the coéfiictents after the 
roots had been diminished by 12, Then adding 1 to the value of 2, we find that 
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for z = 18, f'(2) = 1262, having changed sign, as it shéuld, Now as f(a), 6. 4. 
5289, and f(z) are both positive, and the other coefficients, though negative, are 
comparatively small, it will take considerable increase in w to change the sign 
of f(z). We therefore add 10. Now /"(2) has changed sign, and by inspecting 
the coefficients, 1, +12, —348, —1821, and 24872, it is evident that ¢ cannot in- 
crease another 10 without changing the sign of f(z). Hence we try 5. For 
a similar reason we add 4 next. 


THIRD OPERATION. 


























—82 — 18 +5367 — 4086 12 
1 — 31 — 49 5818 1 
—$1 — 49 5818 1282* 10 
1 — 30 — %9 28590 5 
—80 — %9 5239* 24872+ 4 
1 — 29 — 2880 — 13180 82.4 
—29 —108* 2859 11692t 
_1 —180 — 8680 — 11588 
28% —288 —1821+ 1043 
_10 —80 —1815 
—18 — 868 — 2636 
10 20 — %65 
— 8 — 848+ —3401t 
10 8 504 
2 — 263 — 2897 
10 110 1144 
12+ 7158 — 17588 
5 185 
17 ="18+ 
5 Me 
22 126 
5 _ 160 
27 286 
5 176 
82+ 4628 
40 
_4 
44 
4 
Now —7—5 = — =.05+. But as the coefficients preceding —1758 are 


S'(@)” aie 


HORNER'S METHOD. | Bab 


all +, they will diminish it somewhat in the operation, and hence it is probable 
that .06 is the proper addition to make to the root. The process can now be 
continued to any extent desired. 


5. To FIND THE NEXT GREATEST (in this case the greatest) ROOT, we have he 
following operation, which we leave the student to trace: 


FOURTH OPERATION. 





























82 
1 +48 +462 —1758 + 104 1 
1 __49 __ 511 1242 des 
“49 511 —1242 —1188* 84.8 + 
1 50 561 16 
"50 ~ 661 — 681* —1164,0006 
1 61 665 1086.8416 
“Bl 612* as: 46 — 67.1584 
1 _ 88 719 
"52 665 208, 06 
1 _ 54 655.552 
“58 719 1358.552 
1 55 692.416 
“54 TTA, 0° 2050.968 
_i _ 45.44 
65 819.44 
1) 46.08 
56.8 865.53 
ss 46.73 
57.6 912.24 
__8 
58.4 
__8 
59.2 


The student should extend these solutions 2 or 8 figures farther. 


7 to 12. Solve the following: 
(7.) 2° + 602° — 8002 = 60000. 
(8.) 2° + 2af + Bat 4+ 42° + 5a = 54321, 
(9.) 2 + 4a* — 4° — 1lz+4=0. 
(10.) af — 272° + 1622* + 3562 = 1200. 
(11.) 2? — 82° = 48654231721. 
(12.) 2% + 22° + 3x = 13089030. 
(13.) 2° — 10z* + 62 = 1. 
(14) 2° + 17382 = 14760638046, 
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(15.) 2° — 70352° + 152627542 = 10000739880. 

(16.) 2* + 12% = 35.4025. (Solve by Horner’s methad.) 

(17.) 2° + 42° — 9x = 57.623625. 

(18.) 224 + 52°+ 42*+ 32 = 8002. (Observe that it is not meces- 
sary to make the first coefficient unity. Seo examples in the first 
part of the section.) | 


(19.) Bat — da® + 2x = 1000. 
{20.) 5a* — 3.2% = 41278216, 


Norn.—The roots of several of the above are commensurable ; and their solu- 
tion shows that Horner’s method is adapted to such cases, 





21 to 25. Extract the roots of the following numbers by Horner’s 
method : 


(21.) The oube root of 119736852154. 

(22.) The square root of 5126485. 

(23.) The fifth root of 2. 

(24.) The fourth root of 35718271002567691. 
(25.) The cube root of 3. 


Sva’s.—To solve the 21st, write «3 — 119786852154, and solve as usual, being 
careful to remember that the coefficients are 1, 0, 0, —119736852154. To find 
the initial figure, point off as in the ordinary method of extracting roots. The 
following exhibits the first steps of the process: 








1 0 0 — 119786852154 1 49 
4 16 64 Lo 
4 16 — 55786 
_4 _82 53649 
8 AGe- — 2087852 
ao 1161 Pa 
129 5061 
_9 _1242 
138 7208 
_9 
147 


26 to 29. Solve the following by first eliminating, and then solving 
the resulting equation by Horner’s method: 


(26.) 2a? — 52+3y = 2zy — 4° + 12, and 4y* — 32 = 2y + 5. 
(27.) 2y* — 4xy + 22° — By — 2x—8 = 0, and 4y* + 40° = 11, 
(28.) 2y* — day + 22* — By — 2a =8,and y* x 2y-+-2—br—= —6. 
(29.) 2y° — 4ry + 22°—3y — 2a = 8, and 9° +6y+2°—47+9=0. 


Sue’s.—From the 2d of (26) we have y=} 44/82+ 4. Substituting this 
in the lat, we obtain 62* — yo — 46 = (@@—})4/8e + 24, whence 862‘ — 692% 
— 101z*+4pe + 442-0, And dividing by 86, we have 74 — 1.91777 — 2.8062 
+ 8.6872 + 3.188 = 0, carrying the fractions to three places. . 


278. Scu.—There gre various methods by which Horner’s process may 
be abridged, especially when a large number of decimals is required; but 
we have thought it better to exhibit fully and clearly the principles essentiai 
to the process, than toe spend time and distract attention by giving these 
arithmetical abridgments. The most simple of these are: (a) the omission 
of the decimal point; (2) the writing of the sums only in the several working 
columns, performing the various multiplications and additions mentally; 
(c) after several decimals have been obtained, instead of annexing 0’: 
(or +++ °s) to the working columns, dropping off figures from the right in 
each new operation, as one from next to the last right-hand column, two from 
the next to the left, three from the next to the left, etc.; (d) and, finally, 
when all the working columns but the last two have disappeared, continu- 
ing the operation as a process of simple division, only dropping off a figure 
from the right of the divisor at each step instead of annexing a0 to the 
dividend. We condense an example from Todhunter as an illustration. 


Ex.—To compute to 16 decimal places the root of z* + 32° — 2a 
~ 5 = 0, which lies between 1 and 2. 


OPERATION, ‘ 

1 +8 - —2 —5 [_1.8800587395679824 
4 2 — 8000 ORO ee eg ee eee 
5 700 —838000 
60 889 — 6863000000000 
63 108700 — 98647524875 
66 110779 7 ~~ 8347885443 
690 112867000000 —- 448624425 
693 112870495025 — 107998801 
696 112878990075 — 6411112 
699000 11287454929 —767851 
699005 11287510850 —90100 
699010 1128751574 — 11087 
699015 1128752068 —929 

112875208 —27 


112875310 7 —4 
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SECTION LI. 
GENERAL SOLUTION OF CUBIC AND BIQUADRATIC EQUATIONS. 





Carpan’s SoLvuTion oF Cusio EQuarIons. 


279. Prob.—To resolve the general cubic equation x* + px’ 


SoLutTion.—This solution consists of three steps : 1. To transform the equa- 
tion into one of the form y* + my + n = 0, that is, an incomplete cubic lacking 
the square of the unknown quantity. To effect this, we put z= y + 2, and 
substituting, have 

y? + By%e + Bye? + 2° + py® + Qpyz + pe* + gy +qet+r=0, 
or, y? + (Be + p)y* + (82 + 2pz+ gy + 2% + p2* + gz+r=0. (1) 


Now as we have only one condition expressed between y and z, viz., y+2=2, 
we are at liberty to impose another. Let us put 82 +p =0, whence z = — hp. 
Then will this value of ¢ substituted in (1) give 


y? + (gq — ap" )y + Grp® — Apa + 7) = 0. (2) 
2. Since the above transformation can always be effected, a solution of 
yy? +my+n=0 (3) 


will include the solution of all cubic equations. Our second step is to trans- 
form this equation into one which can be solved as a quadratic. To do this we 
put y = u + 0, which gives (3). the form 
au? + Buty + Buo® + 03 + mu + r)+a= 0, 
or, u* + Buo(u + 0) + y+ mut ev) +n=0, 
or, wu? +09 + Bun + mXu+o)+n=0. (4) 
‘Now, as we have but one condition expressed between u and 0, viz., u-t+o=y, 

we are at liberty to impose another. Let us put 3u0 + m= 0, whence » = 


= zi and (4) becomes ut+oF+n=0, 
or by substituting the value of 9, 
3 m* 0 
87s TP =” 
whence we have uS +. nu? = ym, (5) 


8. Solving this quadratic we obtain 


u? x — bn t4/ ym + int, oru=4/—tn AV trm* + {n8; 
and aso? = — (u* +2), o= f/m - V dim* + in’, 
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Finally, taking the square root as + for the value of «, and — for the value 
of v, since these are corresponding values, we have 


y= 4/ — int Varmint + //— In — /dm® + Fnt. (6) 


280. Prop.—1. In the equation y* + my + n=O, ehen m is 
positive, and when m is negative and y¢xm* < jn’, the equation has 
one real and two imaginary roots, and Cardan’s formula (6) gives 
a satisfactory solution. 


2. When m is negative and pym* = jn’, two of the roots are equal, 
and Cardan’s method is satisfactory.* 


3. But, when m is negutive and x,m' > jn’, all the roots are real 
and unequal, while Cardan’s method makes them apparently imagt- 
nary, anc the solution is unsatisfactory. 





Drem.—A cubic equation must have at least one real root (238). Let this be 
a, Now conceive the equation reduced to a quadratic by dividing f(z) by z—a, 


and let b+ 4/c, and b—4/c be the roots of this quadratic, these being the 
general forms of the roots of a quadratic, in which if c is + the roots are real, 
ifc is — they are imaginary, and if c is 0 these two roots are equal. 

Now, a, 0+ a/c, and 5 — af ¢ being the roots of the equation, we have 
by (2.38) 


(@—a) (w— [b+ 4/c]) (@—[b— 4/c]) =a? — (a+ 26) + (2ab-+5* —c)z—a(b* ~c)=0, 


. To transform this into the form y* + my + = 0, we must put a + 2b = 0; 
whence a = — 2b, and we have 
y? — (80% + cy + 200% —c) = 


Comparing this with Cardan’s formulawwe see that 
it int = oO FP EO op = a Wet ae 
= 4/04 — Bb 6 + are*) (— Be) = (b* — ge) 4/— Be. 
Hence we see that if cis +, that is, if all the roots of a cubic equation are 
real and unequal, Cardan’s method gives a result apparently imaginary. But if cis 


—, that is, if two of the roots are imaginary, Cardan’s method gives areal form. 
Also when c = 0, that is, when the roots are a,b, and }, the form is real, since 


a/vym + int = (b* — $e) 4/— Be, is then @- 


Now by inspecting the quantity 4/ y,m* + 47° we see that it is real when 
mis positive; and also when m is negative if Jym* <in*. Hence in these 








* If ai? the roots are equal. the equation takes the form (z — @)3 = 2 — 8ax? + 3e2x — at = 0, 
a being the vnalne.of one of the equal roota (235). In this case the transformation which makes 


the term in x disappear gives y* = 0, since@ =y ~jp=y+a,andy=2-—a=Q, 
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eases there are one real and two imaginary roots, and Cardan’s method, giving 
a real form, enables usa to determine one of them, and hence to salve the 
equation. : 


2d. We have also seen above that when c = 0, that is, when two of the roots 
are equal (and not all three), 4/yym* + 4n* = 0, in which case m must be nega- 
tive and yym? = jin’. 


8d. It has also appeared above that when all the roota are real and unegual, Car 
dan’s method gives an apparently imaginary result. But this can only be the case 
when m is negative, and zm* > jn. 


281. S8cx.—Cardan’s method would seem to give a cubic equation nine 
roots instead of three, since as there are three cube roots of any number, 


/ —3n+ fim? + dnt would have three values, and /-¥n- a/ gym? + 4n® 


would have three other values. Now combining each of the former, in 
turn, with each of the latter, we should have nine results. In order to ex- 
plain this seeming paradox, let us find the form of the three cube roots of a 
number, as of a®. To do this we have but to solve the equation z? = a?. 
Thus 2° — q° = (2 — a)(v* + axv+a*)=0. Whence z—a=0, and z*+ar+a* 
=0. From these we have g=a, —}a(1+4/—8), and — ja(1— 4/— 8). 


Now let the roots of y/ + V vm? + int be r, ~$r(1+ 4/—3), and 


—ir(i—-+/—8); and the roots of / — in — af yim + fn? be 1’, ~ 47’ 
(1+ 4/ — 3), and —}3r'(1—4/—38). It will be remembered that we assumed 
w = — i that is, the products of the admissible roots must be real. 


Therefore we can use for the parts of the root rand r’, —47(1 + 4/ “— 8) and 
— }r'(1— 4/—3), and —ir(l— 4/—3) and —ir'(1 + 4/— 38); and we can 
use these parts in no other combination, as any other would not give a real 
quantity. Thus we cannot have y=u+e=r-—ir(l+4/—3), since wo 
would then be — r[jr(1+4/—8)], which is an imaginary quantity, and hence 


not equal to — 3 as it should be. 


We will give a few examples to which the student may apply Cardan’s pro. 
cess. 


EXAMPLES, 


Solve the following, finding one of the roots by Cardan’s process, 
and then depressing the equation by division, solve the resulting 
quadratic. | 
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La — Ov + 28 = 0." 
2. 2 — 32° +4=0. (See first deigesy in general solution.) 
3. 2 — 62 4+4= 0, 
4.2°+ 62—2=09. 


B2+bh +3 4/abe =a. 
6. 2? + 82° + 927 —~ 13 = 0. 
% @— 927° + 62 —-2= 0. 
8. 2? — 627 + 1382 — 10 = 0. 
9, 2? — 482 = 128. 

10. 2° + 2a = 12. 

11, 2 — 32 — 22° — 8 = 0.f 

12. ¥® — 6y* + 138y = 22. 

13. 22? — 122° + 3BAa = 44. 


a Vata, ate a 
: a 


15, 2? — 8" + 192 - 12 = 0. 


Scue.—An attempt to solve the last by Cardan’s process will give roots 
apparently imaginary, although it is easy to see that the roots are all real, and 
commensurable. 
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282. Prob.—To resolve the penerat biquadratic equation x‘ +4- 
ax’ + bx*+dx+e= 0. 


So_ution.—The first step in the process ia to transform the equation into one 
wanting the 3d power of the unknown quantity. This is done in the usual way 
(see Cardan’s method of resolving cubics) ; ¢.¢., by putting 7=y +2, ne 
collecting the coefficients with reference to y, and, putting the coefficient of y* 
equal to 0, finding the value of z This value of s substituted {in the given 
equation will give the form 


yt + my? + ayer a0. 


2, Assume y‘* + my* + ny + r= (y* + cy + f)(y* + ey +g), and deter- 


* It is better for the student to use Cardan‘'s procesvthan to substitute in the formala. Thns 
for 29 ~ 92 + 28 = 0, we have, by putting z= y + & y? + 2? + Oye - sia eect 


and making 3y2 - 9 = 0, or # = SW + p+ R80. Whence y=-1, and ~8, and s = =—3,and 





se oeerianenestneaeemmnseinaen tanecedinnementeimenemen Tacteriaeten emt rane a) 


~1. .2=yt ex ~ 4, ere canoe seemeiet whencez=22 4/-38. 


+ An equation of the form 2%" + az% + bam 4+¢=0 can be reduced to a cubic of the form 
y*+my+n=6, by putting amy a. 
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mine ‘ie: quantities c, ¢, f, and g, so that they will fulfill the required conditions 
Thus, expanding we have 


ys+ myt+nytr=mytte yt+f yog ¥+ 9; 
+ 6é +¢é + og 
+9 











whence, as the members are identical, 
e+e=0, f+oee+g=m, ef+eg=n, and fy=r. 
From the first we see that c = — ¢. Substituting this value, we have 
(1) f-e@+g=m; (2%) e&f—g)=n; and (8) fg=r. 


From (1) and (2) we have g= }(e* — - + m), and f= i (6? + - + m); 
which substituted in (8) give (et . - re m) (ct o < p m) = 6 + Qme* 


n? 
mr m? = 4r, or 
e® + 2me* + (m* — 4rje* — n® = 0, (4) 


Now (4) can be reduced to a cubic in terms of ¢, by putting e*?= ¢,— 3 (see 
foot-note on preceding page), This cubic equation will have at least one reat 
root (238), and this will give real values to ¢,,and hence to ¢,c, f,and g. 
Wherefore, ¢f Cardan’s method gives a practical solution of (4), we can resolve the 
biquadratic. 


283. Scu.—It will be observed that this resolution of a biquadratic in- 
volves the resolution of a cubic, and hence is subject to the difficulty attend- 
ing the irreducible case of cubics. We will give a single example, to which 
the student can apply the process of Descartes, 


Ex.—Find by Descartes’s method the roots of a‘— 10z*— 202 — 16 
= 0. 





RECURRING EQuaTIONs. 

284. A Recurring Equation is an equation such that the 
coefficients equidistant from the first and last are numerically equal, 
when the equation is in the complete form Az*+ Ba*1+4 Caz"? ---- 
LI =0; and the signs of the corresponding terms are either all alike, 
or all unlike; 7. ¢., the coefficients of the first half recur in an inverse 
order in the second half of the function. 


Inn, 120° + Sat — 5a? — 5ar® + 82 + 12=0 is a recurring equation, 
Az + Bas) + Cent... - Cx* + Br + A = 0 in the type of such equations. 


285. Prop. 1.—The roots of a recurring equation are recipro- 
a a e 1 s 
cals of each other; i.e, if a ts a root, a 8 also, and.8o of euch 
of the roots. 
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Dem.—If @ satisfies the equation 
Aa + Bart + Cxe-? ... - Ont + Bo + A=0, 
* wil also satisfy it, for the former when substituted gives 


Aa + Ba*-' + Car-* . --- Oa + Ba+A=O; 
and the latter gives 
which, by multiplying by a* becomes 

A+ Ba+Ca*-- - - Ca*-§+ Bar + A* =0, 
a result identical with that obtained when a is substituted. 


286, Scu.—From this relation among the roots of recurring equations, 
they are often called Reciprocal Hquations. 


287, Cor. 1.—J/ the degree of the equation is opD the correspond- 
ing coefficients may all have like, or all unlike, signs ; but, if the 
degree is EVEN they must have like signs unless the middle term ts 
wanting, in which case they may have unlike signe, and the roots 
still be reciprocal. 


That the signs may be unlike in the cases specified is evident since, if in such 
cases @ is a root, and we substitute : instead of a, clear of fractions, and change 
all the signs, we shall have the same result as if a had been substituted. Thus, 


if substituting a gives Aa’ + Bat— Ca? + Ca*— Ba—A=0, substituting 3 will 


give = + _ S + o 2 — A=0; whence clearing of fractions and changing 


all the signs we have — tees Ba + Ca* — Ca® + Bat + Aa’ =0,8 result iden- 
tical with the former. The fact concerning the equation of an even degree is 
shown in a similar manner. Notice that all the corresponding coefficients must 
have like signs or all unlike signs. 


288. Cor. 2.—A recurring equation may always be reduced to a 
form having the coefficient of the highest power of the unknown 
quantity, and the absolute term each 1, since by eon these are 
numerically equal. 





289, Prop. 2.—A recurring equation of an odd degree has one 
of its roots —1 tf the signs of the corresponding terms are alike, ane 
+1 if they are unlike. 


Dem.—Having ot Ag-14 Bots Cee-3-... + Ce? + Bats Az t 1=0,* 





- ® The sign of z* can always be made +. The seimnons signs are to be taken +, or —, 40 
cording to the hypothesis, . 
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taking the signs of the corresponding terme alike we can write 
(am +1) & Av(e-* + 1) + Bot(et— + 1) & Ce2(a*-* + 1) + ete. = 0, 
which is divisible by z + 1(Part L, 229), wherefore — 1 is a root (232). 
Taking the signs of the corresponding terms unlike, we can write 
(a* — 1) + Az(ar-? — 1) + Bet(a*-4 — 1) + Ce3(z*-§ — 1) + ete. = 0, 
which is divisible by z — 1 (Part I., 229), wherefore + 1 is a root (23.2). 





290. Prop. 3.—A recurring equation of an even degree, whose 
corresponding terms have opposite signs, has one root +1, and one 
root —1. 


Des.—Having 2 + Axt#-1 4 Byte-t 4 Czy™-8 2. - - £ Oe? = Bot F Az 
—1= 0, taking the signs of the corresponding terms unlike, and remembering 
that the middle term, which would have no corresponding ae is wanting 
(287), we can write 

(7 — 1) + Ax (z™-?— 1) + Br®(a™—-4 — 1) + Cr3(2™-* — 1) + ete. = 0, 
which is divisible by 2?—1 (Parr I., 229); wherefore v* —1=0, and 
@= +1 and —1. 





291. Prop. 4.—A recurring equation of an even degree above 
the second, may be reduced to an equation of half that degree, when 
the signs of the corresponding terms are alike, 


DeM.—-Having a= 42°"—'+ Bate-$s Cgie§ 2... Mam ~~ - +0xs Bots Ar 
+1=0, taking the signs of the corresponding terms alike, we can write 
(2 + t) + A(z! + 2) + Big? + xt) + Clr —3 + w) + ete. = 0; 
whence, dividing by 2", we have 
(= + =) + A (a+ =x) + B(x +o) Ze C (at + =) 


Pe ere L(e + 2) +u=0 : 
i 1\* 1 
Now putting 2 + @ = ¥ we can write e+ =) =o + B+ o=y*, 
1 1\5 1 1 1 1 
eee cay eee | s- el a 
whence @ Pee 9. (2+2) w+ Be > + 8a + =x @ +3 


+ a(a +2) = y*, whence 2° + “, = y* — By. 


$ 
(+ 5) = t+ 24+ 5 =y'- 2)t, whenee of + = (y® — 2) — 9, 
1\4 1 1 1 1 1 
(2 + =) = 2% + Jot = + 100° = + 1e* + be tee S 


+5(27+5) +10 2+ t) =", whence 2° + 5 xy? ty? — — By) — 10y. 
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(#45) = 28 + 2 4 Hay whence #® + 2 = (8-8 yt. 2 
2p ~~ * on ys ge em OY ° 


Whence we see that any term of the form 2* + 4 may be expréssed in terms 


of y, and will involve no higher power than y*. Therefore the original equa- 
tion, which is of the 2nth degree, can by this substitution be transformed into 


an equation in y, of the nth degree. 
EXAMPLES, 
Solve the following recurring equations by applying the foreguing 
principles : 


1. a — 5a? + Ga? — 5a +1=0. 
2, a — U2 + 170° + 1%2*— lie +10. 


3. 62% — 11a* — 3327 + 382" + lla ~— 6 = 0. 
4,1+2°=a(1 + z)* 

§&. a’ — 22° + ott eo? — 227° 4+ 1 = Oz 

6. 82° — 1624 — 2527 — 162° + 8 = 0. 

Y. 4a — 242° + 5%zt — 732? + 57a" — 24¢44+4=0. 
8. 2 + 4az* — 19a'2* + 40° + at = 0. 
9aw+e+e+274+1=—0. 

10. 1 + a = 34(1 + z)*. 





BINOMIAL EQuaTIONS AND THE Roots or Unrry. 

292. A Binomial Equation is one of the form a* + a = 0. 
Such equations may be considered as recurring equations und solved 
accordingly. 

Int.—Having + @= 0, put 2* = ay*; whence ay* + a 0,org* + 1 = 0, 
which is recurring. 


. EXAMPLES. 
1.v+#t5= 0. 8. et 2=—0. §& 2tll = 0. 
2.2t3 = 0. 4.¢027=0. - ‘A wee 1=_O 


". What are the fwo square roots of 1? The three cube roots of 
1? The four fourth-roots of te The five fifth-roots of 1? The 
siz sixth-roots of 1? 


Svue.—The solution of these questions éouints in resolving @*°—1 = 0, 
re—1=0, e*—1=0,etc. The five fifth-roots of l are 


1, 4( B—14V—10—2 8), and —4(478414V/—10 +2), 


203. Scu.—It will be observed that the form z’ 4+ 1=0 is omitted 
above. Now a7 ~1=0 hes one root 1, The equation can. therefore be 
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depressed to a recurring equation of the 6th degree, having all its signs +. 
This can be reduced to a cubic by (291). 27+1=0 has one root z= —1, 
and can be reduced to a recurring equation of the 6th degree having its 
signs alternately + and —. This can be resolved into one of the 8’rd degree 
by (292). Hence the complete resolution of 27 + 1=0 depends on the 
resolution of a cubic. 


a® + a= 0 can be resolved by putting #*=y, whence we have y*+ a =0. 
Solving this for y we have 3 roots, Call them a,, @ , a3. Hence to com- 
plete the solution we have to resolve the three cubics @?+¢@,=0, 2? +a,=0, 
Fh &4,= 0. 





EXPONENTIAL EQUATIONS. 


294. Exponential Equations are equations in which the 
unknown quantity or quantities are aia in the exponents. 


ILL. a*+0¥>=e¢, a@=d, 2*= 42, we 2, y= 256, aw=100, and 
w—y=m are exponential equations. 


295. Prob. 1.—To solve an exponential equation of the form 
a* = m. 

SoLUTION.—Taking the logarithms of both members we have z log a = log m 
(180, 181); whence z = ie = Therefore finding the logarithms of m and 
a from a table of logarithms, and dividing the former by the latter, we find zg. 





296. Prob. 2.—To solve an exponential equation of the form 
x* = m. 


SoLuTIoNn.—Taking the logarithms of both members we have z log a = logm. 
Then find log m from the table, and determine z by inspection from the table so 
that «xlogz shall equal log m exactly or approximately.* 


EXAMPLES. 


1, Find the value of 2 in the equation 3° = 2546. 


2 log 2548 _ 8.405858 _ 
SOLUTION. & log 8 = log 2546. . is 7 T i —y7iar = 7188 +- 


2 to 6. Solve the following: (24)"=18742; 2°==2673; (11)*=2681; 
= 10; c= 1; (12)"= 
7. Find the value of z in the equation z* = 3561. 


* The method of solving such equations by Double Position is entirely useless, since a table 
of logarithms is necessary for that method, and having such a table at hand, the approximations 
can be made to any extent likely to be desired, more readily by simple inspection than by com- 
puting the errore by Double Position. Moreover, the method here given affords an et 
exercise in the use of the tables, 
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_ SoLDTION.-We have. a log ¢ = log 8861 = 8.551872. Now looking in a table 
of logarithms, we soon see that # must be near 5, since § log 5 = 5 -x .698070 
= §.494850. Thus we see that @>5. Trying 5.1 we have 5.1 log 5.1=8.608607, 

.@ <5.1. Therefore we try 5.05. 5.05 log 5.05 = 8.55161958, which coincides so 
cane with the required value of 2 log z, that undoubtedly the 100ths figure is 
4. Again, for a nearer approximation try 5.040, as the value of 2 ia very near 
5.05. 5.049 log 5.049 = 8.550482. Hence we see that 2 = 5.040 +. 


8 to 15. Solve the following as above: z*= 100; 27 =; 2*=21; 
x — 402* = 200; 3° + 3° = 100; a — = 263; a '*=c; a“ 
= Ce 


16 to 21. Solve the following: 2 = y*, and a= 4°; 2 = y*, and 
w=; mY*=n, and t+y=¢; 2°3*= 500, and 22 = 3y; 
Bt" = 256; (at — 2a%d* + WY)! = (a — b)™ (a + 3). 


22. Given the fundamental formule of Geometrical Progression, 








viz, ¢=ar', and S= ee —t to find the following: 
_ log 1 — loga _. log [e + (r — 1) 8] — log a, 
+1; n=. 
logr log r 
log ? — log a log i—log [tr— (r—1)5] 
= Ter(G=ajole(So Pee ee 


23. Given the two fundamental formule of Compound Interest, . 
viz, a= p(l+r),* and t=a—p, to find the following: 
, bog (p+) —logp, _. log a—logp, | 
= ioe Gh) : age log (1 + 7) ’ ug Chee) 
_ log (p TBE dog (Lt or) log ree P, 
log a — log (a—i) 





_. log a — log (a —7). 
~ log(l+r) ” 
Notr.—Many problems in Compound Interest, Annuities, 3 kindred sub-. 
jects are most etpeditiously solved by means of logarithms. The student who. 
has not a table of logarithms at hand may either omit ‘the following examples. 
in thig section, or content himself with selecting the proper formula and telling: 
how it is applied to the solution of the particular example. 


24. What 1 is sia amount of $100 at 1 annual compound interest 


log (l +r) = 





, * his forinyla | ia obtained thas: “letting r represent the rate for time 1, exprensed dectmualy, 
en, if the rate is 7 peret., firs 0; or in we have for time 1 (as 1 year), aad peel) 


or time 2, a=pl+r)+pril+ rap +t ; far, time 8, foapal +Natpra Bde gered i _ there 
‘ore for time ¢, a=p(i+r)t. i 
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for 10 years? What if the interest is compounded semi-annually ? 
What if quarterly? What in each case if the rate is10¢? If 6%? 
If 84? 


Sue’s—We have a=p(1+ 1), whence log a = log p + ¢ log (1 + r) = log 
100 + 20 log 1.085, for interest at 7% compounded semi-annually. 


25. In what time will a sum of money double itself at 10% com- 
pounded semi-annually? At %% compounded annually? In what 
time triple? Quadruple P 


Sue. a=2p= p{1 +r}, whence 2 = (1+7), and ¢ = ice ee 


26. In what time will $10 amount to $100 at 8% compounded 
annually ? 


2%. What is the present worth of $2000 due 3 years hence, without 
interest, if money is worth 10% compound interest ? 


Sve.—The present worth is a sum which, put at compound interest at 10¢, 
will amount to $2000 in 8 years. Hence 2000 = p (1.1), p standing fur present 
worth. Whence log p = log 2000 — 8 log (1.1). 


28. A soldier’s pension of $350 per annum is 5 years in arrears. 
Allowing 5% compound interest, what is now due him ? 

Sue’s.—The 5th, or last year’s unpaid pension has no interest on it, as it is 
just due. The 4th, or next to the last, has 1 year’s interest due, and hence 
amounts to 850 (1.05). The 8d year’s pension has 2 years’ interest due, and hence 
amounts to 350 (1.05), Thus the total is found to be 850+-350 (1.05)-+- 350 (1.05)* 
+ 850 (1.05)* + 850 (1.05)*, or 850 {1 + (1.05) + (1.03)* + (1.05)? + (1 05)*}. 


29. Letting S represent the amount of an annuity a, in arrears 
for ¢ years, compound interest being allowed, at r%, show that 
S=a- Se ea 


80. What is the present worth of an annuity of $200 for 7 years, 
money being worth 5% compound interest ? 


Sue.—Evidently, a sum which, put at 5¢ compound interest, will amount to 
the same sum in 7 years, as the annuity will. 
31. Letting P be the present worth . an annuity a, for time #, at 


+g compound interest, show that P=. com Also, that if 


the annuity is perpetual (rans forever), P = * 
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= 2 @+ny-tia a+ 
. ‘Soa—When i= 00, P=- a+r" 7 yea =p eit evidently 
should, since such | an. annuity is worth a present sum which will as an 


‘snonel interest equal to the annuity. 


32. What is the present. worth of a. perpetual annuity of $350, 
money being worth 7%,% compound interest? If money is worth 
10% compound interest ?. 


83. What is the present worth of an annual pension of 8125, 
which commences 3 years hence ™ (first payment to be made 4 years 
hence), and runs 10 years, money peing worth 10¢ - compound 
interest ? 


Svua.—Evidently, the difference between the present worth of such a pension 
for 13. years, and for 8 years. 


34, An annuity a, which commences 7' years hence, and | rung. f 
years at *% compound interest, gives 

past § (1. ale ers Phe (Las) 1 ) a | \—? \=(74 9 { 

=F | (i + nF Th + ry ee Seley (1+7) C 
When the annuity is perpetual after the time 7, we have 


P= = (1 +r)-" Student give proof. 


35. Two sons are left, one with the immediate possession of an 
estate worth $12000, and the other with a perpetual annuity of $800 
in reversion .after 7 years: money being. worth 5% compound in- 
terest, which has the more valuable inheritance, and how much ? 


36. What annual payment will meet principal and interest. of a 
debt of $2000 at 8% compound interest in. 5. years ? 


Svue’s.—The amount of $2000. at 8% compound interest for 5 years = the 
amount of the annuity a for the same rate and time. © 


37. Show that if Dis a debt at compound interest at rg, 3 an 

annual payment, and 7 the number. of years ae to a 
log 6 — log (6 — Dr) | , 
the debt, ¢ = —-—_—_ > _,—. “Tog 1 + F) 

38. The debt of a certain State is $20,000, 000, bearing ‘ean 
interest at 44%. A sinking fund of $2,000,000 annually is set. “pare 
to meet it. How. long will it require to extinguish the debt ?. 

‘long if instead of paying the $2,000,000 annually on the debt, tt is 
invested at 8% compound interest ? — 





Bp er ee 


‘« ‘An annuity which commences aftr some apecied tay sad fo bs tn 
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39, A farmer has paid $10 per annum for newspapers, which he 
considers have increased his net annual income at least 2. For 10 
years during which his net income has been $500 annually, money 
has been worth 10% compound interest. What is the total net gain 
to be credited to his investment in newspapers? 


40. A boy commenced smoking when 15 years old. For the first 
5 years he smoked 2 5-cent cigars each day. For the next 20 years, 
3 10-cent cigars per day. Now had he abstained from smoking and 
invested at the end of each six months the amount thus saved, at 107% 
annual compound interest, how much would he have accumulated from 
this source at the age of 40? 


41. A man pays a premium of $104 per annum on a life policy of 
$4200 for 20 years before his death. Money being worth 10% com- 
pound interest, does the insurance company gain or lose, and how 
much ? 





OHAPTER IV. 





DISCUSSION, OR INTERPRETATION, OF EQUATIONS. 


297. To Discuss, or Interpret, an Equation or 
an Algebraic Expression, is to determine its significance for 
the various values, absolute or relative, which may be attributed to 
the quantities entering into it, with special reference to noting any 
changes of values which give changes in the general significance. 


Such discussions may be divided into two classes: 1st. The dis- 
cussion of equations or expressions with reference to their constants ; 
and 2d. The discussion of equations or expressions with reference to 
their variables. 


The following principles are of constant use in such discussions : * 


298, Prop.—A fraction, when compared with a finite quantity, 
becomes : 





* These principles, and in fact most of this chapter, have been considered previously, but 
are collected heve for review and conzected study. 
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Li Equal to 0, when ite numerator is 0 and tte ne 
and when tts numerator is finite and tts denominator a. 


2 Equal tow, when ite numerator is finite and its denominator 0, 
and when its numerator ie @ and its denominator sinite. 


8. Jt assumes an indeterminate form when Paes aaa and deiom- 
tnator are both 0, and when they are both o.* ; 


DemM.—These facts appear when we consider that the value of a pau de- 
pends upon the relative magnitudes of numerator and denominator. 


1. Let a be any constant and z a variable, then the fraction = diniinishes as 


¢ diminishes, and becomes 0 when 2 is 0. Again, the fraction = diminishes as 

z increases, and when z becomes , 7. ¢., greater than any assignable magni- 
a 

tude, . becomes less than any assignable magnitude or infinitesimal, and is. to 


be regarded as 0 in comparison with finite quantities, (See 24% and 181, DEM., 
and foot-note.) 


2. As z increases, the fraction ~ increases, and hence when z becomes infinite 


the value of the fraction is infinite. Also as z diminishes the value of = in- 


creases ; hence when ¢ becomes infinitely small, or 0, the value of the fraction 
exceeds any assignable limits, and is therefore o. ; 


8 Finally, if 2 and y are variables, : diminishes as x diminishes, and increases 
as y diminishes, What then does it become when = 0, and y = 0? #.¢., what is 
the value of ? Simple arithmetic would lead us to suppose that a was abso- 
lutely indeterminate, +. ¢., that it might have any value whatever assigned to it, 
for = 5, since O= 5 x O=— 0; == 7, since O= 7 x O= 0, ete. Buta closet 


inspection will enable us to see that the symbol ; is not necessarily indetermi- 


nate, or rather that the expression which takes this form fer particular values of 
its components, has not necessarily an indefinite a of values for these 


values of ita components. Thus, what the velne ot — - will be when @ and y each 


diminish to 0 will evidently depend upon "the relative values of 2 and y at | 
first, and which diminishes the faster. Suppose, for example, that y= Bz; 


then = = =. Now, anppese g to diminish ; the denominator will diminish 8 
y 





* By this ie meant tat § and = may have a variety of values, not that they necessarily 
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times as fast as the numerator, and whatever the value of a, the valué of the 
fraction will be }. Bo ity = a, = 7» whlch ie} for any value of « Hence 

A ee 
Ot 5° yO wm 7° 


0. 
: =a = any other value te upon the relative values of mand y. So, 


henge 0, and y = 0, wehave © = 


« 


feo] i 


wD 
also, if z= o,and y=, — —; but if Gz, have —- = — = — 
so, if z= o,and y= @ = bu y= we ave 2 = 
1 2 @ z 1 
==. And — P -—= er Tr, 
5 so if y= 10z wom a 4 0 Thus we see that the 


mere fact that numerator and denominator become 0, or become oo , does not de- 
termine the value of the fraction, ¢. ¢., gives it an indeterminate form. 


299. A Real Number or Quantity is one which may be 
conceived as lying somewhere in the series of numbers or quantities 
between — oo and + o inclusive. 


Int.—Thus, if we conceive a series of numbers varying both ways from 0, ?. e. 
positively and negatively to o, we have 


—O ---- —4, —8, —2, —1, 0, +1, +2, +8, +4,---- +0. 


Now a real number is one which may be conceived as situated somewhere 
within these limits; it may be +, —, integral, fractional, commensurable, or 
incommensurable. Thus + 15624 and — 15624 will evidently be found in this 
series. + 4: may be conceived as somewhere between + 5 and + 6, though ite 
exact locality could not be fixed by the arithmetical conception of discontinuous 


number. So, also, — 4 is somewhere between —5 and—6. Again + V5 is 


somewhere between + 2 and + 3, though, as above, we cannot locate it exactly. 
by the arithmetical conception. 


The following Geometrical IWustration is more complete than the arithmetical. 
Thus let two indefinite lines, as CD and AB, intersect (cross) each other, as at O, 
Now let parallel, equidistant lines be drawn between them. Call the one at a 





+1, thet at b will be +2, ato +8, ete. So, also, the line at a being —1, that at 
d’ will be —2, at e’ —8, ete. Now conceive'one af these lines to start from an 
infinite distance at the left and move toward the right. When at an infinite 


INTERPRETATION OF EQUATIONS. 263° 


distance to theleft of O ite value would be — a, and in passing to.O it would 
pass through all possible negative values. In passing O it becomes 0 at 0, 
changes sign to + as it passes, and moving on to, infinity to the right, passes . 
through all possible positive values. Hence we see how al real values are em- 
braced between —o and + 0 inclusive.* 


300. An Imaginary Number or Quantity i is “one 
which cannot be conceived as lying anywhere between the limits of 
—o and +o, as explained above. The algebraic form of such a 
quantity is an expression involving an even root of a negative quan- 
tity.¢ (See Part IL, 278.) 


EXAMPLES. 
1. What are the values of and y in the expressions e = cama 
y= one , when d= J’ and a and a’ are unequal? When d= 2’ 


anda=a'? When a=a' and 0 and 0’are unequal? What are the 
signs of «and y when b> 0’ and a> a’, the essential signs of a, a’, 
b,and d’ being +2? Whend> d'anda<a’? Ifa’ and Dd are essen- 
tially negative, and a =a’, and 6 = b’, what are the values of x and 
y? If a’ and O' are cach 0? 





2. What general relation between a and a’ renders : a = QO? 
What renders it 0? | | 


(/) 
. So.vution.—To render ;— Os 0, we must have a’—a=0, and 1 + aa’ 





finite or infinite; or else we must have 1 + aa’ =, while a’ — a is finite or 0 
t Pn . bee EAs = en owe : 
(298). Now a’— a = 0 gives a’ = a; whence io 1a which is 0 for 
any value of a finite or infinite. Hence the relation a’ = a fulfills the first re- 
quirement. Let us nowsee if 1+aa’=o will also fulfill this requirement. This 
gives aa’ = o,aince subtracting 1 from © would not make it other than w, 


Thus we have @’ = =. Hence for all finite values of a (including 0) a’ isa, 





+ 
tet 


* For example, the student who is acquainted with tho elements of geometry knows how to 
construct a line which ts exactly equal to./5 (Gzom., Part I., 220). This ling he can locate . 
between +2 and + 3, and also between — 2 and ~ 3, since V5 is both + and -. 


+ Tranecendental functions afford other fri of imaginary sieceaateaas s for ecatnnie: 
sin7?9, sec™' sy, log (—190),. Jog (—m), etc. But our limits forbid the consideration of the in- 
terpretation of imaginaries, except in the most restricted scnse, as a neers 
with the arithmeticat wense-of the problem. —§  ; 
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ce 4 = 22a ar Therefore the 
1+aa' aa’ , 


particular values 0! == co &= @'== w, render 7 Foe =° bat no general values 
do. 





Again, in order that —— == 0, we must have Ldvaa'e'6, and a’ — a 








1+ aa’ ; 

finite or infinite ; or else we must have g’ —a=o, and 1 + aq’ finite or 0. 

ae ae - 

@' +- —; 
t a—a a a@*+1 a?*+t1 
Now 1 +-aa = 0 gives a= — 55 ita’) a -av=a= 9 =” 
a. 
for any value of a’ finite or infinite. Therefore the general relation a = -* 
between a and a’ renders ise =00.¢ Let us now see if the relation a’—a=o 
will do the same. Now if a’ —a=o,one or the other (a@’ or a) must be a. 
a—~a_a@ 





=— = Z , which can only be when a=0. 


Let a’= 0. We then have 
l+ad ada 


a pee," 
Hence the particular values a’= © and a = 0 render oa nai = but no gen- 


1 
eral values meet the requirement unless a = — me 


+i 08 
+a 





3. What general relation between @ and a’ renders 
What renders it oo ? 


4,.In the expression y = — 27 + 4. 4/2 — 4a — 5, how many 
values has y, in general, for any particular value of «? For what 
value or values of z has y but one value? For what values of x is y 
real? For what imaginary? For what values of x is y positive? 
For what negative? 

SoLUTION.— Writing the expression ing; y= — (Qe — 4) + 4/z* — 4 —5, 
we see that the value of y is made up of two parts, viz., a rational part —(27—4), 


and a radical part 4/z* — 42 — 68. But the radical part may be taken with 
either the + or the — sign. Hence,in general, for any particular value of 2 
there are two values of y. 2d. But if such a value is: given to z as to render the 
radical part 0, for this value of 2, y will have but one value, viz., the rational 


part. But the condition 4/2* —42—5=0 gives r= 5 and ~1. Thus for 





* This reduction !s made by dropping a and 1, sInce the stbtrdction of a finite from an in- 
finite, or-the athiftion of a finite to an infinite, does not chunge the character of the infinite, - 
Thus, in this case, to assume that dropping a and 1 affected the relation batween numerator and, 
denominator, would be to aseign to a and 1 eome values with et a to the Infinite a’. But | 
this is sentrary to the definition of an infinite. ; , 


. t It is to be obverved that, the relation a=- 2 requires that @and a’ have different ossen- 
tlal signs; while the relation @ = a requires that re have the same ongential signs. 
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2=65, y= — 6, but one value; and for's = — 1, y == +.6, also but one value. 
8d. To ascertain for what values of z, y is real, we observe that y is real when 
w* — 42 — 5 is positive, and imaginary when 2* — 47 —5 is negative. Now 
for @ positive z* — (47 + 5) is + when a* > 47+ 5: and for a negative, we 
have 2* + 47 — 5, which is positive when c* + 47 > 5. The former inequality 
gives 2* — 4x +4>9, or2 > 5; and the latter gives 7* + 47 + 4> 9, or #> 1. 
Hence for positive values of z greater than 5, y is real, and for negative values 
of 2 numerically greater than 1, y is real. The 4th tnquiry is answered by this: 
y is imaginary for all values of z between —1 and +5. Sth. To asvertain what 
+ values of # render y +, and what —, we observe that —(22—4)+ 4/2’ —4r—5 
can only be + when the + sign of the radical part is taken and when 
a/a* — 42 —5 >2%w—4. This gives 2<2+4/—8, & «, an imaginary 
quantity. Hence y is never + for r+. Taking the negative sign of the 
radical we see that both parts of the value of y are —, and ‘consequently y is 
real and negative for all +- values of, z which render y real, t. ¢., for values 


greater than 5, Finally, for 2 — we have y = 2e-+4 + 4/z* +4¢—5. Now 
when we take the + sign of the radical both parts are +; hence this value of 
y is always +. When we take the — sign of the radical y is negative if 


Qe +4 < 4/2? +42—5. But this gives 2 < —2 +4/—3. Hence y is never 
negative for any negative value of z, Therefore both values of y are positive 
and real for all negative values of z numerically greater than 1. 


5 to 22. Discuss as above the values of y in the following; ¢. ¢, 
1st. Show how many values y has in general, and whether they are 
equal or unequal; 2d. For what particular value or values of 2, ¥ 
has but one value; 3d. For what values of z, y is real, and for what 
imaginary ; 4th. For what values of z, y is +, and for what — ; 5th. 
Also determine what values of x render y infinite: 


(5.) 9°? + 2ay — 22° —4y —x~+10=0;* 
(6.) 4? — 2ay + 22° — Qy + 2x = 0; 
(%.) y? + Izy + oh — by +9=0; 

(8.) y° + 2zy + 82° — 47 = 0; 

(9.) y? — zy. + 32? + 2y— dz —~3 = 05 
(10.) y* + 2ay — 82° — 4e= 0; 

(11.) ¥Y—2r7y +e +2e=—0; 

(12.) y° —2zy +a —4y+x%+4=0; 
(13.) y° — 2zy + a + 2y +10; 

(14.) y? — 22° — 2y + Ge —3=0; 

(15.) y? — Izy — 32? —2y + %z —1=0; 
(16.) y°— Ixy —2=0; | 


* In all cases solve the equation for y in the firet piace. In this example 
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(18.) 4y* + 42* + 2y— Ba + 12 = 03: 

| (19.) 8y* — 82" = 12; 

(20.) 12y* + 42° = 20; _ -* whwm = 
(21.) a&+y = 16; F 
(22.) 2? — y* = 20. 


23, Discuss the equation ay’ — 2° + (b — F x + bex = 0, as above, 
when b> cy; ai when c > b. 


Sve's, y= + “ we? — (b —c)a*— bez, Whence we see that y has two values 
a 


every value of 2, numerically equal, but with opposite signs. y is 0, when 
— (6 —c)z* — ber = 0; i. ¢, when @ = 0,2=b,and —c. Again y is real for 
pes when 23 > (o*— se + ben, or * > (6 —c)a@+ bc; which givesz> od. For 


a@—, we have y = Ve — (b—c) x? 4 + ber, which. gives y real when 


vw? + G—c)2* < bez, aia gives z numerically less than ¢, {.¢., greater than 
—c. Hence y is imaginary for oll values of z between 0 and + b, and real for 
all values of 2 from +56 to +o. So also y is real for all values of v from 0 to 
—¢c, and imaginary for all values of 2 from — cto —o@. 


24. Discuss as above y° = (x — a)*~ am showing that in general 


y has two values numerically equal but with opposite signs; that it 
is 0 for c= a, and «= bd; is imaginary from z= 0 to x = b (except 
when z= 4a, db being greater thun a); realfrom a=) toz=+o0, 
and real for ail negative values of z, t.¢., from 2=0 to z= — w; 
and that for z= 0, y= +o, and for z= +0, y= + ; also for 
T=— oO, yr=to, 


25. Show from the equation y + 2’*y = a, that y = 0 when z = 0, 
+oo, and —o; ulso that y has but one value for any particular 
value of 2; that it is + when zis +,and — when zis —; and that 
y increases numerically as x passes from 0 to +1,and from 0 to —1, 
but that it diminishes numerically as z passes from +1 to +o, 
and also from — 1 to —oa. 


26. Discuss y°z = 4a (2a — x) with reference to y a8 8 fanction 
of z, as above. ‘ 

27. Show that in the equation ¥* — 3azy + 2° = 0, y has three 
real values between the limits z= 0, and 2 = :anv/4, and only one 


real value between the limits z=as/4and «= +, and algo be- 
tween the limits z = 0 and 7 =~. 


Svue.—This is done by means of Cardan’s formula, : (Bee 280.) 
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301. AxnttamertcaL INTERPRETATIONS OF PBeAEEV ES AND 
IMAGINARY SOLUTIONS, . 


1. A is 20 years old, and B 16. When will A be twice as old 
as BP 


‘Sue’ 8 We have 20+a= 2(16 +2); whence 2 = — 12, The arithmetical 
interpretation of this result is that A «ill never be twice as old as B, but that he 
was twice as old 12 vere ago, t. ¢., when he was 8 and B 4, 


2. A is a years ‘old, and Bb. When will A be » times as old as 
B? For n> 1 what are the possible relative values of a and J con- 
sistently with the arithmetical sense of the problem? Interpret for 
a>nba=nb,a<nbwhenn>1. Also forn=1,a> 1b, 4 <nb, 
and a = nb. 


3. Two couriers, A and B, are traveling the same road in the 
game direction, the former at ratea, the latter at rate & They are 
at two places c miles apart at the same time. Where and when are 
they together ? 


SOLUTION AND Discussr1on.—Let XY represent the road which the couriers 
are traveling in the direction from X to Y, and A and B the stations which they 


»»y»--- 
x D' B D Y 


pass at the same time, A being at A when B is at B, and D or D’ the place at 
which they are together. Call the distance from B to the place at which they 
are together zz, + « when D is beyond B, and —2 when it is on the hither 
side of A and B,as at D’. Then the distance from A to the point at which they 
are together is c+ (+2). Now disregarding the essential sign of 2, and leaving 
it to be determined in the sequel, we have 


Distance A travels from A= c + 2, 
Distance B travels from B = we; 


a) 
and 5. 





Time from passing A and B to the time they are together = ed 
But these are equal. Hence we are to discuss the equation 
O+2 2 


i be a ac 
=. org = ——,ando+2= 








db’ 


The points to be noticed in the discussion are, (1) when a > 8, (2) when a <b, 
(3) when a = b,c being greater than 0 in each case but not. Also the like 
cases when o=0. 
When o> 0 but not eo. 


‘We have, for a > b, 2 positive, which shows that the point at which iis are 
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together is at the right of B,4.¢.,in the direction which they are traveling. 
The time, 5 (or : = =i » §8 positiwe, which shows that they are together ater 
passing A aad 8B. ; 


For a <b, 2 is negative, and ¢ +2, which equals 2 





ae 

—b . 
This shows that they were together at a point at the left of A, that is, before 
they reached the stations Aand B. With this the expressions for the time also 





» is also negative. 





agree, Thus ; becomes — ; ,and © = is also negative, since in this case 2 >. 
When Pe a as ee ee s which indi. 
f a—b 9 -"@~b 0 


cates that they are never together, 
Whenec= 0. 





In this caso = ©, = 0,ande + a= —%, 0, for a and b unequal, indi- 





cating that they are together wlien they are at Aand B. This is evidently cor- 
ae? and 
a—b 0’ 


c+ ox e which shows that they are always together, being a symbol of in- 


rect, since A and B coincide in this case. When a=),2= 


determination which in this instance may have any value whatever, as we see 
from the nature of the problem. 


302. Scu.—The student should not understand that the symbol ° 


always indicates that the quantity which takes this form has an indefinite 
number of values. It is frequently so, but not necessarily. The indeter- 
mination may be only apparent, and what the value of the expression is 
must be determined from other considerations. The Calculus affords the 


most elegant general methods of evaluating such expressions. But the 


. —_ pa 
simple processes of Algebra will often suffice. Thus for 7 =1, _a= == yr 





1—«@? oC orgs ; 1—2° 
Bat Za 1+ 2+ 2°, which, fora = 1, is8, Hence = == 8, for t=, 


Here the apparent indetermination arises from the fact that the particular 
assumption (that z= 1) causes the two quantities between which we wish 
the ratio, viz., the numerator and denominator, to disappear. Let the 


student find that —-—-"—. = 9} for c= 1. (See also 298, 8d part of 


1—2-+a% — 2? 
demonatration.) . 


4, Two couriers starting at the same time from the two points 
A and B, c miles apart, travel foward each other at the rates a 
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‘and 5 respectively. Discuss the problem with: reference to the place 
and time of meeting. (Consider when a > b,a< 4, anda =3.) | 


5. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, and the latter » times aa fast. 
They are at two places c miles apart at the same time. Discuss the 
problem with reference to place and time of meeting as in Ex. 3, 
adding the considerations, n > 1,2 <1,n=1,n=0. 

6. Divide 10 into two parts whose product shall be 40. 


Sotution anp Diecuss1on.—Let @ and y be the parts, then z+ y= 10, 


ey = 40, anda =5 +4/—15,¥y =5 F+4/—15. These results we find to be 
imaginary, This signifies that the problem in its arithmetical signification is 
impossible : this indeed is evident on the face of it. But, although impossible 
in the arithmetical sense, the values thus found do satisfy the formal, or alge- 


braic sense. Thus the sum of 5+ 4/—15 and 5— 4/—15 is 10, and the 
procact 40. 


%. The sum of two numbers is required to be a, and the product 
6b: what is the maximum value of 4 which will render the problem 
possible in the arithmetical sense ? What are the parts for this 
value of 6? 


8. Divide @ into two pane such that the sum of their squares 
shall be a minimum. 


Sve’s,—Let 2 and a—z be the parts, and m the minimem sum. Then 
a? + (a—2)* = 22° — 2az+a* =m; 


whence 2 = $a 2 $4/2m—a*. From this we see that if 2m <a*, co” is 
imaginary. Hence the least value which we can have is 2m = a*, or m = 3a*. 


9. Divide a into two parts, such that the sum of the square roots 
shall be a maximum. 


10. Let d be the difference between two numbers: required that 
the square of the greater divided by the less shall be a, minimum. 


11. Let a and 6 be two numbers of which a is the greater, to find 
a number: such that if @ be added to this. number, and b be sub- 
tracted from it, the product of this sum and this difference, divided 
by the square of the number, shall be & maximum. | 


'Sua’s,—Let n be the number, and # the required maximum ouicticns, Then 


by the eceaistions a = m, whence we find 
Pa AY VT TRE : a . 
ao Rim) . pet, Bes gt oo 


’ 1 '¢ 
¥ 
, 
5 
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From this we see that the greatest value which m can have and render n real 


ism = Ot ; oa) =. 


12. To find the point on a line passing through two lights at 
which the illumination will be the same from each light, 


SoLUTION.—Let A and B be the two lights, and XY the line passing through 


gee dee 


them, Let a be the intensity of the light A at a unit’s distance from it, 6 the 
intensity of B at a unit’s distance from it, c the distance between the two lights, 
as AB, and 2 the distance of the point of equal illumination from the light A, as 
AD(orAD’). Then, as we learn from Physics that the illuminating effect of alight 
varies inversely as the square of ies distance from it, we have for the illumina- 


tion of the D by light AG ,and for the illumination of tlie same point 


by light B, But by the conditions of the problem these effects are 














Goa 
equal; hence we have the equation to be discussed ; vic., 
[ae 
a? ~~ (¢ —2)*" 
This gives ee mae Ar = to 4/2 = = 
zt 7’ 
or 4 avis: viet. 
Pr) a/ a 2 / 
or, finally, z= va -,andz=c va 


which are the values of 2 to be discussed. 
Discuss1on.—I. Let c be finite and > 0. 


1. When a>), gp Sa > 4¢, since va : >+ fora>db, This 
fat fb VJ at+r/b 

is as it should be, since fora > 6 the point of equal illumination will evidently 
_ va _ @ 

/ oT 

ince tte, is + and >1, when a> 0. Hence we learn that there is a 

point beyond B, as at D’, where the illumination is the same from each light. 

If we assume 4/a=24/b, AD = $c, and AD’ = 2o, 


2. It is evidently unnecessary to consider the case when a < b, nince this would 
only situate the points of equal illumination with reference to Aas the preced 
ing discussion does with reference to B. 





be nearer to B than to A. Again, the other value of ¢ gives 2 = ¢ ————- 
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Oe ene i A ee ee Oe, ee 
fat+a/d fa+ra/b 2wW/a 

is as it should be, since it is evident that in this case the point of equal illumina- 

tion is midway between the lights. Again, for the second value of 2, we have 


Ta 


Va- 
of equal intensity there can be no point beyond B, for example, at which the illu- 
mination from A will be equal to that from B, except when 2= 0, for which 
the illumination is 0 for each light. [Let the student give the reagon.] 





== 6 





== 0. This is alsoevidently correct ; for when the lights are 


Il, Whenc=0Q In this case the original equation < = a becomes 
5 =m = , whence a=}. We then have r=c A =O;andz =o, 
a+ a— 


—iv4 = 4 The former shows that there is a point of equal illumina- 
a- 

tion where the lights are (when c = 0 they are together), and the latter shows 
that any point in the line is equally illuminated by each light. Both these con- 


clusions are evidently correct.* 





* In discussing this problem, some have committed the error of considering that, since fo. 


Va 


¢=0 and @ and d unegnal, z=c Wasvs z= 0, therefore there is a point of equal fllamination 
a+ 

at the point where the lights are situated! This is evidently absard, since the hypothesis is 

that the lights are of unequal intensity. The error consists in not perceiving that the 

hypothesis, ¢ = 0, excludes the hypothesis, a and 5 nnequal. That the hypotheses @ Z & are 


excluded hy the hypotheses ¢= 0 and that there fs a point of equal illumination, is self-evident. 
Perhaps the student may think that these conditions are no more incons{stent than those in J. 8, 
above, viz.,c finite, a=d, and a point of equal illumination ; and that, if in the former case we in- 


terpret r= ¢ Vo = oo as indicating a point of equal illumination at 7 =o, we should in 





Va 
this interpret @ = oa _ = 0 ae indicating a point of equal illumination at the place 
a-~ Vb 


where the lights are altuated. But the closing remark in I. 3 will clear up this difficulty. 
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SECTION I. 
SERIES. 


303. A Series is a succession of related quantities each of 
which, except. the first or a certain number of the first, depends upon 
the next preceding, or a certain number of the next preceding, 
according to a common law. Each of the quantities is called a 
TERM OF THE SERIES. | 

Inu.—A Progression, as 1, 8, 5, 7, etc., or 8, 6, 12, 24, etc., is a series in which 
each term after the first depends upon the next preceding according toa common 
law. ‘The numbers 1, 8, 7, 11, 21, 89, 71, 131, ete., constitute a series in which 
each term after the third isa the eum of the three next preceding. The numbers 
2, 3, 5, 17, 88, 1513, etc., constitute a series in which each term after the first 
three is the product of the two next preceding + the third preceding. 


304. A Recurring Series is a series in which each term 
after the first 2 is equal to the.sum of the products of each of the 
preceding terms multiplied respectively by certain quantities which 
remain the same throughout the series. These multipliers with 
their respective signs constitute the Scale of Relation. 

Inb. . 1, 42, 92*, 167°, etc., ia a recurring series whose scale of relation is 
w*, —Bz*, 82, since (1 x *) + (4¢ x [ — 8z*]) + (Oa* x 82) = 162°. The next 
term after 162° would be (42 x #4) + (02% x [— B2*])-+ (162° x 8x) = 2524, 
The next would be 36r°, 


3. An Infinite Sertes is one which has an infinite number 
of terms. Such a series is said to be Convergent when the successive 
terms decrease according to such a law as to make the sum finite; 
otherwise it is called Divergent. 

Inn. yy, rho. rofnz, robs, ete. to infinity, is an infinite, converging series 


whose gum is}. That 5 + thy + Tos + THbv0 + etc., to infinity *= 4 is evi. 
dent, since by division we have 4 =.8888 + = ay + rio + reso + ete. 





* The expression “ to infinity " is usnally omitted, as being enfficiently indicated by “ etc.; * 
and, in fact, either the + sign at the end or the * etc,’’ may be omitted. 
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306. To Revert a Series involving an unknown quantity 
is to express the value of that unknown quantity in terms of 
another quantity which is assumed as the sum of the first series, or 
as involved in that sum. Thus the general problem is, having 
given f(y) = ax + bz* + ca* + etc, to express x in terms of y, 7. ¢., 
to find 2 = f(y). 


ILL.—Thus to revert the series 2 + 32° + 5”® + 7x4 + 92° + etc., is to express 
the value of z in another series involving y when y = 2 + 82% + 523 + 7x+ 
+ 92° + etc., or when 1 — 2y + 5y*? = 2 + 82* + 5x* + Tat + 92° + etc., etc. 


307. The First Order of Differences of a series is the 
series of terms obtained by subtracting the 1st term of the given 
serics from the 2d, the 2d from the 3d, the 3d from the 4th, etc. 
The Second Order is obtained from the first as the first is from the 
primitive series. Zhe Third Order is obtained in like manner from 
the second ; ete. 

These several serics are called the Successive Orders of Differences. 


ILL.—Having the series 


1. 8, 27, 64, 125, etc, we obtain 
1st order of diff’s, 7, 19, 37, 61, etc., 
Bae ft AEE 188 12, 18, 24, etc., 
Od: 55. e- See 6, 6, etc., 
Sth. #6 eee - ves 0, ete. 


308. Interpolation is the process of finding intermediate 
functions between given non-consecutive functions of a series, 
without the labor of computing them from the fundamental formula 
of the series. 


InL.—The logarithms of the natural numbers 1, 2, 3, 4, 5, 6, 7, 8, etc., con- 
stitute a series of functions. Now knowing these, interpolation teaches how to: 
find intermediate logarithms, as log 4.3, 4.5, 46, ete., or 2.7, 2.72, 8.102, 7.025, 
etc., without the labor of computing them from the fundamental formula of 
the series (292). 


{Norse.—The student must guard against the notion that every series isa 
recurring series, Any succession of numbers related to each other by a common 
law, as, for example, the logarithms of the natural numbers, is a series, as well 
as the more simple arithmetical, geometrical, and other recurring successions. | 


~ 809. Some of the more important problems concerning infinite 
series are: To find the scale of relation of a series; To find the mth 
(any) term of a series; To determine whether a series is convergent 
or divergent; To find the sum of a convergent series, or of n terms 
of any serics; To revert a series; and, To interpolate terms between 
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given terms. To these problems we shall give attention after 
having demonstrated the following lemma, which is of use in the 
solution of several of them. 


310. Lemma.—The first term of the nth order of differences 


is a—nb +n be ——— d+etc., when n is even, and 


—a + nb —2 a De+ a d—etc., when n te odd; a, 
b, c, d, etc., betxg successive terms of the series. 


Dra.—Letting a, 6, c, d, 6, f, etc., be the series, we have 


ist Order of diffs, }—~- a,c —b,d—c,e—d, f—e, etc., 

2d ce ec ae c—~2b+a,d—-2%c+b,e—2d+0¢, f —~2¢ + d, etc, 

Sd “« « « d — 8 + 3b —a, e — 8d + 8c — 4, f— Be + 8d — Cc, ete., 
4th “ |“ « e—~4d + 6c — 4b + a, f— 4e + 6d — 4c + 3, etc, 

Sth “ 6s os f —5e + 10d — 10c + 5b — a, etc. 


Now by tnspection we observe that, numerically, the coefficients in these 
terms follow the law of the coefficients in the development of a binomial. Thus 
the coefficients in any term of the 2d order of differences, as in c — 2b + a, are 
the same as in the square of a binomial; those in any term of the 3d order, as 
in d—38c + 8b—a, are the same as in the cube of a binomial, ete. Hence, revers- 
ing the order of the simple terma in the first terms of the successive orders, and 
representing the first term of the first order by D,, the first term of the 2d order 
by Dz, the 1st term of the 8d order by D3, etc., we have, for the even orders, 


D,=a—2+e, 
D,=a— 4b + 6c — 4d + 6. 


Hence, by induction, we have, for the Ist term of the nth order, when 7 is even, 
D, =a—nb + Meat, men ene + ete. 
[8 
Again, for the odd orders, we have 


D, = —a+ bd, 
Dy = — a + 8b — Be + d, 
Ds = — a + 5b — 10¢ + 10d — Be + f. 
Hence, by induction, when n is odd, the first term of the nth order is 


i a+ np — MO, ea — et 





* The author does not dsem it expedient to take the time and space to demonstrate more 
rigorously thie law ; nor does he fully sympathize with the idea that induction is in no case a 
ratisfactory mathematical argument, 
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311. Cor.—it will be observed that in order to find the 1st term 
of the first order of differences, we must have 2 terms of the series 
given ; to find the 1st term of the 2d order, 3 terms ; to find the 1st 
term of the 3d order, 4 terms ; and, in general, to find the let term 
of the nth order we must know n + 1 terms of the series. 


EXAMPLES. 


1. Find the 1st term of the 3d order of differences in the series 
%, 12, 21, 36, 62, etc. Also the 1st term of the 4th order. 


Sua’s.—For the 8d order we have 
Dz3=— a+ 8b—8+ d=—7+8.12 —8 .21 + 86 =—2. 


For the 4th order, 
D,=a—4b+6c—4d +e=7—4-12 + 6.21 —4-86 + 62=8. 


2 to 6. Find the first terms of the orders of differences specified in 
the following : 
(2.) 2d, 3d, and 4th, in 1, 8, 27, 64, 125, ete. 
(3.) 3d, and 5th, in 1, 3, 3%, 3%, 34, 3°, ete. 
(4.) 5th, in 1, $, 4, 4, qs, gy, ete. 
(5.) Sth, in 1, 6, 21, 56, 126, 252, ete. 
(6.) 6th, in 3, 6, 11, 17, 24, 36, 50, ete. 





312. Prob. 1.—To find the Scale of Relation in a recurring 
infinite series when a sufficient number of terms is yiven. 


So.urTion.—1st. When each term after the first depends on the nezt preceding. 


—Let m represent the scale of relation, Then b = ma (304). Whence m= 2. 


2d. When each term after the first two depends on the two terms next preceding 
tt.—-Letting m, 2 be the scale of relation, we have c=ma+nb, and d=mb+ne 
(304). Whence m = lh and 2 = asda 
ac — b*’ ~ ae — bF 
Bd. When each term after the first three depends onthe three terms neat preced- 
tng it.—Letting m, n, r represent the scale, we have d= ma + nb + re, e=mb 
+ neo + rd, and f= me + nd +re. From these three equations the values of 
m, ”, and r can be found. 


4th. We can evidently proceed in a similar manfier when the dependence is 
upon any number of preceding terms. 


313, Scu.—In applying this method, if we assume that the dependence 
is upon more terms than it really is, one or more of the terms of the scale 
will reduce to 0. If we assume the dependence to be on too few terms, the 
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error will appear in attempting to apply the scale when found. If we 
attempt to apply the method to a series which is not recurring, the error 
will appear in the form which the scale assumes, or when we attempt to 
apply it. : 

When the dependence is upon two terms, any two equations of the series 
e=ma+ nb, d= mb + ne, e= me + nd, f= md + he, etc., will give the same 
values for mand n. So also if the dependence is upon three terms, any three 
equations of the scries d = ma + nb + re, e= mb + ne+ 7d, f = me + nd + re, 
gz=md + ne + rf, etc., will give the same values to m, n, and r; etc., etc. 


There is no general method of determining that a series is absolutely not 
recurring. The best practical method of procedure is to assume first that 
the dependence is upon two terms: if this does not give a scale which will 
extend the series, try whether the dependence is not upou three terms, then 
upon four, ete. Of course, applying this process to an infinite scries would 
not determine that the series was absolutely not recurring. 


EXAMPLES. 


1. Find the scale of relation in the series 1, 12, 48, 384, 1920, etc. 


Sva’s.—Assuming that the dependence is upon two terms, we have 48 = ™ 
+ 12n, and 384 = 12m + 48n; whence m = 24, and n=2. Now since 1920 
==: 24.48 + 2.384, we conclude that + 24, + 2, is the scale. 


2. Find the scale of relation in the series 1, 6x, 122°, 482°, 120°, 
etc. 
Sue’s.— We have 127° = m + 6rn,and 4827 = 6zm + 122*n ; whence m=62z', 


and n=2z. Now, as 120r4 = 62° . 122% + 2. 48z*, we conclude that the scale of 
relation is + 62%, + 2. 


8. Find the scale of relation in the series 1, 4z, 62°, 112’, 2824, 632°, 
and extend the series two terms. . 
Scale of relation, +327, —2’, +22. 
Next two terms, 1312', 2832". 


4011. Find the scale of relation in the following, and extend 
each series 2 or 3 terms: 


(4.) 1, 2, 22, 22%, Bx*, 32*, 42°, 42’, ete. 
(5.) 1, 3, 18, 54, 243, 729, 2916, 8748, ete. 
(6.) 1, 2, 52°, 132°, 4124, 12124, 3652°, ete. 
(7.) 1, 4, 12, 32, 80, ete. 

(8.) 3, 52, %z*, 132°, 232%, 452°, etc. 


a ac ae ac’ 
(9.) i —~ Be” ars ie FF x, etc. 
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(10.) 1, 4 10, 20, 33, 56 84, 120, ete. 
(11.) 1, 4, 8, 13, 19, 26, 34, etc. 


314. Prob. 2.—To find the nth term of a series when a suf: 
ficient number of terms is given. 

SoLUTION.—The best method of doing this depends upon the character of 
the series. We give the following : 


Ist. The formula J =a + (n — 1)d, and 1 = ar*—!, resolve the problem for 
arithmetical and geometrical series, / being any term. 


2d. The scale of relation may be determined by Pron. 1, and the series 
extended to the nth term by means of it. 


8d. But the first terms of the successive orders of differences afford one of 
the most elegant and general methods. Thus from (310) we have 


ait 


etc., etc., etc, 


Whence, by induction, we have, in general, the nth term = a@+-(n— 1)D, 

(n — 1)(n — 2) (n —1\(n — 
D,-1 is reached, or till an order of of differences is reached of which each term 
is 0. It is only in the latter case that the method is practically useful, since to 
determine the first terms of the n — 1 successive orders of differences, requires 
that 7 terms of the series be known, 


2\n — 8) D,; + ete., till the term containing 


EXAMPLES. 
1 to 5. Solve the following by means of the scale of relation : 
(1.) Find the 8th term of 1, 2z, 82°, 28z%, 10074, eto. 
(2.) Find the 9th term of 1, 3a, 52%, 72°, 92‘, 112°, ete. 
(3.) Find the 10th term of 1, 32, 22’, — 2’, — 32“, — 22’, ete. 
(4.) Find the 12th term of 3, 5, 7, 13, 23, 45, ete. 
(5.) Find the 11th term of 1, 1, 5, 13, 41, 121, ete. 


6 to 12. Solve the following by means oF the successive orders of 
differences : 


(6.) The 12th term of 1, 5, 18, 35, 70, 126, ete. 


*e=~at+%M!+ Dg=- at Ma+ 
td=a-3b+ 3¢+ Dy =a — 3a + D,) + Ha + ID, + Dy) + Dy xz a+ 3d, 
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(7.) The 15th term of 1, 3, 6, 10, 15, 21, etc. Also-the nth. 
(8.) The nth term of 1-2, 2-3, 3-4, 4-5, etc. 
(9.) The 12th term of 1, 42, 62°, 112°, 282‘, 63:*, etc.* 

(10.) Solve the first five given above by this method, when it 
will apply. Also determine the scale of relation in (6) to (9) in cases 
in which the series is recurring. 

(11.) Find the mth term of 1, 2°, 3°, 4’, etc. 

(12.) Find the 9th term of 70, 252, 594, 1144, 1950, ete. 


13. Extend the following to 10 terms by the method of differences. 
1, 4, 8, 18, 19, etc. Also z*, 424, 82°, 132°, 19z}, etc. Also 1, 6, 20, 
50, 105, 196, ete, 


315. Prob. 3.—To determine whether a series ts convergent or 
divergent. 


SoLUTION.—1st. When the terms are all +. If the series is not decreasing, 
of course it cannot be convergent. Thus a+)+c+d+e+etce,ifa<b 
<ce<d<e, etc.,is > ao. Let us then consider the case when the terms are 
all+,and a>b>e>d>e, etc. We have 


Baatb+ordterete.=a(t tea ea Sey ote.) 
a(1+2 +e +S tS, tte). 
7 cba 
Now if A : “, § 7’ etc.<p, S<a(l+ p+ p* + p*+ p+ etc.), which, if 





p<l1= i < Py Therefore, An infinite series of positive terms is always conver- 


yent, if the ratio of each term to the preceding term ts less than some assignable 
quantity which is ttself less than 1. 


2d. When the terms are alternately + and —, and decreasing. Let the series 
be a, —5, +c, —d, +6, —etc. Now we may write 
= (a — db) + (c—d) + (€—Sf) + ete; 
and also S=a— (b—c) — (d—e) — ete. 
Since the terms are decreasing (c—d), (e—/), etc, are +, and S>a—b, 
Again, ( — c), (d — ¢), etc., are +,and S<a. Therefore, Any series of decreas- 
tng terms, which terms are alternatély + and —, t2 convergent. 


8d. When the terms are alternately + and —, and tnereasing, we have 
S=a—bic—die—-f+g— ete. = a—(b—c)—(d—e)—(f—g) — ete. 
Now, since the terms are increasing, b—c, d—e, f—g, etc., are essentially 
negative. Representing these differences by —d, —d,, — dg, etc., we have 





Pa st te einai tn aanearnenremeet hi Natty 


* It is evident that the 12th term involves 2 to the 11th power, or contains zi!, Hence we 
have-only to find the coefficient, or the 12th term of the series 1, 4, 6, 11, 28, 68, etc. 
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S=a+d+d, + dg + etc, a series which can be examined by the first process 
given above, 


4th. The process of grouping the terms and thus forming a new series, as in 
the last cage, is frequently serviceable in other cases than that there specified.* 





EXAMPLES. 
1. Determine whether 1 + : + ae + Se + = + etc, is 
1 1-2 1-2.3 1-2-3-4 : 


a convergent series. 


e 1 ad 1 « 


Sva’s.—Here 4 =-1, - whence we see that each 


— ~— 1 + ° 
bo 8 c 8 a ae 
of the ratios after the second is less than 34, which is itself less than 1. Hence 
the series is converging. 


2. Determine whether 1 +4+4+ 4} + etc., is a converging series. 
3 to 6. Determine which of the following are converging : 


(3.) s+ ¢+4 + 7, + ete. 


(4.) 1 +5 + * + 5 + etc. r being > 1, t.¢, any decreasing 


geometrical progression. 


1 1 1 1 
©) 78 + tosi + aaa * Tray + ete 
3 4 5 
(6) Ty— + gag + ram + ete 
a at oh af 
%. For what values of 2 is wm oy z Z+5~G Tt tte 
convergent, and for what divergent ? 
Sua’s.—This series may be written z+ — 7 + 23 = 574) + ge mer 
+ a’ 7 3) + etc. For w=1 this becomes ; + (5-3) + ; a 
+ “Fr + etc., ory + patpatrete Now in this series - = i. 


5 = B =o5 g = a5’® ratio which evidently approaches 1 without limit. 


Hence for «= 1, the series is divergent. Again, = any value of z> 1, some 
one of the factors (5 -— i) (Ge - a): (7-5 —3) etc., and all following it 


c 2 a 15 6 28 
5” ¢ 





* This is confessedly quite an imperfect presentation of this problem; but it is suffictent for 
most purposes, and js as full as our limits will allow. 
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will become negative. Thus, if ¢ = =, all following _ ; will be negative. 


The sum of that portion of the series preceding this first negative factor will be 
finite, since it will be composed of a finite number of finite terms. Let us now 
examine the infinite series which is composed of negative terms. Let a be 
the value of z for which we are examining the series, and y the exponent of 2 
in the first negative term. This term is therefore w(o _ <4): Now this 
may be taken as the general term of this portion of the series if we understand 
that a is constant and y variable. As y increases by 2 in each successive term, 





the first two terms of this series are ar(- ee : art 1 — <3) - and 
yt+i yt+2 yt3 


the ratio of the second to the first is a? i + 3 — ay ~ 2 x vy eh} 


| G@+9GF8 * 7+i-w 
(1 — a)y* — Ba—4y* — Qa—3)y 

ei’ gp NN er Ne . ma 
=a la —ay* + O— bay? + i — Gay + 3 , the limit of which, as y in 
creases to infinity, is @*. Butasa> 1, a* > 1, and this negative series is diver- 
gent and its sum is infinite. Hence the given series is divergent for «= 1, and 


all values of z>1. Ina similar manner it may be examined for z < 1. 


316. Prob, 4.—To find the sum of n terms of a series. 


This problem, like many others concerning series, does not admit of a general 
solution. We specify the following cases: — 


CasE 1.— When the series is ARITHMETICAL 07 GEOMETRICAL, either divergent 
or convergent, for n finite, S=4n[2¢ + (n—1)d], or S=—-—.--. For an 


infinite geometrical convergent series we have S = cst ‘ 

Cask 2.— When the series ig an infinite, RECURRING series, to find the sum of 
the series (t. ¢«. n being o). Let the series be a+db+¢+d+6+4 etc, and 
m,n the scale of relation, the dependence being upon two terms, Whence we 
have 


@=a, 

b= 3, ; 
e = am + bn, 

a = bm + cn, 


sae ee f® e# * e# # 


Putting S=a+b+o+d+ete, -------- 

and adding, this gives S=a+6+ Sm+ (S— a). 

Solving for 8, we have S= Ne trad , (1) 
1—m—n" 
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When the scale of relation consists of three terms, a8 m, 2, 7, We have 


$ 


¢; 

am + bn + er, 
= bm + cn + dtr, 
J =em + dn+ er, 
g =dm+en + fr, 


How we tl 
= 


a 
b 
c 
ad 
e 


Whence S=a+b+0e¢+ Sm+ (S—ayn+ (S—a—bdyr. 


@+b+¢—an— (e+ by 


And solving for 8S, S= ee ae a 


(2) 
When the scale of relation consists of four terms, as m,n, 7, 8, Wwe can write 
from analogy, 
Stet eon he OO (3) 
l—-m—-n—-1r—s 


Case 3.—TZo find the sum of n terms of a series by the method of differ. 
encea.—Let the series be a, b,c, d, e, f, etc., which we will call (A). 
Now if we write the series , 


S= 


(B) 0,a,a+b, a+b+6¢, a+b4+e4+d, a+b+e+d+e, ete, 


of which the series (A) is the first order of differences, it is evident that the 
(n + 1)th term of (B)is the sum of 7 terms of the given series (A). By the 
formula for the nth term (374, 3d), which is 

Gen?) ae (n—1)(n—2)(n.—3) Dive: 

2 E 

noticing that a, the first term, in series (7?) is 0, that D, of series (2B) is a of 
series (A), D, of series (2) is D, of series (A), etc., wo have, for the sum of 
m terms of (A) 





The nth term = a+ (n—1)D, + 


Ma Dy ei ®) 
a: [3 

On this formula we observe that when the orders of differences do not vanish, 
if the scries is extended to tho (n+1)th term the coefficient of that term will 
become 0, and the series will terminate. But this requires that we know the 
first tern of the mth order of differences, which requires that n + 1 terms of the 
series be known. In this case, therefore, the formula is of no service. But, 
when the differences vanish with some one of the lower orders, it 18 a very con- 
venient formula. 


S=na + —— De + etc, 


CasE 4.—Upon the principle thet any fraction of the form rear 
ae 3(£- »“* many series of fractional terms of the form on Soe 
n mar p nn + p) 

nee be summed, 


eh Seerenaeres 


; q Wee Oe Oe og 
ee ee SS 
: This is evident since mn ntp  n@wtp) netp) 
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Also many series of fractional terms of the form may be 


Eee. ALM eee TS 
n(n + p)(n + 
summed from the fact that (n + B) 2p) 


eee Seen {_4_ - at et | 

n(n + pn + 2p) 2p (n(n+ p) (n+ pin + 2p)) © 
g 

When the fractional terms are of the form nn + pin + Bphn + Bp)’ the 

summation may often be effected upon the principle that 


saa a at We a ea ge att a eee 
un + pXn + 2p\n + 8p) Bp las + p)(n+2p) (n+ pXn + 2p\n sat : 


The practicability of this method depends upon our ability to find the differ- 
ence between two series. Thus, when the terms of the given series are of the 


form if we can find the difference between two series whose terms 


ae 
mn +p)’ 
7 


are of the form os and g 


n+ 
series. But the method will be more readily comprehended in connection 
with its application, (See Ex’s 15-30.) 





- respectively, we can find the sum of the given 


ExAaMPLES. 
1 to 7%. Find the sum of the following recurring series: 


(1.) 1 + 22 + 82° + 282° + 100z* + ete. 
(2.) 1 + 2a + 32° + 52° + 82 + ete. 
(3.) 1 + 32 + 52? + %?* + ete. 
(4.) 3+ 52 + 7a? + 132° + 2324 + 4525 +. ete. 
(5) 14145 +4 13 + 41 + 121 + ete. 
(6.) 1 + @ + 22° + 22° + 3x* + 32° + 42° + 42" + ete. 
ac ac* 


(7) ;— put Ben aC a! + etc. 





8 to 14. Find the sum of the following by the method of differences: 


(8.) 1+3+5+7+etc., to 20 terms; to 2 terms. 

(9.) 14+2+3+4+4+5-+etc., to 50 terms; to 2 terms. 
(10.) 1+5+15435 + 704-126 + etc. to 30 terms; to 7 terms. 
(11.) 70+252 459441144 + 1950 etc., to 25 terms; to 7 terms. 
(12.) 14+24+3*+4‘+etc., to 12 terms; to 2 terms. 
(13.) 1+2°+3°+ 4'+etc., to ~ terms. 
(14.) 14+2°+3°+4'+etc., to 2 terms. . 





: 1 1 1 1 
15. Find the sum of ia tagtagat gt etc., by the method 


given in Case 4, : 
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Sue’s.—If we put p= 1, g=1, andn =1, 2, 8, 4, etc., successively, the 


yeneral form of the term in this series is Try Thus we have 


+p)" 
For the lst term, ory a ao “iG-reter (4): 
ee ee ap Her =i ~seu)*=1G-3 
For the 8d term, wap = see =i G ~534)'=1G- , 
For the 4th term, wip = aD 71 GR ma)” =1(5~ 3) 
etc., etc., etc. 


Putting S for the sum of the series and adding, we have 
S=(1—4)+¢—-9+0—-)+G—-4) + ete 
= eel ale ae aie = 
— ( —'—5-4-—ete.) ~~ 


Nors.—It will be seen that this method is only an ingenious device for de- 
vom posing the given infinite series into two infinite scries, one of which destroys 
ll but a finite portion of the other. 


1 1 me | 
i. i +33 +37 t 79 
17. Find the sum of » terms of each of the two preceding series. 
Sua.—We have for the mth term of the last seriesg=1, p=2, n=2n—1, 


4 


16. Find the sum of — + ete. 


since 27n—1 is the mth odd number. Hence for the nth term q 


n(n + p) 
= 1 (58-3 bh. We theref h 
~ O\Sp a1 one i): srefore have 








1 1 1 1 ; 
put Boh ge Pigg 2 Ot eg aie 
~ 2 ee | oS gendea te as: eee 1 _t,) 
8 § q 22-1 2Q+1 
® V1) 
: = on+1° 
18. Find the sum of ay + ce 4 ae + etc. Also of 2 terms 
1-4 ° 2-5 36° 4.7 


of the same. 
Fe 


19. Find the sum of ic : = 


—~=-— + —— 2 tc., to » te 
is 35 * 637 99 7 o ne 





* a. See Gea ee 
Since by Case 4, natD "Dp a ap) 
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2 8 4 
8-6 5.9 7° 79 
+ etc. Hence by making g = 2, 8, 4, 5, etc., successively, n= 8, 5, 7, 9, 
successively, and p = 2, we have 
H1G—-H-@-H+G—-H—G—A) + ete}, or 
HE—-G@+ +04 H—G+ 8 + tr + ete} 
= ${$—-1+1—1+4+ 4 + ete}. 


n+i1 
aa 


pane J 


9.1 
etc., 


-— 


Sve’s.—It will be seen that this series is the same as ——- 


: and if an even number of terms of 





Now the form of this last term is 


the given series is taken, we have — + ie —1+ 27h , all the intermediate 


terms destroying each other. But if an odd number is taken, we have 


1/2 n+1 : m+1i 1 1 : 
a(a- ees) ray Soe aan 


1(2 1 1 1 1 

PBN peng eee eee em ere tea Sia ees od 
number of terms 513 5 racTH , or 13 TGn48)' and for an odd 
2 1 1 ! s i 


se a TS eins ———-— , Wh =o, we} 
oar + 5@n 4B) + Ton 48) en m=, we have 


number, ; 1 


1 1 
a(n + 3) = 0; whence the sum is 3° 


: 1 
20. Find the sum of i3-taqgtas5 


: 1 
21. Find the sum of aor 


1 
22. Find the sum of 337 5-19 


at 
1/1 1 1 
8vua.—This equals es +53 ay a ete.) 


4 4. 4 
23. Pind te mem ot rg $ 59 +943 + Tay 7; 


5 6 
24, Find the sum of 3.3 + saqt 54.5 + etc. 


Sue’s.— By putting p=1, ¢=4,5, 6, etc., successively, and n= 1, 2, 3, etc., 


+ ete. 


ively, these te 1. ,_ and since 
successively, these terms take the form = ae pia tee) si 
1 


Seamaeel 


eee ee. oer Siete {4 sie Sei Set 
a(n+ p)(n+2p)” 2p in(n+p) (n+ p)(n + 2p) 


~ 3 1 (ina s3) + (53 - a) + (oa ~ 75) +e} 


t , we may write the given 
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ms 
i. 


Il 
cS) 
vo 
eo 
rs 


26] ms 


aa 


3(2+ a3 5 t pat ct) = 5(2 + 5) (eo Ex. 15) = 14. 


3 9 15 
25. Find the sum of ;-——. pati tT Baiada t aIL 


2 8 
8-5-7” 5-7-9 
4 @ 10 


2%. Find the sum of 5 aetitestonte 


Tiidaiy + et 


26. Find the sum of 35 + ~~ 


1-3-5 + -— 


+ etc. 


1 1 1 
28. Find the sum of S35 ew + 33-05 + ; 5.4.5.6 





ete. 


: ce 
Svua.—Consider that n(n + p)(n + 2p)(n + Bp) Bp law + p) (nm + 2p) 
Seen R eas See ener | 

(w + p)(n + 2p) (a + 3p)5 ° 
1 2 


3 
29. Find the sim of [3-5-7 + 3-5-7-9 + 5-7-9111 + ete. 


2 5 8 


30. Find the sum of 376.012 + &9-i908 + 9719715-18 


Norr.—The above examples are taken from YOUNG's ALGEBRA, an exeelinnt 
old English work to which American editors are much indebted. 


+ etc. 
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317. In arsenals and navy-yards, cannon-balls and shells are 
piled on a level surface in neat and orderly piles of three different 
forms, viz., friangular, square, and oblong. The figures below will 
sufficiently illustrate these forms: 


Ls eC Qa ew S* 
fe Case ee ee 
Oe Fee 





TRIANGULAR PILE. SQUARE PILE. OBLONG FILS. 
318. Prop.—The formula for the number of balls or shells in a 
triangular pile having n balls or shells on a side of tts lowest cotrse is 
fn (n-+ 1) (a + 2). 
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Dem.—The student will be able to discover. that, beginning at the top, the 
number of balls or shells in each course is as follows: ‘ 
1, 1 + 2, 1+2 + 8, 14+24+84+4,---- ete, 
or 1, 3, 6, 10, 15, 21,--- - ete. 


Summing this series to x terms by the method of differences he will obtain tho 
formula. 


319, Corn.— The number of courses in a triangular pile is equal 
to the number of balls or shells in one side of the lowest course ; and 
the number of balls or shells in the lowest course is 14+24+3+4 
----+n, or }(n*' +n). 





320. Prop.—The formula for the number of balls or shells in 
a square pile having n balls or shells on a side of its lowest course is 


fn (n + 1) (Qn + 1). 
The student should be able to demonstrate this as above. 


B21. Corn—The number of courses in a square pile is equal to the 
number of balls or shells in one side of the lowest course; and the 
number of balls or shells in the lowest course ig 14+34+54+7+4+9 
---- 2n—1], or n’. 





° 
322. Prop.—The formula for the number of balls or shells in 
an oblong pile having m balls or shells in the length of the base and 
n in the width is 
¢n (n + 1) (8m —n +1). 


Drem.—Observe that there are as many courses as there are balls in the width 
of the base. Let m’ be the number in the top row, whence we have for the 
number in the successive rows from the top downward, 

m’, &m' + 1), 38(m' + 2), 4(m' + 8), 5(m' + 4), ete. 
Taking the successive differences, we find D, = m' +2, D, = 2,and D, =0. 
Substituting in 


a n{n — 1) n(n — 1)(n — 2) P 
Ba pe De Dz, 
we have S=om'n + mn) (m' + 2) + mane —*) , which readily 
reduces to S=: tn{(n + 1) Bm’ + 2n — 2)}. 


Now m being the number of balls or shells in the length of the base, we observe 
that m' = m n+ 1, which substituted in the previous equation gives 


8 = tan + 18m — n+ 1). 


Scu.—If we make m = n, this gives the formula for the aquare pile, as it 
should. : ; | | 
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EXAMPLES, 


1. Find the number of balls in a triangular pile of 20 courses. 
In a triangular pile with 42 balls on one side of the lowest course. 
How many balls in the bottom course? How many in one of the 
faces ? 


2. Find the number of shells in a square pile with 30 courses. 
With 23 balls in one side of the lowest course. With 2209 in the 
bottom course. How many balls in one face of each pile ? 


3. Find the number of balls in an oblong pile whose bottom 
course ‘is 42 balls by 20. Whose top course contains 23 balls, and 
which has fifteen courses. 


4. How many shells remain in an incomplete triangular pile whose 
top course contains 28 shells, and whose bottom course has 15 shells 
on a side? 


5. How many balls in an incomplete square pile whose top course 
is 8 balls on a side, and whose bottom course is 20 batls on a side? 


6. How many shells in an incomplete oblong pile whose top 
course is 12 by 20, and whose bottom course is 52 shells in length ? 





REVERSION OF SERIES. 
323. Prob.—To revert a Series. 


SoLuTION.—The problem is, having given 


S(y) = ax + bat + cu? + drt + ete., (A) 
to express @ as a function of y, ¢. ¢., to obtain 
w= Ay + By? + Cy? + Dy* + ete, (B) 


the essential thing in the solution being to find the values of the indeterminate 
coefficients A, B, 0, D, etc. To do this, we form 2*, 2°, 2‘, etc., from (B) in 
terms of y, and substitute in the second member of (A). Whence we have 
S(y) =S' (y).* From this relation we can obtain the values of the indeterminates 
A, B, C, D, etc., in the ordinary way. 


EXAMPLES. 


1. Given y= e+ jet + 42’ + 424 + ete, to revert the series, 4. Ons 
to express the value of z in a series involving y. 





* This notation meana that both members are functions of y, but that they are not the same 
function: one is the / function, and the other the /”’ function. . 
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Sue's,—Assume 2= Ay + By* + Cy? + Dy‘ + ete. 


Whence w* = Aty? +2ABy? +2A0 | y* + ete., 
+ 5B 
wv? = A*y*? + 38A* By* + etc., 
and a = Aty* + ete., these developments being extended 


as far as is necessary in order to determine four terms of the reverted 
series, 


Substituting these values in the given series we have 


y=Ay+ Bilyt+ AOly+ D |y*+ ete. 
+ +A* + AB + AC 
+ 4A? + +B? 
+A*B 
+ 4A4 


Whence A4=1, B+4A2=0, 0+ AB+4A? =0, and D+AC+3B*+A'B 
+4A‘=0. These give A=1, B= —}, C=}, and D=—y;. Therefore 
my—tytaigs_ i 

the reverted series is o=y— oy + 5y _ id 


e 


tle 


y* + etc, 


2 to 6. Revert the following: 
(2.) y=ut+a + a + x + ete. 
(3.) yma + 32° + 5a* + Tat + 92% + ete. 
(4.) y= u— fx + $2’ — 42" + etc.* 
(5.) y = 2x + 3a* + 42° + 52’ + ete. 
(6) y= l+aut yet get go + etef 


%. Required to express the value of y in terms of x from the 
relation 
y + ay’ + by + cy‘ + etc. = ma + nz? + pa? + gx + ete. 





INTERPOLATION. 
324. Prob.—Having given a series of functions a, b, c, d, e, 
etc., to find a function intermediate between any two of this series, 
which function shall conform to the law of the series, ‘ 


Inu..—Let the series of functions be the logarithms of 282, 283, 284, 285, etc., 
viz., 2.865488, 2.867856, 2.869216, and 2.371068 ; let it be required to find the 
logarithm ef 283.4, i. ¢., the function }# of the way from 2.867856 to 2.869216. 


SoLuTION.—The solution of this problem is simply an application of the 





* In this example it will be more expeditious to assume @ =m Ay + By® + Cy* + etc., though it 
is not essential. 


t Tranepose the 1, put s = y~1, and then revert the serles s = 2 + J 04+ pre*+ hat + ete, 


Thie ix necessary, since the theory of Indeterminate Coefficients assumes that both vartables 
hecome 0 at the same time; 4. ¢., that #0, makes sunQ, 
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formula for finding the nth term of a series by the Method of Differences 
(314) ; viz., 


The nth term = a + (n — 1)D, + ——= een) Det ome) 


D,;+etec 


But for our present purpose it is more convenient to replace the - 1) of the 
formula, where n represents the number of the term sought, by 2 7° a fraction 


which indicates the distance of the term sought, from the first term used, 
this distance being measured by calling the distance between any two given 
terms 1. Thus in the series a, b, c, d, é, etc., a term 3 of the way from } toe, 


would be reckoned at a distance 1§, or § from a, ¢.¢., P would be § in this case. 
Now by this method of reckoning it is evident that the (n—1) of the formula must 
be replaced by - for 7 stands for the number of the term, which is one more 
than the ee of intervals between it and the first term. Thus the 4th 
term is 3 intervals from the first term. Making this substitution of ; for n—1 
the formula becomes 
Term to be interpolated a+ P + — 1 5(2— ~1) D+ 5% : P ’ —1) (2-2) Di+ete. 
325. Scu. 1.—On this formula we observe that ae the series of func- 
tions is such that the differences vanish, 7. ¢., Ds, Ds, D4, or some order 
becomes 0, the formula gives an absolutely correct result. But when the 
differences do not vanish, the result is only an approximation. However, 
such is the closeness of approximation, that for practical purposes only 
second differences are usually needed, although sometimes third and fourth 


become necessary. 
EXAMPLES, 


1. Finding from the tables the logarithms of 232, 233, 234, 235, 
to be 2.365488, 2.367356, 2.369216, and 2.371068, required to inter-. 
polate the logarithm of 233.4. 


ARGUMENTS.*| FUNCTIONS. | 18T DIFF’S. | 2D DIFF’S. (8D DIFPF’s. 


282 
283 


285 





* Jn ench a case the number is called the Argument, and ite logarithm the function. This 
means simply that the logarithm is a function of the numbor (or argument). 
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In this case a = 2.865488, D, = .001868, D, = —.000008, D, =0, and 2 s: r 
Hence we have 
log 283 =a = 2.865488 
2D, es : (,001868) =  .002615 
“1p (P_ ) __i4 —— 
gE (@ 1) Dy = — 5; (,000008) = — .000002 
*. log 283.4 = 2.868101, which is ex- 


xctly as it is in the tables. 


2. Finding from the table the logarithms of 61, 62, ete., interpo- 
late the logarithm of 62.23. 


326. Son. 2.—When second differences only are to be uscd, and four 
functions of the series are known, a convenient and excellent formula is 
obtained thus: Let the four functions be a, }, ¢, d, and let it be required to 


interpolate betweenband c, Let a be the interval from } to the place of the 


term to be interpolated. Now if we compute from 0, instead of from a, the 
preceding formula will become 


The interpolated function = =b+- a Dy + +5 5 (5 —1)D, , 


in which D, is the second of the first ee i. ¢., the one which falls 
between 6 and c; or, in general, if we tabulate the differences as above, it 
is the first difference which falls in the same horizontal linc with the func- 
tion to be interpolated. Again, as the second differences are supposed to be 
different, it is best to take the arithmetical mean of the two, which mean 
will also fall in the same horizontal line with the interpolated function. 


3. Find by (326) the logarithm of 68.53 from the logarithms of 
67, 68, 69, 70. (See table.) * 


ARGUMENTS, | FUNCTIONS, | Isr prrF’s. | 2p DIFF’S. lon “Bhey's, 





z a oa D, = .006840, and 


D, = — .0000905. The student should make the substitutions and compare 
with the table. 


Here we have 6 = log 68 = 1. 882509, 
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$27. Scu. 8.— But it is not for interpolating logarithms that this 
method is chiefly used. For this purpose the method given in (196) is 
preferable. The student will readily discover that the method of (196) 
is identical with that just given if only first differences are used. When 
great accuracy is required, and the tables used give the logarithms to 8 or 
10 places, it sometimes becomes neccessary to use mean second differences, 
asabove. It is, however, in Astronomy that Interpolation has its most im- 
portant applications. Thus, suppose the Right Ascension (analogous to 
terrestrial longitude) of a planet has been observed four times at intervals of, 
say one day, By interpolation we may find its Right Ascension at each interme- 
diate hour, or point of time. In this problem the Right Ascension is the function, 
and the time is the argument. 


4. The Right Ascension of Jupiter to-day, July 1st, at noon, is 
10h. 5m. 38.68.; July 2d, at noon, it will be 10h. 6m. 18.86s.; on July 
8d, 10h. 6m. 59.418. and July 4th, 10h. 7m. 40.248. What will it be 
July 2d, at midnight ? 


SOLUTTON. 


MEAN 
* o 9g 10 mantis 
ARGUMENTS. FUNCTIONS. 1sT DIFF’S..2D DIFF’S, 2p DIFF’s. 


. 
Se errpaentemetumtncandtente didienetentantnarenentntitons ease ee eel Tie titeatetand thee enone onan tiemeteeteed 


July 1. 10h. 5m. 88.68. 

July 2. 10h. 6m. 18.86 8. 
July 3. 10h. 6m. 59.415. 
July 4. 10h. 7m, 40.248. 


eee arn 


40.26 s. 
40.55 s. 
40.83 s. 





In this case e be s b == 10h. 6m. 18.86s., D, = 40.55s., and D, = 0.2858. 


The answer is 10h. Gm. 39.18. 


5. To-day, July 1st, at noon, the moon’s declination (distance 
from the celestial equator) is 6° 38’ 10.8 north; at 4 o0’clock it will 
be 5° 45’ 51'.3 ; at 8 o’clock, 4° 53’ 7.8; at midnight, 4° 0’ 2.8; and 
at 4 o’cfock in the morning it will be 3° 6’ 38".%, Thiterpolate for 
the intermediate hours. | 


eR Oe He tee Yasin EOP 


* In this example the argument {s the ‘tme, and the function is the Right Ascension, ¢. ¢., 
the Right Ascension is a function of the time, 
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SECTION I. 
PERMUTATIONS. 


328. Combinations are the different groups which can be 
made of » things taken 2 in a group, 2 being less than 2. 


ILL.—Taking the 6 letters a, b,c, d, e¢, we have the 10 following combinations 
when the letters are taken 8 in a group, or, a8 it is usually expressed, taken 3 
and 3: abc, abd, abe, acd, ace, ade, bed, bce, bde, cde. Taken 2 and 2, we have the 
following 10 combinations: ab, ac, ad, ae, be, bd, be, cd, ce, de. Jt is to be noticed 
that no two combinations contain the same letters ; 7. ¢., they are different groups. 


329. Permutations are the different orders in which things 
can succeed each other. 


InL.—Thus the two letters a,b have the two permutations ab, ba. The three 
letters a, 6, c have the 6 permutations abe, acb, cab, bac, bea, cba. 


330. Arrangements are permutations of combinations. 


ILi.—Taking the 10 combinations of 5 letters taken 8 and 8, and permuting 
each combination, we get the arrangements of 5 letters taken 8 and 8. Thus 
the combination abe gives the 6 arrangements abe, ach, cab, bac, bea, cha, In like 
manner each of the 10 combinations of 5 letters taken 3 and 3 will give 6 arrange- 
ments ; whence, in all, 5 letters taken 3 and 3 have 60 arrangements. 


331. Prop.—The number of Arrangements of m things taken 
nand n ia 


m(m — 1) (m — 2) (m— 3) - - - - (m—n +1). 


Dem.—Let us consider the number of arrangements which can be made of the 
m letters a, b, ¢, d, etc., taken 2 and 2. Letting « stand first, we can have ab, ac, 
ad, etc., to m —1 arrangements. Letting 0 stand first, we can have ba, be, bd, 
etc., to m — 1 arrangements, Thus taking each of the m letters in turn we can 
have m — 1 arrangements in each case, or m(m ~ 1) arrangements in all. 


Again, each of these m(m — 1) 2 and 2 arrangements will give m — 2 arrange- 
ments 8 and 8, by placing before it each of the letters not involved in it. Thus 
we have m(m — 1) (m — 2) arrangements of m letters taken 8 and 8. 


Once more, each of these m(m— 1) (m — 2) 8 and 8 arrangements will give 
m— 8 arrangements 4 and 4, by placing before it each of the letters not involved 
in it. Thus we have m(m — 1) (m — 2)(m — 8) arrangements of m letters taken 
4 and 4. 


Finally, we observe the law; t.¢., the number of arrangements is equal to 
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the continued product of m(m —1)(m—2) (m—8) -- - + {m—(@—1)} or 
m(m — 1) (m — 2) (m—8) -- - - (m—n + 1). 


332. Con. 1.—TZhe number of Permutations of m things ts 
1-2-3-4 - - - - m. 


This is evident since arrangements become permutations when the number in 
& group is equal to the whole number considered ; i. ¢., when 7 = m. 


333, Corn. 2.—IJf p of the m letters are alike (as each a), q others 
alike, r others alike, etc., the number of permutations is 


1-2.3-.4 ----m 
lp x |q x |r x ete." 
Thus consider the permutations of a,b, c, d, viz., abed, bacd, acdb, beda, achd, 
bead, abdc, badc, adeb, bdea, etc. Suppose b to become a, then since for any par- 
ticular position of ¢ and d, as in abed, there are as many permutations of the four 
letters as there can be permutations of the two letters a and J, viz., 1x2; if b 
becomes a there will be 1x2 fewer permutations when these two letters are 
1.2.8.4 
1-2 ° 
So, in general, if p of the letters are alike, there will be 1-2-8 - - - - p, or 
|p fewer permutations than if they are all different, etc. 


alike than when they are different, ¢. ¢., 


334. Cor. 3.—TZhe number of Combinations of m things taken 

nand n is 
m(m —1)(m — 2) (m — 8) - - - - (m—n +1) 
1-2-3-4 ----n ° 

Since arrangements are permutations of combinations, the number of ar- 
rangements of m things taken n and 7 is equal to the number of combinations 
of m things taken » and 7 multiplied by the number of permutations of 
things. Hence the number of combinations is equal to the number of arrange- 
ments of m things taken m and n divided by the number of permutations of » 
things. : 


EXAMPLES. 


1. How many permutations can be made of the letters in the word 
marble? Of thoseinhome? Of those inlogarithms? 


2. How many arrangements can be made of 10 colors taken 3 and 
3? Of 7 colors taken 2and2? Taken 3and3? 4and4? 5 and 
5? 6and 6? % and 7? How many mixtures in each case, irre- 
spective of proportions ? | 

38. How many different products can be made from the 9 digits 
taken 2 and 2? S3and3? 4and4? Sand5d? Gand6é? Vand 
7? Sand8? 9and 9? 
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4. How many different numbers can be represented by the 9 digits 
taken 2and2? 3and3? 4and 4? ete. 


5. In a certain district 3 representatives are to be elected, and there 
are 6 candidates. In how many different-ways may a ticket be made 
up ? 


6. There are ? chemical elements which will unite with each other, 
How many ternary compounds can be made from them? How many 
binary ? 


%. How many different sums of money can be paid with 1 cent, 1 
3-cent piece, 1 5-cent piece, 1 dime, 1 15-cent piece, 1 25-cent piece, 
and 1 50-cent piece P 


Sua.—If taken 1 and1,how many? If2 and 2,how many? If 8 and 3, etc.? 
How many in all? 


8. In how many ways can 12 ladies and 12 gentlemen arrange 
themselves in couples ? 


9. If you are to select 7 articles out of 12, how many different 
choices have you ? 


10. How many different sums can be made from 1, 2, 3, 4, 5, 6, 
taken 2 and 2? 


11, How many permutations can be made from the letters in the 
word possessions? (See 333.) Wow many from the letters 
in the word consistencies? 


12. How many different signals can be made with 10 different- 
colored flags, by: displaying them 1 at a time, 2 at a time, 3 at a time, 
etc., the relative positions of the flags with reference to each other 
not being taken into account ? 


t 


PROBABILITIES. 


335. The Mathematical Probability of an event is the 
number of favorable opportunities divided by the whole number of 
opportunities. The Mathematical Improbability is the number of un- 
favorable opportunities divided by the whole number of opportunities. 

Inu.—A man draws a ball from a bag containing 5 white and 2 black balls ; 
the opportunities favorable to drawing a white ball are five, and the whole nnm- 


ber of opportunities is seven ; hence the mathematical probability of drawing 
a white ball is $. The mathematical improbability of drawing a white ball is } 
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' EXAMPLeEs, 


1, I learn that from a vessel on which my friend had taken pass- 
age, one person has been lost overboard. There were 40 passengers, 
and 20 in the crew. What is the probability that my friend is safe ? 
_ What the improbability? If I learn that a passenger is lost, what 
then is the probability that my friend is safe? What that he is 
lost? « 


2. A man fires into a flock of birds of which 6 are white, 4 black, 
5 slate-colored, and 3 piebald. If he kills one, what is the probability 
of its being a black bird? What the improbability of its being pie- 
bald ? How much more probable is it that he will kill a white than 
a piebald bird? A black than a piebald ? 


3. Twenty-three persons sit around a table. What is the proba- 
bility of any given couple sitting together ? 
Inu.—Call the two persons A and B. Then wherever A may sit, there are 22 


others who may sit beside him in one of two places (on his right or left), There 
are therefore 2 favorable and 20 unfavorable opportunities. 


4. What are the odds against the fourth of July coming on Sun- 
day in any year taken at random ? 


Svua.—The odds against an event is the ratio of the unfavorable to the favor- 
able opportunities. 


5. The moon changes about once in 7 days. What is the proba- 
bility that a change of weather will come within 3 days of a change 
in the moon ? 


6. The letters a, e, m, n, can be arranged so as to form four words, 
viz., mane, mean, name, amen. If they are arranged at random, 
what is the probability of their forming a word? What the “odds 
against” their forming a word ? 


7. Show that the probability that.a leap-year will contain 53 Sun- 
days is ¥. 


8. Three balls are to be drawn from an urn which contains 5 black, 
3 red, and 2 white balls) What is the probability of drawing 2 
black balls and 1 red? 

Svae’s.—The first question is, How many opportunities in all? That is, how 


. Many different groups (combinations) can be made of 10 balls taken 8 and 3. 
Second, How many opportunities favorable to drawing two black balls and one 
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red at the same time? There are 5 black balls, and these can be déombined 2 and 


2 in of, or 10, ways; and as one of the three red balls can be obtained in 8 
ways, each one of these combined with one of the 10 ways of obtaining the 
black balls will give 10 x 8, or 80, favorable opportanities for selecting the balls 


as desired. The probability is therefore ;f;, or }. 


9. If from a lottery of 30 tickets, marked 1, 2, 3, etc., 4 tickets are 
drawn, what is the probability that 3 and 5 are among them? What 
ure the odds against it? 


Sue’s.—From 80 how many combinations of 4 and 4? From 28 how many 
combinations of 2 and2? Odds against drawing 3 and 5, 148 to 2. 


\ 
10. A bag contains a $5 bill, $10 bill, and 6 blanks. What is the 
expectation of one drawing? That is, what is one drawing worth ? 
Sua.—The probability that one draught will take the $5 bill is 4, and hence 
is worth $3. The probability that the $10 note will be drawn is also }, and 
hence this enpectation is $'f. The entire expectation is therefore $4, or 


$1.873. Hence a gambler who should sell such chances at $2 each, would in 
the long run make money. 


11. What is the expectation of a draught from a bag containing 5 
$2 bills, 4 $5 bills, 2 $10 bills, 1 $100 bill, and 50 blanks ? 


12. In a given bag are 5 $2 bills, 3 $5 bills, and 6 blanks. What 
is the expectation of 2 draughts ? 


Sue’s.—There are ae = 91 opportunities, or ways in which 2 things can 


1-2 
be drawn from 14. 
1-2 
of drawing 2 $2 bills is $2, and this expectancy is $27. 
In like manner the probability of drawing 2 $5 bills is ,3;, and this expect- 
ancy is $§%. 
The probability of drawing 2 blanks is }}, and this expectancy 0. 
The probability of drawing 1 $2 and 1 §5 bill is $7, and this expectancy is 
ey. . 
The probability of drawing 1 $2 bill and 1 blank is 37, and this expectancy 
is S§f. | 
The probability of drawing 1 $5 bill and 1 blank is $}, and this expectancy 


There are ways in which $2 bills may be drawn. Hence the probability 





The entire expectancy, or worth, of 2 draughts is therefore $7 + $7 +492 + $f 
+ #9 dollars, or $8.57$. 


Observe that the sum of all the pr >babilities, ¢. 6, $% + gf + $4 + b¢ + F¢+34, 
je 1, as it should be, 
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That the probability of drawing 1 $2 Dill and 1 @5 is }4, is seen thus: There 
are 5 opportunities favorable to drawing 1 $2 bill, and with each of these there 
are 8 oprorwnities favorable to drawing 1 $5 bill. 


13. There are 4 white balls and 3 black ones in one bag, and 2 
white ones and 7 black ones in another bag. What is the probability 
of drawing a white ball from each bag at the first draught from 
each ? 

Sotutrion.—There are in all 7 opportunities of drawing a ball from the first 
bag, and with each one of these there are 9 opportunities from the second 
bag ; hence there are 7 x 9, or 68 opportunities in all. Again, there are 4 favor- 
able opportunities for drawing a white ball from the first bag, and with each of 
these there are 2 favorable opportunities for drawing a white ball from the 
second bag; t. ¢., there are in all 4 x 2, or 8, favorable opportunities. Hence 
the probability is 4). Notice that this compound probability is the product of the 
twa simple probabilities. 


14. The probability that A can solve a problem is }, and that B 
can do the same is ¥, what is the joint probability ? 


Suae’s.—The student will observe that there are 4 possible results, viz. : 
1. Both may succeed, of which the probability is .f ; 2. A may succeed and B fail, 
of which the probability is 4% ; 8. B may succeed and A fail, of which the prob- 
ability is 4;; and 4. Both may fail, of which the probability is 4%. Now either 
the first, second, or the third result will give a solution. Hence the probability 
of success is -§& + 4% + x45 = 34, or }. 


This result may be more expeditiously obtained by considering that they 
will succeed if both do not fail, The probability of A’s failure is }, and of B’e 4. 
Hence the probability that both will fail is } x #, or #; and the probability of 
success is 1—#, or 4, 


15. It may be said that on an average 10 persons will die during 
the next 10 years 


Out of every 62 whose present age is 30, 


66 66 4 5 6é 66 40, 
 ) _ 6 66 3 5 6 Ce 50, 
6é 6é 2 5 6 6é 60. 


What is the probability that a person who is 30 will live till he is 
60? What that a person who is 40 will live till he is 70? 


Sue’s,—Let us examine the probability that the man who is 80 will die before 
he 12 60. The probability that he dies before 40 is 4$, and that he lives to 40 
83. Now the probability that a man who is 40 dies before 50 is $$. Hence the 
probability is 4 of §} that this man lives to 40 and dies between 40 and 50, or 
itis 34 of £3 that he lives to 50. Finally, the probability that he dies between 
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60 and 60 is 49 of 24 of 43, or it in 34 of 24 of 82 that he lives from 50 to 60. 
Hence the probability that a man who is 30 will die before he is 60.is 

: $2 + 33 x 4% + 83 x 24 x 42, or 349; . 


and, consequently, the probability that he will live is 1 — 444, or $44; ¢. ¢., itis 
a little more probable that a man who is 80 will die before he is 60, than that 
he will live to 60. 


16. What is the probability that two persons, A and JB, aged.re- 
spectively 30 and 40, will be alive 10 years hence ? 


Sua’s.—Chance of A’s being alive &%, of B’s 34, of both &3 x 24, or $44. 
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1556303 
1+4u0202 
1-579754 
1-5g1065 
1-6020060 


eee 


1-612784 
1-623249 
1°633468 
1-643453 
1°653213 


3 -662758 
1°672098 
1-681243 
1-690196 


1+698970 


1+707570 
1+716003 
1+724276 
1+932394 
1+740303 


1745188 
1+759875 
763428 
-770852 
778151 


- 785330 
*792392 
pat 
«806180 
-812913 


-819544 


-826075 . 


*832509 
1:838849 
5 +©B45098 


S neeemeameen ened 


1-851258 
1° 857333 
1863323 
1-869232 


&9 
90 


91 
92 
3 
94 
95 


96 
97 
93 
99 


1°875061 | 100 


ee 


1°$80814 
1. LUGS 1 
1+892005 
1+£97627 
1+-90J0g0 


See egeel tetedaneeomeeed 


1-908485 
1-g13554 
1-9190738 
1*924279 
1929419 


TET map 


1-934498 
Oye 
1+94448 
1+949390 
1+954243 


Oe EE i a 


1-95904t 
196370 $ 
196848 3 
1°973123 
1-9777394 


ear emetetenthiont 


¥-g82278 
196772 
1991226 
1995635 
2 «000000 





Remank.—In the following Table, the first tw figures, in the firat column of 
Logarithms, are to be prefixed to each of the numbers, in the same horizontal 
line, in the next nine columns; but when a point (®) occurs, a 0 is to be put 
in its place, and the éwo initial figures are to be taken from the next line below. 





ee {| CES | CE Rer, | ea meee | TS | et 


ee ee 


EN ee ey fee ey een, ey enn, oer 





6134 


2019 
4932 


7825 


6391 





LOGARITHMS OF NUMBERS. | 301 


siai{6j]e6f{+i{e{oeo lob. 

a -_ aot aehes 4934 5204 afte a1s8 rh 6286 | 6556 | 271 
20 | 7090 | 7 | 7634 4 | 81 441 10 7 247 | 2 

3236 3388 213 ; ; 


Nf oo | a | 2 











163 9515 9753 | @e57 | 93) 853 | n121 1gat | 26 
18 212188 | 2454 alee es 3252 | 3518 | 3783 | 4049 | 4314 | 4979 4 2 

184 4844 | 5109 | $373 38 | 5902 | 6166 | 6430 | 6694 57 | 7241 | 264 
165 7484 , 7747 | Boro | 8273 | 8536 | 8798 | gobo | 9323 | 9.03) | 9846 | 262 
166 || 220108 | 0370 | 0631 | 0892 | 1153 | 1414 | 1675 | 1936 | 2196 | 2456 | 261 
167 2716 ooTe 3236 | 3496 | 3755 | 40:15 4274 4533 4793 | 5051 | 259 
168 $309 | 5508 | 5826 | Go+4 | 6342 | 6600 | 6858 | 7115 | 7372 | 7630 | 253 


169 || 7887 | 8144 | 8400 | 8657 8913 | 9170 | 9426 | 9682 { 9933 | 293 | 256 


| 170 || 230449 | 0704 








—wncteetretgeeenaget | ones memmeaninanetinen | 


























1215 | 1470 


1979 | 2234 | 2483 | 2742 | 254 
3757 | 4011 


4517 | 4770 | 5023 |} 5275 | 253 - 



































0960 
171 29 3250 } 3504 
172 §528 | 5781 | 6033 | 6285 | 6337 7041 7795 | 252 
173 8046 | 8297 | 8548 | 8799 | go4 9550 300 | 250 
174 a0 89 0799 | 1048 | 1297 | 155 2044 2790 | 24 
rw 3938 | 3286 | 3534 | 3782 | 4930 4525 5266 | 24 
5513 | 5759 | 6006 | 6252 | 6409 6991 7728 | 24% 
79713 | Ba1g | 8464 | 8709 } 8954 9443 196 | 245 
250420 | 0664 | ogo8 | 115k | 3395 1881 2610 | 2.3 
2953 | 3096 | 3338 | 3580 | 3822 4306 5031 | 242 
255273 | 5514 | 5755 | 5996 | 6237 6718 9439 | 24t 
7679 | 7918 | 8158 | 8398 | 8637 9116 9835 235 
steo] o310 | 0543 | 0787 | 1025 1501 a214 | 233 
2451 | 2688 | 9925 | 3162 | 3399 3873 4582 | 237 
4318 | 5054 | 5290 | 5525 | 5761 6232 6937 | 235 
7641 | 7875 | Bri0 8578 9279 {| 234 
9930 | ©213 | ©446 ®912 3609 | 233 
2306 | 2533 | 2-70 3233 3927 | 232 
4620 | 4650 | 50% 5542 6232 | 230 
6921 | 7351 | 7300 7838 8525 | 2249 
gz11 | 943 467 #123 ©806 | 228 
1438 ans 3942 23 3075 | 22 
3793 | 3979 } 4205 4056 §332 | 22 
6007 | 6232 | 6456 6g05 7578 | 225 
8249 | 8473 | 8696 9143 g812 | 223 
0430 | 0702 | o925 1369 2034 | 222 
2699 | 2920 | 3141 3584 4246 | 29% 
49°97 53.47 5787 6446 } 220 
q104 | 7323 | 7542 7979 8635 | 21 
9289 | 9507 | 9725 @361 613 | a1 
£90 1454 | 1681 | 1898 2331 2 at 
£1 3623 | 3344 4555 rane 3230 2 
£33 §731 | 5996 | 6211 66 } q28a j 235 
208 71924 8139 8351 877 9417 | a3 
04 056 | 263 | O48: #906 1542 | a12 
2:5 2339 | 2600 3023 3656 | arr 
£35 4499 | 4710 5130 5 7 ato 
‘g'7 65 6 7227 TOI4 
e 3 83 | 8898 9314 4938 | s08 
£09 0769 } 0977 1391 2012 | 207 
renee eed Geen ee aed eneenetend enn beeen 
£10 2839 | 3046 3458 4077 | 206 
Sit 48 5105 $516 6131 | 205 
£13 Egho 7155 7563 8176 | 204 
213 Bogt | 9194 g6or 211 | 203 
214 1022 | #225 seo 2236 | g02 
S15 3044 | 3246 64 4253 } 202 
216 5057 | 5257 565 6260 | 90% 
C17 7060 | 7260 7659 8257 300 
s13 9254 | 9223 9650 0245 199 
a1) 43 1039 | 1237 1632 2225 | 19 
“T, 2 | 3 4 6 9 D. 





302 


N. 


220 | 
Q21 





a3 | 


228 
224 
225 
228 
227 
228 
229 


230 
231 
989 
2338 
284 
235 | 
236 | 








ene oa 


371068 


7 
839 


380211 


201 
381 
— 
7390 
La 
390935 


442 
6199 


gtr es 


401401 
31ar 


6540 

8240 

33 

414620 

3300 
414973 
4t 


9752 


431364 


nde 

I 
7333 
440909 


EZ 





6 | 0829 | 1023 
2375 | 2568 | a761 | 2954 
4876 


621 6408 | 65 6 
8125 |} 8316 | 85 B06 
025 | 215 | 404 | 9593 











I9I7 | 2105 | 2294 | 2482 
3800 ri 4170 | 4363 
5862 


5675 6049 6236 
7542 7129 791d | Stor 
g4or | 9587 | 9772 | 9958 


1253 | 1437 | 1622 | 1806. 
3 3280 | 3464 | 3647 
4932 | 5115 | 5298 | 5481 
6759 6942 | 7124 | 7306 
8580 8943 9124 














0392 | 0573 | 0754 | 0934 
.2197 | 2377 | 2557 | 2737 
3995 | 4174 | 4353 | 4933 
aes 5964 | 6142 | 6321 

68 | 7746 | 7923 | 8101 
9343 | 9520 | 9698 | 9875 
1112 | £1288 | 1464 | 1641 
2873 | 3048 | 3224 | 3400 
4627 | 4802 | 4977 | 5152 
6374 | 6548 | 6722 | 6896 


8114 | 8287 | 8461 | 8634 
020 | ®1g2 | 9365 























amecmemeee | apnnenentemeemes | oe | apie ne | EOE | EE | nntemrennarainiienien | aememieaahenattmae } me memantine 











' 6 


3606 
5570 
97525 
9472 
1410 
3339 
5260 
7 
5 
ali 


9 
2859 












































g5or 
1228 
2949 
4063 
6370 
8070 








181 


181 
180 
17 

178 
17 

176 
175 
174 





173 


ANSWERS. 


PART I. 


8.—The full-faced figures in connection with the number of the page refer to the Arti- 
eles in thotext. The numbers in parenthesis in the paragraph refer to the particular Example. 
* « © indicate that it is not thought expedient to give the anawer.] 


ADDITION. 
(PAGE 18, 68.) 

(1.) —Ta. (2.) 4a? —b? +. a2b+ ab? +.2b3 ~—305, (3.) 15ea*%r? +2ba2z? +- 
Imz*y?, (4.) Ao? —a) 4.52% +50%y—ab—23—8. (5.) 7 6.) Reza! +224, 
(7.) (a+e)2+-(m—Sa)y (8.) (2a-+2b+Be—2d-be—2n)ot + (120-4+-4n-+-20yF. 
(9.) (a+-b+1)0* +(6—a+1)ey+(a—b+1)y?. (10.) (a+m)(7+y)+ (b—n)\(v—y), 
(11.) 8(m+n—2) Ve—y. — (12.) aw F4(B—m)y3+48<. 18.) Vata, 
(14.) 0. (16.) tot ay —Ie-8, (16.) (a+5+c¢) Va*§—y?, (17) 2(a—2m)at 
+3(m—1)y* +82. 


SUBTRACTION. 
(Paap 15, 73.) 
2.) a+at—2e-8, —(B.) =e" +a2). (fH) Ba +2af 6) 
(6.) 10 Vi-tat—ayt, (7.) aly*—y)+(10—2) Va. (8.) de(a—2)—~. 


(9.) 2Va—b~ Vab. (10). a—b+c+d; 38a; a—b+e~d; and 
(11) # #4, 
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MULTIPLICATION. 
(Pace 20, 87.) 

(1.) 72a%de%y6, (2.) Qdmetigmtntemr, (8.) 1002 %y?; and — 9a%08 
(4.) m® ; 1; aS; mons cn off, (5.) 8a*-+10ab—8d*. = (6.) a4 +aty*+y!, 
(7.) m§—2m'?n*o*+n5+08 (8.) a—amt*+anti—grtitgsti_@ ,  (9.) 24— 
(a+b+e+d)23 + (ab+ac+he+ad+bd+ced)a* — (abe + abd + acd + bed)z + abed. 


am rad 
(10.) z&—y§, (11.) ash +1, (12.) 2ab* + B0a9-4 she tet! 
—10a/-9+P—9h) 8" 15 qt P—9-1, (18.) * * *, (14. * * # 
(15.) —a*+2a°b* —b4 +-2(a? +b? )c* —c-, 


(PaGE 21, 88.) 
(8.) 6a4 ~—10a32—22a'2z! +-46023 —20¢4. (4.) 40° —16a7b* +10a°b3 +-15ad* 
—25b%,  (5.) at—at, 6.) 2° —Se4 +1029 —102* +50—1, 





DIVISION. 
(Pace 24, 1085.) 








m+n omen — i 
(1) m™F; nw 3 (ab) ; 451; af; : Bye eg Oey 
a se at WY" saimtgs Sdr*e 
(8.) * * *, (4.) Last two, ji-tn pin h Blt ey ee 8a—*, 


(5 to 11.) * * *. (12.) (a+y)3. (18) * * *. (14) ***, (18.) a+8. 
(16.) at" drt le gmt -1h2 ont. Brom, (10.) m*+an™., (18.) ne 
na+m. (19.) Aat—Qr4+k, (20.) ot — af yt+yi—ads 3 ye $y. 


(Pac 26, 106.) 
(2.) w*—Sae+4at, (8.) 2a°+4a%+8a+16. (4.) Byt—4e%, (5.) wo ay 
+asyt — oy? + ots —gy® +y® ; ot +y’. 
(Pacn 27, 107.) 


(8.) 294 —8y3 4-199? —8y+-9, (4.) 08 ey pady? +o 3y9 + mty4 + ys +98 ; 
T+ 2+ a8 +n3+ et+ah+at+a’+at et. G)*** (6)°* 
(7.) 2% #, 
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FACTORING. 


(Pace 31, 122, 


| ‘Examenes in factoring are, in general, of such a nature that the answers can- 
not be given without destroying the utility of the problem ; hence only the fol- 


lowing are given: (28.) Kiy? ~timtyiet + kant ydet shin yet + ki mityte® 

—K' mys gy tet | (24.) at —ghiy\s tatyt—ohtyts tatyt—ah ty 4 y. 
(26. ***; 1-a=(1+ 7a) (1—~ 7a); 1+a%s divisible by 1+ Va, 1+ Va, 
etc. (27.) 10a (-% , 


GREATEST OR HIGHEST COMMON DIVISOR. 
(PAGE 84, 724.) 


(1) 12. @) 12% = (8) 8. (5) BK m*. = (B.) 2a. (7) aely-der. 
(8.) ay.  (10.) 4b22—40°. 


(Pace 38, 729.) 


(8.) a—1. (4.) w+1. (b.) 2a4-82. (6.) 2a—d, (@.) A(a* —Qay-+y*). 
(8.) 2ae?—6az* +-10aa—2a. : 


2 


(Pace 88, 230.) 
(1.) 2+6.  (2.) &(a+y). 


LOWEST OR LEAST COMMON MULTIPLE. 
(PAGE 89, 732.) 
(2.) (@+0)*(a—2)*.  (B.) wt—4. (4) Afat—2a*4+1), (6) 40590%b*a4y?, 
(8.) 1—18a+81a*. (8.) (#3? —392-+-70) (@—10). (9.) (e—1) (@+-2) (w@—3). 


(10.) (a3 —4a%b+-9ab* — 105?) (a-+45). (11.) o4 142? + T12* —184e0-+120. 
(12.) 2° -+%24—100"— 702" +.92+-63. 
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FRACTIONS. 


(Pace 48, 167.) 
18 


























(1.) * # #, (2.) * * *, (3.) 1+2+2% +074 etce.; 2*+10— Sow 
— ft. 4 a ree ae ay ee ee a? 4 
M+n aa 1—a+a*—a?+a‘—a* +a°—a'+a* —@?; ip fee 44 ié 
+ete.; +2; w8+1+407*+9-"+42¢-%+ ete.; 1—na-™ +? a-*#—n28aq-™ 
+n24q7-*— nF q—1n+ ete. (4.) 8.%-la-y; (m+n)*t8 ; c* d-ngis , 
1 5 10a*+¢+4 a(a+b) (b+¢)?—a*® 
~ 3 =e J) 3 ete as te poser See eae ety a ey Se piers * 
v~*(a+b)? (a—b)-3. (5.) iz2' «65 Ba : Hap! She ; 
x1 —2) jcc a ee (a+2) (a—z)? 2za—z)* 
1+2 ° (6.) : (2.) : (8.) a(a®—z*?) ’ 2(a?—z*)’ 
a(a®—z*)" = (z—y)*’ — (a—y)** " (L+a)* (L-2)?” 
(1=2*) (11) —— nt) ae. 
(14-2)? (1—2z*)° m*n*(m*? +n*) (m*—n*®)’ —- m*n®(m? +n*) (m? —ney’ 
2(92? —16) 9a*(8r—4) 82(2+32) a+b. 
“ (12) gz? —16)’ BxOa*— 16)’ —Ba(Wa¥ 10)" 18) Ths 
10a w® ——s adfh—befh = m*+mn*—m*n | afd+ae_ 
200*y? + 7c%z*? = 9-4 Bzy? ’ bdeh + bafg ’ m—n > bdf+be+ecf" 
a. “C2 ae sions Gott. 
(14) T7565 49° ja ge OE w—1’ OM 
Ba8£+22+13 — i= ), 2aba—S8ex* 3b* —2a°b—2a—S 
— sar 0; (15. —— a+b+—— - (16.) a(b*—1y , 
2 ; cee (17) 2a+d+eé : y— pe—Smpy" ; 
wt-+-a*+1’ 2°+82°—5r—84 ° “(a+c)(a+d)(a+e)’ (8my*?—z)? ? 
e+Y 6c_ 4. oo ae. 
yy * (18.) 0. (19.) 29 ; 4 , z?—10r+21 . (20. ) 62+ 6 





ae Be8 Go attbh 4, Smartayrey 
(a—b)* © ee ) GXij¢ —1) (224-8) ° (22.) 8.’ a ° tt pe ba+by—ay’ 


$4) 
ae 3 ; (23) a+b; —t2; rat 1—a*; y™ a4) STi 


amte+bre—Qeetl 1 1 . 2 1 1, Pee eee 
(GX"—9) g%-7)) (Qa™—Bb)? att at oe Be! 1+-$2° —$20? —y,2°; 








i’ at ae 


| ry) 4 z = : re 

Sats Ty) a + +1 : (25.) cea (26.) 14+0%+2a-*; ree 
Vla* 1 maspe 1 1 

(27.) er? Bins’: a3°. 3% (28.) — Bimiy’ Isis a 
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2—a 1 be(c—b)* 
20): 140%+a*; Bae); pee Se ) mn 
Mae pene ee”) ata’ 2¢%—1 4 +685! 454 ore 
2a—b)* 

9 29 —1 —3 wad 2. & AF. 
mn +mn—I—n- ; Bas)! a* —2ac+c®-—b* ; » (81.) 1. 
riya ¢q? 3 4q7 
(82) 1, (88.) a-*—a-'b-140-8§—a-le-1—-B-le“1 8, (B4,) ee 
atpiyn+ atptigt ary a3 +63 (35) =! cd—1 3 
aby Gy) ary)’ “atb® Ota’ a5’ 
m—n . (m+n - oo ; 
m+n 9 (m—ny (87.) +. (88.) e (89.) +e (40.) 1; 

2a°—ar—ay; 1; (a*—b?)*. 
INVOLUTION. 
(Pace 59, 190.) 

z 9 25 i m* , 
(1.) 9a®; 4a®a?; ‘we Vai 49?" 3 » ts 93 a (2.) 1-24 +32? ~—273 +24; 
da®—1202*+92°, —(B.) 9—122—-2a* +409 +04; 27e5—Q7e* + 92*—1; 1-22? 


+2; ot—Bryh+sety—y?, (4) Bla®z3; data; 











16042” ; 


3 
aang 5 ata’; aia? ; 





m mom t § an 
BiatyS , Sa giny® ; 1 (5.) 25az? ; 5120%! ; a Bi eld z 
: 12524y" ave (1681) #y3 
14 e 
ee at (G.) 27 +728y+21a0°y? +85aty? +3004 +212%y® +-7eys +y7 ; 
a's 
arbng 
a4 — 42 y+ Gxty? dry +e » 27a§—27a4e+-9arz*—a; 2-5 —Hz-*y + 152—ty? — 
85az—8y* + T0r-9y4 — ote. ; 5 a4 Arby + 107-by*® + 2r-Ty® + B5x-*y* + ete. ; 
2 x* x 58 1 a® 8a* 65a& 35a 
Oe ——_ + etc. ; See are ag hk aaa, ToOTD 
o.5t 8-53 16 52 198-5 a 22% Bre 16a" 128e 
8 oa: 1073 = 152 
+ete.p 1—42*-+674‘—40°+28; a : (142+ = mt “m> * m* 
tote.) ; HHH. HEH, (7.) eH, 
EVOLUTION. 
(PaGE 61, 795.) 
(1.) 2-2-2. 50 = 472; 2. 78146; 5. 7. 672845; ***; 4 fa -o . (a+d)} 


= + (a%e-+abe) ; a a, (B tog) ****, 
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(Pace 65, 197.) 


‘To give the roots in problems in evolution would be to destroy the benefit of 
the exercise; hence they are omitted. 





BREDUCTION OF RADICALS. 


(PAGE 70, 207.) 
(1.) ween . (2.) *; 4 Vis; He He He V%; (at —o)t He HH HH, 
w* +-ay-+y* 


Reap) V 15(2* —y’). In such cxamples be careful to leave only integral 


forms under the radical sign, in the reduced expression. (3 and 4.) * * # #, 
4 2 6 a 

VE = V4. (6. * * *, ai (1 — 2 Paton. (6.) W8 and V5 ; 
1 x! 


te te, V(a—y)* and Vary. (7.) ***, (8.) 20 75 ween, TY 








3 y 
V5 VBi 1 27 3 2 Vy 
+ * H. : ) 1 Vegi yy! t Wager. TaZy. 
’ 3 (9.) r—y z 7] ’ 9— 32? (3 4 1 ) 9 a?—y , 

3 pany oan is, 

w—-2VaytY ye yg. 8( 73 —9 V5 + V3 V5 — 15 4 VBVES — V5). 
C—Yy ‘ 2 ’ 
(135 +4204 716); 172—4V%5; ee 
2 V a? 2 ooo! ameneeraaeen mentee 
ei Qnt +1—22 V2t+1; —(e+ Vo?*—1); w2 + e+ Vot+ 225421; 
a vE+ ¥542); 2¥8+ ¥o— 8a. 10.) o# 40F yb satybsatyt 


+a fy? +aty + aiy? +adys + oty® 4 aly + ahy® 4 ay 4 aly e+ aby tyes ah 
tt; (V84 VB— V5) (8-278). (1 to 18) * * *, 





COMBINATION OF RADICALS. 
(Pace 74, 217.) 


 Q*** (2) ***; ae a2, (8, 4, 5.) * * *. (6.) V86I; 
1 


6 319 0 6 ee 
vy V151875; _ VBala™; Ca Vag?; «= V D4 Sa*+-10n* + 1008 + bat +a 
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yVixs"; 1893; 80; 1278 (7) 41; wey; 246458 750 
—~4V¥5—86 V8; 3730 —1278 — Vid +12. (8.) 3710; 49; 

Ys. 
V3Va; 90H. (9) P+4VE; 2G; 3VT+ VB; BYE; mh 
P may _— wtpatet a 
(@=H(ar 44 —1i; Va+Vb+Ve;, —{—. (10.) 92 V 4a ; 


Mt Viake; —S.VI8; 8-2V6; 20-2) Va—e; a?—sast+sato—ot- 


(11.) ox Viy!; jot V7 ; 4/3 V9 ; 2 Vex Vee ; Vi-—z; 4 V Bin58 ; 
473; (12.) 24875; 254875; aa— Var; ***, 


IMAGINARY QUANTITIES. 
(PAGE %8, 22.3.) 
(2.) 12°.78+1)V—1; 192V7—1; (4034+8)7—1. (4.) (Ve V9) v—1. 
(5.) 1V—1; 12. V3 — 1) V—1; liaV—1; (aVb—oVd)V¥—1. 
(6) 1V=I. (7) BVEV—1; 1VEVII; 1V=1; VaVRi. 


(PAGE 79, 225.) 
6-7 V—1, and 9V=1-1; 2a+(V54+ Ve) V—1, and (Vo— Ve) V=1. 


MULTIPLICATION AND INVOLUTION OF 
IMAGINARIES. 


(PAGE 80, 226.) 
(2.—2y; —12V15; -6V6. (8.)12V3VY—1. (4) 80-24-11; 
2 ©,6)** * (7) 288V3V—1;—490 72 Y—1. (8) ayer. 





DIVISION OF IMAGINARIES. 
(PAGE 81, 227.) 


‘ es 3 8 ab? 
(2.) —}VEV=I; —V¥a VAL. (6.) = 


a? at—ot 
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PART J. 


SIMPLE EQUATIONS. 
(Pace 87, 28.) 





3d b a+b-+-oe 
12; 24; 284; S43; 8; 4; ——; —; ~~"; 2.0; 234. 
(L.) 12 ts Sis st ct args Os OH 
2) 3 Lane 5: nq—p), 5a(2b—a)  8ab?+4b9—120a7b AK? 
( a : m * B8ce—d ° 3a*+ab—ac+be ’ 28p+59" ’ 
ever er on Vea ale 8a ; ; 
ono bathe 8; 0; 3 (3.) a5? 4; 4; 4b. (4.) 81; 
5 ad, 81 

¥—2de ; a) Dy —1); 8; 1; 6; 6; 8; 5 ; 
c®—2be; 16; 5; A(a—1); 8; 1; 6; 6; 8 rere : 4 
2b-+ Vab\"* 1 2 =), 4m* 9 
————— ] } 1—{ ——— ; ; = (6—1)* ; 7 
( rs ) . by (m+1)* = ) 7 








/ a? (“")’: (a—1)* | 38 Ba 
"BS , 2a = 16’ 4° 


APPLICATIONS OF SIMPLE EQUATIONS. 
(PAGE 90, 33.) 











(1.) A’s 84, B's 42, O's 14. (2.) A’s eee Bs, 
Os i. (8.) 80, 18. (4.) ae sf (6) 35. 
Ge. Oya. ar (18,) +98 stil a 
(14.) 817, 951, 1268, 2219; —* —, ot, oem a. (16.) 90; 
oe (16.) ***, Oe oe (17.) 3; 5... 
(18.) 19,80; Ste amo me (19.) 78, 773 — 
oe (20) 8. 21.) —“*, AR (24.) 20, 40, 60; 184, 


834, 50; 149, 284, 429. (26.) 1200. (27.) 50. (28.) 5712. 
{80.) 50. 


ANSWERS. 22 811 


SIMPLE EQUATIONS WITH TWO UNKNOWN 
‘QUANTITIES. 


(Pace 96, £2.) 
(C) e=10,y=8 (2) 19,2. —(8.) 16, 35. (4.) 7, 2. (5.) 7, 17. 








1067 278 

6)22 (713% 8)-%19. @)-21 (lo) oe, TE 
1 1 9, 208—Gat+d  Bat—b84d at bt —c? 
(QWs, 5. ag Sas, Zo: 8) GS, 
(14.) (a+b), (a—~3)?. (15.) 10, 5. (16.) 18, 12. a7) 2, x 
6i Gt 1 1 7 . neigh 
(18) 55> qq (DDE, =. 20.) 20,5; 6,85 7,10; B8y*—72=0: 


y®—22y+120=0; y*—4y® +14y!—20y? +9=0. 


APPLICATIONS. 
(Pace 98, £2.) 


(1.) 183, 313. (2) 3. (3.) 20,8 (4) 5000,5000. 5) 4 © (6) 24. 
(9.) pm+ qn—qmn pmn—qn—pm 


MR—M— ir Mnr—M—Nh 


° 


(7.) 29, 32. (8.) 5000, 6. 


bm +a an+b 
(10.) ed a (11.) 48, 16. (12.) 24, 32. 


SIMPLE EQUATIONS WITH MORE THAN TWO 
UNKNOWN QUANTITIES. | 


(PAGE 101, 43.) 
(2.)4,8,2. (8) 2,8,4. (4.) 24,60,120. (&.) 64, 72,84 (6.) 8,2, 1. 


: bf +c% —q* at+ct—B? a®*+b%—c?® 7 
(7.) 25, 55, 05. (8.) “oe oa age (9.) —, 
v 21 2 2 1 
—- Bs Fo: (10.) Bo 2. (11.) 2a, 2b, 2c. , (12.) Gd @=9’ 
: (13) — 2, ae, _ eh aay 12, 8, 


(@—a)(0—c)’ (e—a) (e=8)" B40’ ~ ate’ ~ a+b’ 
7,4 (15. 2,1,8,—-1,—2. (16.) 3,4,3,1,2  (17.)o+ce—a, a+e—b, 
a+b—ce, 


Ot ct I RETR Oe NA TL EASON 


+ The values of the unknown quantitice are given in the order 2, y, 2, etc. 


318—Ci‘ a ~  aewamrs. 


APPLICATIONS. 
(Pace 102.) 
a 192 62a 
(2.) $2, 20 cents, 10 cents. (3.) £38000 at 4¢, ete. (4.) °° aT’ Rr 


Tt. (B.) 149857. (6) 28,9,5. (7.) 140, 60, 45,80. (8) 184%, SAF, 





237, 80. 
RATIO. 
(PacE 105, 50.) 
1. 8 be 9 bm 1 4.4, 8. 
GR gt ge gi tty igs gyi oe | lg 8 yt 
: me lige a, (8.) 5:11 3° 1:@%+38 ; (a—2): (a+z). (4.) 9:25; 


a?:b®: 27:1253; a3:b?; 5:4; V3:V7%; Wm:V¥n; 3:4; Va: V7. 
(8.) The former. (7.) 4:1. 





PROPORTION.—APPLICATIONS. 
(PaGE 111.) 


~, 7” b n b 
(8.) 138, 26, 39. (4.) 8, 6. (o.) Sm + da’ Om 3a’ (6.) 120, 160, 200. 


(7.) 8:9. (8.) 252. (9.) 56, 84, 70. (10.) 20. (11.) 150. (12.) 300. 
(14.) 3h. 82;4-m., 3h. 49;m., 3h. 16;4-m. (15.) Every 1,; hours, 6; hours, 
and 1,4; or 11 times in 12h., 22 times, and 11 times. (16.) No; since it takes 


the minute hand 14, hours to gain a round, and ;3; to gain half a round, 


G a+s 8—~a 28—a 
(17.) 8:45 A.M. (18.) 1st. M—m’ Um’ etc. ; 2d. m—M’ ni m—M’ ete, ; Ar 


« . 
, ete; 





a+mt 8+a+mt 2e-+-atmt oe 8—a—mt 2s—a—mt 
M—m’ Mm’ ~t-m °°? m—-M ’ m—M 
s—a+Mt %s—a+M 
M—-m ? HM-m 


-t 


, ete. ee H, 





ARITHMETICAL PROGRESSION. 
(PacE 117, 83.) 


* (L) 88, 903, (2) —89, 984, ay Ah MRED gy o, At. 








ANSWERS, BI 


5.) 198. 243..208.. 848... 808 .- 448, (7) —48, 3. (8.) 100. omen, 
m+n m+8n . 


meee 
e 


3 ° 4 





GEOMETRICAL PROGRESSION. 
(Pace 120, 90.). 

(1.) 46875, 58503. 2.) 6, 18, 54, 162, 486. (B) 16884, 2184583. (4.) —de, 
— $i}. (5.) 4, 3, FE, $b. (6.) ¥; 8; to; #4. (10.) —Al(—3)*—1] ; 
bghet; 2; AARRAR; 7. 

VARIATION. 
(PAGE 124, 98.) 
(6.) exe, (12,) 18. (1B.) sah? 





HARMONIC PROPORTION AND PROGRESSION. 


(PacE 126, 200.) 
(6.) t; Tr we 


PURE QUADRATICS. 
(PagE 128, 108.) 
GQ.) +4, (2) +5. (8.) +vV2ab—b8, 4.) + V6. (b.) + 4a V8. 


(6) #6. (7%) +4/ — (8.) +V—8 (9) = vB. (10.) + 8V—n. 


(1) #4V=10. 2) 2} 0) 2 Chem, 
- 6 
APPLICATIONS. ‘i 
(1.) 12, 20. (2.) + $a V8. (8.) WEES et eord 
= a, (4.) 4550. (B) ae - (6) BBT4, 


18.18—, 40.51+. (7) 149,247.23 + miles from the surface of the earth (8.) 240. 


18847 geom A. (10) 22 
(9) WV 





= from the louder bell. 


$3140 ANSWERS, 


AFFECTED QUADEATICS, 
(PAGE 188, B | 14.) 
(1) 8,—-% (2)6,2 (8) a(2t Vii) (4.)8,—-1. (6.)24V7—4. 
(6.) 1, —a@. (7.) 2, —1. (8.) 7, 4. (9.) , a (11.) 3, —63. 
asd 





(12.)5,—7. (18.) pA) Be. = (15) 11893, 6. (16.) 2, —3. 
(17.) “s 2 (18.) $(—1.4 Y123). 19.) 4,4. (20.) 4a(—8  Y—7). 
@1)2iV3. (2) 8-5. (2a) SE, (24.) 4, 4. 


(25.) 12, 4. (26.) 4, 4. (27.) 7.12+, —5.78-+. (28.) $a(1+8 V—3). 
(29. 1,v7. (80.) 5, 8. 





"HIGHER EQUATIONS SOLVED AS QUADRATICS. 
(Pace 136, 122.) 

(1.) £8, +8V—1. (2.) 2; the other four roots not required. (8.) + mi, 
(4.) 27. (5.) 121. (6) 64. (7) be, (8.) +8 (9.) + V¥—6, + V2. 
Qo.) V-1aV¥prl). (1)4,75. (12) {5-(-3 ms Viwe+o)} 3. 
(18.) W(a « Vat+o)*, (14.) 243, (—28)". (15.) 16, 24842. 
(16.) {5 V5¥+4ac)| “(47 8. 18.) V5, qa (19.) 1, 
1, 14216. (20.) 9,12. (21) 8, —4, 4(5 2 71829). (22) 4, 69. 
(28.) 412476). (24.) s(t +75). (25.) 8,4,4(—8.4 755). (26.) 2, 1}, 


(7 + 788). (27.) eons (28.) 5, -1,22V—14. (29.) 5, —2, 


3(327—18). 80.) 2,3,1.  (81.) 2,-3.2 V7—@). (82) 1, —8, —8. 
(88.)2,22V7—1. (84.)5,42 V7 (85.) —2,—1,—5. — (86.) 6, 20, 3. 
(87.) 6,4, 5. (88) 1,1, —2, —2. .(89.) 4,1,38,2 40.) 3, -1,14 ¥—6. 
(41.) 5, —4,8, —% (42) 8, —8, (—18 + Y—1655). 48.) 4,8, (7+ 69). 
(44.) 9,4,4(—82 7-7). 45) +1,-1, 2 V—1; —-1, 2 Y—3); 1, 


H—-1+7—8); 1,-1,+V7-1; sie tt, + WI, 4(2 78 + ¥—1); 


ie Pe 
. , , Ld wT 2 
on ae Leet 
= aie . ’ eats 4 t ’ 
are ie 


Ae 
yf 


#1, “Vi, ais ¥t. | a Vasva 2 V9 V5). 





co EE. (REY, wy vee 


(49)h24V—8 2 V8a+1). (60) 1475). (61) 2, —4, 4(8 + 7806): 
(52.) 1, 1, —2, —2. (58) 5(—12 78). (54.) & = 2 + Vara}, 


+2 
= : 1 ne 
ao Taeeg— VAIL 8) 251 Fe Wma 4}, 4,2 


(56.) 0,4,4- —1,4+2,—2. (7) 4, $(—1+ V—85), +1, +V4(—11+ 85). 








SIMULTANEOUS QUADRATICS. 
(Pace 142, 127.) 


(1.) e=8, —$4; y=—4, YY. (2.) e=zV$; y=2¥V5. (8.) o=2; 
=2, (4.) @=27, 24; y=s4, +7, (5.) w= 48, 2872; y=s2, +} V9. 
(6.) e=a2, +4710; yout, #3 V10. (7.) e=+8, +8; y= +5. 
(8.) v=+$V14; y=at Vid. (9) e=sh 21; y=at 21. (10) c=21, 
tYY—5; yo=s2, +4#V—5. (AL) c= 4 2, 478; y= 6, 4 PV. 
(12. c= +10, +44V—47; y=s8, 444 V—47. (18.) w= 4, 2, 
4(—18 + Y877); y=2, 4, 4(—18 = V877). (14. a=4, —2,0; y= 2, —4, 0. 
(15.)2=2,8; y=8, 2 (16) 7=48V2; y= sn V2 (17.) 2=9, 4; 
y = 4,9. (18.) ¢=11, 3447-211); y=s8, 4-15 + /—31i). 
(19.) c= 15,0; y=45,0. (20) 2=4V2; y=2F V2. (21.) =0,2; 
y=—2,0. (22) ¢=1,4; y=4,1. (98) 2=1,8,2F5V—1; y=8, 
1,245V—-1, (24) c=6, ~2, 4(84+ ¥—67); y=2, —5, 1(—3 + V—67)- 
(25. 7= 48,42; yr e2,48. (296) c= 42, +1, F2VY—1, ee 


y= 42, 2 V—1, 724-1, 7) e=Vi( 8-1); y= Wa 


08) =, ye, ea et em 8, 
y=2+2, e= +1. (80) e=+2, y= a4, e= +8. (81) e=1, y=2 
e=8 (B2)o=44, FYVHT, 25, F4V=1; yoo Hh, 2 PVR, 
£4, +5V—1. (88.) o= 4 2 V3, + 8, £871; y= V4, +1, 
+V—I. (84) c=8,0;y=8,0. (85.) c=2,8; y=8,2. (86) v=10F476, 


1049 V716; y=10+ 446, 104415. (B7.) 2= + SV x16, + 5 V E88, 


i 
~ 4 


+ VF; y= + 2V58,0., (88.) e=4, 8, —844Y=10; yud, 4, 


—~84V—10. BD.) exe py(15 461), 5,13 y= y(95 +t 10V=1), 8,2. 
(40.) a= 2; y=16. (41.) o=4,1,0; 928,0, (48.) w= 2744, 8; y=—0604, 4. 


APPLICATIONS. 
(1.) 8  (2.) 18, $20, (8) 10 and 3 days, 120 and 86 miles. (4.) 12, 36. 
(3. 14,10. (6.) G@milesanhour. (7)4and5. (8.) j (Marre 2 Hee), 
e Mam 
V(4m—1)z yi “ 
j Aine = 1) (9.) 475,406 + VB). 10.) 1,8,5,7. (11) 2, 


3,4,5,6. (12.) 36,12 (18) 2,4,8  (14.) 5,10,20,40. 15.) 2,4, 
8. (16.) 6,8, 10,12. (17. 1,2,4,8. (18 ) 108, 144, 192, 256. (19.) 72, 
68, 56. (20.) 7, 3. (21.) 25. (22) $960, $1120. (28.) 248. 
(24.) Gand? percent, (25.) 8 and 14, 





INEQUALITIES. 
(PAGE 150, 7.34.) 
(8.) Band 4g. (9.) Any number between 15 and 20. 


———_—_—-2____ 


~-PART Ili. 


DIFFERENTIATION. 
(PaGE 157, 156.) 
(8.) 15b2%dx — 60rdzx +- 4dr. (4) 2Arde + 3Batrdx + 4Cx dy, 


Arydx—2ardy | Arde 
(7 to 18.) iy? ; (a? +1)? 


4+8da; (Det —122°-+122?—2e)d2; (2—22*+1)dx, (18 to 17.) 18(a? +2)4z% adr | 


_ayt - o. een tes 
} (Ba—2)* de; 4(2—2*)~*2da ; (+e)? (18 to 22.) (i+2)? 


Ade . _ Bde | mdr | Bmx 
 (i+n)*’ (i-++a)*’ oe (1+.r)* ° 


faster when 7<} and > 7 t When ¢ = ae they both change at the sam: 


rate, When o<ate # changes slower than z. 








1 2*dr 
Qr2zdz + 2 V2? Ba®y* dy + 2ry di 
a 





(23.) When ¢ > 1, fanter; alex 


— we gay 


INDETERMIN ATE COEFFICI uv 1'3,—DEVELOPMENT OF . 
FUNCTIONS, 


(Pac 161, 261.) 


ad ad a*d atd 
(8.) 1—}2?—tat—etc.; &—e*+23—2t-+Lete. ; gt greta ~—m OF of 32? 
+ete.; 1+)0-+-4a* + ;27+-+4o*+ ete. (4.) 2+22—82* —fz? —ot—ete. ; 
1 5 15 45 135 
2 = 3 4 » 
1 + 22 + Ba* + 62? + O2* + ete. ; oo ae a i627 + 35 ** — eta 


(5.) 1—4a~}a*—f,3—etc.; 1+427—f2* +423 —ete. 


DECOMPOSITION OF FRACTIONS. 
(Pace 164, 167.) 





5 2 8 1 5 4 Y 4 
BOO we ary! Herat! tae! Hee 
1 1 4 9 1 8 
“ae=5) Bern sret RerH: | OM Gap pop tacT 
St ks eh ey. eee Om ne, tog etme ted 
(w+3)5  — (@-+-8)? © a2+8’ we a? ° @ © Al—z) AWi+z)* 4(1+2)’ 
Be ete ete eS Rete ee en tee 
A(r—1) Anne QAezz—+1)’ 2 (w—2)? 126(—2) * Bi(e+8)* " 126(a+ )° 
Qe—2 2, Bats), 1 , 1, 1 = 2, 8B 
(12 to 18) sy —@an ot e@catacetei wat apt 
hea ss + woe > wes} en eee ee ee 
6 (a—1 v-+1 v*—x-+1 v*+2+1 4a°(a-+2) 4q*(a—a). 


a greg, a 
+ gata? 2)’ (a—b)(2—a) (a—b)(@—b)’ a—-38 @a-—1 #—2’ 





: THE BINOMIAL FORMULA. 
(Paes 167, 171.) 


(1 fo 6.) a —64°S+15a4b* —20095* + 15a*b4—Gab>+35 5 Fay +2inr ys 


ates 8527 + 852344 ~ Qaty® + Toy ‘esas y’ : a*— nar ao + ho) ota 
— BORDER?) nage + MORO e-9) "a OD tat — ote.; 14-40-60" +4a8 


tet; 1—-Dy+10y*—10y° + 5y'—y9; nyt MD ys + BOO D 


ani “te Sal pete. (7t011) ##***, (18, 1h f0'87,) © ** «. 
| 1 en Se* ; 


ast 20) abate jaFet— a Fatty gts + ste + BY 


$180 aR, 


+ teat - etc.;  a*-+-4a*ol 4-Bate+datot-o%, (28.) —sitra” 


—Th tise 


LOGARITHMS, 
(Paes 179, 799.) 

(1.) 4, 6, * * *, (2.) —2, * * *, (3.) 4, * *. (5.) To the 8291147th 
power, and the 1000000th root extracted. (6.) The 1000000th root of the 
84146389th power. (7 to9.) ****. (10.) .28108, .17677,**. (11.) 4.449419, 
4.627084, 1.890210. (12.) 12.42, .00010081, 18.3625, 1.8358. (14.) 3 log x 
+4[log (1+2)+log (1—2)], :(log a+log r— log b—log y), $flog (e—a)+log (¢—d) 
log (¢—c)~—log 8], 4[log 7+log (1—2z)]—4 log y; 4 (m log a+p log b—? log c), 
t log c— log d+ * Tog (n+2)+log (m—2)]—m loga+nilogb. (16.) — na 3 


Ho] 
mdz es mdx mdz 
ee Fs — “ge? A1+a) (1 9.) 665712, 4.491384, 





SUCCESSIVE DIFFERENTIATION. 
(Pace 182, 204.) 
(2.) W2edz2*. (6. *** = (7.) 2[(@—b)+-(e@—c)+ (z@—a) da’. 





DIFFERENTIAL COEFFICIENTS. 
(PacE 185, 207.) 
6 
(6.) 100*-+-1223—~107, 4029+ 862?—10, 1200°+-722, 2407+72, 240; *** #, 





TAYLOR’S FORMULA. 
(Pace 168, 272.) 


2.) #88, tte by — te byt pa byt — hye bye ghgo by ee Sete,: anf 
+20- Luai errant Macdaeaae eee 
tte Fy 44g yt te Fy +ete, Pace 189, Rec eesteane? 
+ (BO — 2h? +. B0IPAT + 18244 BAS, 


’ oe ANSWERS. 319 


INDETERMINATE EQUATIONS, 


(Pace 192, 218.) 


y= 4 9, 14,19. 
(4) (a {9 81, 20, 9. : (2) None, 


-(c) eS 5, 14, 28, 82, 41, 50, 59, 68, 77, 86, 95, 104, 118, 122, 181, 140, 149. 
a2=215, 202, 189, 176, 168, 150, 187, 124, 111, 98,85, 72, 59, 46, 83, 20, 7. 


y=28, 6. {y= = 6 y= 9, 28, 47, etc. y=2, 119, 286, etc. 
@ {o~ =17, 28.4 KO o=20. Ce aes 178, 290, etc. () feos 181, 259, ete. 


a ” east y= 5, 10, 15, etc. 
(h) ec (i) 62+9y=40. None.  52—9y=40, aes ee 


y=8. ge’. {y= 2, 7, 12, ete. 
(x) 5a-+Oy=87, id =2, vee hack 2=11, 20, 29, etc. 


APPLICATIONS, 


(2.) Yes; 15, 168, 9. (4.) No; yes, in an infinite number of ways; 4 8-shil- 
ling pieces and 192 guineas; possible; possible; possible. (5.) 190. 


INDETERMINATE EQUATIONS BETWEEN THREE 
QUANTITIES. 


(PaGE 194, 2279.) 


ex 1, 2, 3, 4, 5, 6, 11, 12, 18, 14. 
@0} =11, 9, 7, 5, 8, 1, 8, 6, 4, 2. (8.) 59 sets of values, 
v-=-10, 11, 12, 18, 14,15, 1, 2, 3, 4 
_4 Sy= 2, 4,6, 8, 10. _o Sy= 1, 38,5, %, 9. _e §/y= 2,4, 6, 8. 
ayes i 15, 12, 9, 6, at aa 11, 8, 5, a a eS it 
a y=1, 8, ot as y=2, >t a y=1, 8. 
= aes 63.5 * Ye-5as °=8 ies ri 


(1.) e=7, y=2,0=10. (2) e= 15, 80, y=62, 40, w=15, 50. (8.) None. 


APPLICATIONS. 
. (1.) 8 of Ist, 6 of 2d, 2 of 8d, and in 9 other ways; 28 and 2, 16 and 5, 9 and 
8, 2 and 11. (2.) $4, $2, $7; infinite variety of prices. (8.) 6, 8, 1, 16. 


(4.). Namber of the 8d kind equals twice the number of the 1st kind, plus the 
number of the 2d kind; 1 of ist, 6 of 2d, 8 of 8d kind. G.) 40, 60, 24. 
(6.). 68, 10, 85 is one result in integers; There are an infinite number of other 
a hae (8) s= 10, y=1, «= 18, : 


520 : ANSWRES. SO . 


a 


LOOI OF EQUATIONS. | 


A LARGE number of these constructions are exhibited in the text, and to give 
more would be to destroy the possibility of the student’s deriving any benefit 


from the exercise. = 





HAIGH. ER EQUATIONS.—TRANSFORMATION. 
(Paes 205, 228.) 
(2.) Multiply by y‘, and then put y=2", Finally put e= = , ete, 


k 
It is not deemed expedient to give farther explanations. 


° 
(PaGE 214, 249.) 
(2 to 84.) To give the roots of these equations would destroy the practical 
value of the examples. 
(PaGE 216, 250.) 
(1.) @®—20%—112+12=0. (2.) #4 ~229—522+42+6=0. (8.) * * #, 
(4.) 2? —2? —77+15=0. (5.) * * *, (6.) 800? —17%a* —117+6=0., 
(7 to 10.) * * # # # #, (11.) 2°—10e° +3304 —562? —782* + 662+-89=0. 





EQUATIONS WITH INCOMMENSURABLE ROOTS. 
(PAGES 216-247.) 


To givo the answers to these examples would be to destroy their value to the 
student, 





CARDAN’S PROCESS. 
(PaGE 251, 281.) 
(2) -1,2,2 (8)93,-1478 (4) V2—V%, and the rote of 
7 + (VE —V2)z + (Vi — ¥3)'+6 =0, which are —3( VE — ¥3) 
+ 4/~3V8-2V4—a, 6) (at—at)”, {—y(at—ot) 4 4(at 4.4) y=}. 
(6.) 1, ~2 2 8 Y—1. (7)*** (6)224V-1 (9) 8-4-4 
(10.)***, (Ip #**, 1B.) ##*, ——(1B,) One root ts 8.897484. 


+ 
414, ee e. : 
)3_ A 
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DESCARTES’S PROCESS. 
(PAGE 252, 283.) 


Ex. 4, —8, -14+ /—1, and —1— =i. 





RECURRING EQUATIONS. 
' (PAGE 255, 291.) 

(1.) 2+ V8,3(1+V—8). (2) —1,4(9+V77,4(82 V5). (3) 1,8,. 
3, —2, —4. (4.) —1, 4m + Vim* —1, in which m= tte tie 
(.) —1, 1,1, —1, —1, $(1+ V—8). (6.) 2, $, 4m + V$m? — 1, in which: 
m=}(—54V5). (7) 2,4,2,4,4(14V—8 (8) 5 (8 + V5), 5(—728 V5).. 


9.) (V5 —1+ V—10—2V5), —2(VE +14 V—104+2V5). (10.) ym. 
+ Vim? — 1, in which m= 2(1 + V8), 





BINOMIAL EQUATIONS. 
(PAGE 255, 292.) 


(1 to 5.) Seo answers to (45), page 188, and multiply them respectively by.’ 
V5, V3, V3, V7, Vii. (7.) See as above. 





EXPONENTIAL EQUATIONS. 
(Pact 256, 206.) 
(2 od 6.) 8.0057-+-, 11.884-+4-, 3.292-+., 0, 0. (8.) 3.597+-. (9.) 2.816+-. 


log (b+ V5" Ee) 


(10.) 2879+. (11) 8288+. (12.) 2.001+. (18.) log a 





b 
. 2 log a+log 6 log a@\ a—> 
(14.) Flea (15.) log an low b: (16.) 24, 8% = (17.) ( 3) : 
a i= log n log n - 8(2-+-log 5)* 
) ; Ge (2 ay log m/’ i(¢ ~ jog m)’ (19.) 5 log 24-8 log 8’ 
1 —b 
2 io oo ioe : (20.) 2.421, —1.421. (21.) ican a me _—-« 84.) $196.71, 


8199.98, $200.17, $250.87, $265.98, $269.51, $180.61, $161.48, $194.83, 


(25.) 7.18, 10.24, 16.28, 20.48 years. {26.) 29.91 years. (27.) $1502.63. 
(28.) $1983.97. (80.) $1137.28. (82.) $4704.52, $8500. (88.) $577.06 
(85.) The former by $629.08... (86.) $500.91. (88.) 18.58 years. (89.) $796.87, 
(40.) $8229.70.  (41.) Gains $1756.60. ae 
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A PPENDIX. 


SERIES. 
(PAGE 276, 371.) 
(2.) 12,6,0. (8) 8,32. (4) —d#. (&.) 1. (6.) —14. 


(PAGE 276, 313.) 


(4) —a?, +08, +0. 60%, 52°, (5.) —27, +9, +8. 82805, 93415. 

(6.) +80", +22. 109327, 82812°. (7) —4, +4. 192, 448,  (8.) —2e", que, 
oc) 

+2e. 870%, 1782°, (9) —Fae. Seat, ~ at. (10.) —1, +4, —6, +4 


56, 84,120.  (11.) +1, —8, +38. 26, 84, 43. 


(Pace 277, 314.) 
(1.) 451627. (2) 1%z*.  (B.) —29. (4) 2788. (G.) 20525. (6) 1868. 

(7.) 20. mete (8) nln+1). (9) 68062. = (10.) +1, —5, 
+10, —10, re +1, —3, +3. +1, —38,+8. +323, —2?, +22. (11.) n?. 
(12.) 8694. (13.) 26, 84, 48, 58, 64. 262", 842", 432, 532", 642". 196, 336, 
540, 825, 1210, 1716. 

(PaaE 279, 3175.) 
_ (2) No. (8 to 6.) Yes. 
(PAGE 282, 376.) i” 


—2 I+a_ tte 8—7—62? 
; (1.) 1—82—Re* (2.) i= ~— ar a (8.) (i— (1—a)* ” @) 1 {—2¢—2? +273 ; 


1 


| - n*, .) 1275; 
©)e. Wimmae: Meta 2. 8) 400; n%.  @) 

‘ 4 : 2 . ; 
eet) 0.) 878286 ; ot a | (11.) 1081880 ; 
674 + 44n? + 99nF + 61m : _ me nt nt n 
—S ajc; B+ 4+ eH 


3 


ANSWERS. : 823 


nn+1)@n-+1) ntinety 1 11 
13) (14) (16) 5. (18.) 75. 
So ee eer aC Ses OC SE CE DEE 


(25.) ef. 3=(26.) 4. (29) & (28.) ry. (29.) te. (80.) ser. 


PILING BALLS AND SHELLS. > ea 
(Paar 287, $22.) . 


(1.) 1540, 18244, 908. — (.) 9455, 4324, 85720, 465, 276, 1128,  (8.) 7490, 
8880.  (4.) 624.  (5.) 2730.  (6.) 895586. 


REVERSION OF SERIES. 
(PAGE 288, 32.3.) 


(2.)e=-y—y? +y?—y* + ete. (8.) a= y — By* + 18y4 — 67y* + ete. 
(4.) e=yrt 4y? + xy + Ay? + etc. (5.) Qe Ly — Ay? + Vey — etc. 
Caleta 


(6.) a=(y—1)—4(y—1)? + A(y—1)®§ —A(y—1)* + ete. (4.) @ = am? 


bm* —mn—2n(am? —n)]y3 
+ [om* —mp—2r{am? —x)]y" + 


am, ete. 


INTERPOLATION. 
(PAGE 290, 325.) 
(2.) 1.794. (6.) & * *). 


PERMUTATIONS. 
(PAGE 293, 334.) 
(1.) 720, 24, 3,628,800. (2.) 720, 42, 210, 840, 2520, 5040, 5040. 120, 21, 
35, 35, 21, 7,1. (8.) 36, 84, 126, 126, 84, 86,1. (4.) 72, 504, 8024. (5.) 20. 
(6.) 38, 21. (7.) 127. (8.9 479,001,600. (@.) 792. (10) 15. 


‘14,166,320. 64,864,800. (19.) 1023. 


PROBABILITIES, 
(PAGE 205, 335.) ° 


(1) 48 des Pde | (8) BH 21, 4:8.) Otol =) 
(B.) }, Stol. (11) G24. 


